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Goals and characteristics of this approach |

L uniform syntax for algebraic and coalgebraic specifications

signatures

(products of) sorts

functions f:sy X -+ X 8§, — S  Gg:8 X -+ X8y, — 8 X - X8,
relations r : sy X -+ X s,

terms  (conditional) equations  Horn clauses  first-order formulas

cosignatures 7

functors

cofunctions f:s = s +---+s, ¢g:s—1+8 X---Xs,
corelations

coterms ?  coequations 7 co-Horn clauses |  modal formulas ?

What distinguishes algebras from coalgebras?



O modular specifications

chains of specifications are interpreted as a sequence of initial and final models

initial final
data defined by constructors states defined by destructors
functions defined by recursion functions defined by corecursion
relations defined by Horn clauses relations defined by co-Horn clauses
relations defined by co-Horn clauses relations defined by Horn clauses
abstraction defined by a least congruence | abstraction defined by a greatest congruence

on an initial model (variety) on an initial model (covariety)

restriction defined by a least invariant restriction defined by a greatest invariant
on an final model on a final model

supertyping by adding “constructors” subtyping by adding “destructors”

O Dualities admait the proof of model properties without referring to particular

representations.

O proof rules that exploit initial /final semantics
induction coinduction

narrowing (rewriting upon axioms -+ instantiation)

simplification (built-in rewriting)



Types

Let S be a set of sorts and Sy C S. The set T(Sy, S) of types over (S, S) is
the least set of expressions generated by the following rules:

sorts functions
Sy S
- ses - ! so € T(Sp, So)
S 1 S) — S
products and sums collections
{Sz’}iel {Si}ief S S S
I#40]| | =
[Lers 1ers list(s) bag(s) set(s)

The set F(S), S) of function types over Sy and S consists of all expressions
s — s’ such that s, 8" € T(Sy, S).



Signatures

A signature ¥ = (S, F, R, B) consists of

a finite set .S of sorts,

a finite F(.Sy, S)-sorted set F' of functions,

a finite T(.Sy, S)-sorted set R of relations

and an Sp-sorted set B

where Sy C S is called the set of primitive sorts of ..

Given f:s — s € F, domy =45 s and rany =45 5.

f:s— & isan s'-constructor if s’ € S.
f:s— s isan s-destructor if s € S.

For all s € S,
R implicitly includes the s-equality =,: s X s and the s-universe all; : s.



Terms are (representations of) functions

The F(Sy, S)-sorted set Ty, of Y-terms is the least set of expressions t generated
by the following rules:

functions of > and identities

f:s—ddeF

S € T(So, S)

f.:s—4s tdg s — S

Y-projections and -injections

{sitier CT(Sp,S) I#0

il LicsSi = si ticsi — [ersi

Y-applications and -abstractions
t={ti:s— s |ae B}
Ar.t:s— (s, — &)

a € B,

Sy € T(S(), S())

apply, : (S — s) — s




composition with functions of X

t:s— g

f:d =" e FUXiUXa t+id,
fot:s— "

t:s— s

f:s -se FUXTUXG t+#id

tof:s"—g

where X, X3, Xt and X are the sets of Y-projections,
-applications, -injections and -abstractions, respectively

tupling and selection

{ti:s — si}ier {tiis; — shier

I+
tup(ti)icr:s — [Lics Si sel(ti)icr: 1 1ier i — S 7
product and sum
{tiisi — si}ier {ti:si — si}ier [0

Hz’el ti: Hz’e[ Si — Hie] Sg Hie] ti: Hie] Si — S;




function lifting

t:s — s

(s0 —1t): (50 — 5) = (50 — &) so € T(So, So)

collection building

. n . n

listy(ti,...,ty) 1 s = list(s') bag,(ty,...,t,) : s — bag(s’)

. nn

0
sety(ty, ... ty) 1 s — set(s) "=
collection lifting
t:s— s t:s— s
list(t):list(s) — list(s’) bag(t):bag(s) — bag(s’)

t:s— ¢
set(t): set(s) — set(s’)

n >0

Hie[ tz’ = tup(tz- (@) Wi)ie[ Hie] tz' = tSel(LZ' (@) ti)z’e[




t : dom — s is a YX-generator if dom € T(Sy, Sy) and either s € T(Sy, Sp) and
t =1ids or s € S\ 9 and all function symbols of ¢ are constructors, injections or
abstractions.

t . s — ranis a X-observer if ran € T(Sy, Sy) and either s € T(Sy, Sy) and
t = ids or s € S\ Sy and function symbols of ¢ are destructors, projections or
applications.



Formulas are (representations of) relations

The T(Sy, S)-sorted set F¥, of > -formulas is the least set of expressions  generated
by the following rules:

relations of ., tautology and contradiction

— : R T(Sy, S
s rese True:s False:s s € T(S, )

Y-atoms and negation

t:s— s © S
Lee r.seR,t#idg L

rot:s - S

conjunction and disjunction
{Spj : Hz’elj Si}jGJ {ij : Hz‘elj Si}jeJ
/\jeJ ;- Hieu{]ﬂjeJ} Si \/jeJ ¥j - Hieu{]ﬂjeJ} Si

J%@,V]GJI]#(D




quantification
SO:HZ'EISZ' SO:HZ'EISZ' k_GI ]#®
VE@ e s 3k licny si

False = =True ;05 = =(N\je;m0i) o= = ~pVy
potv = (=)A= ¢) ke = Vkop

Let p : s be a X-atom and ¢ : s be a Y-formula.

p < @ is a Horn clause over X..
p = @ is called a co-Horn clause over »..

If p=1r ot for some logical » € R,
then p <= ¢ resp. p = ¢ is a Horn resp. co-Horn clause for 7.

lf p= fot=uforsome f € F,
then p <= ¢ is a Horn clause for |.



A Y-formula ¢ is normalized if ¢ consists of literals, quantifiers and conjunction
or disjunction symbols.

Given Ry C R, a normalized Y-formula ¢ is F-positive if
all negative literals of  are (R \ R;)-literals.

A Horn clause p <= ¢ or co-Horn clause p = ¢ is Ri-positive if ¢ is R;-positive.

Given S7 C 5, a X-formula ¢ is Si-restricted if
for all subformulas Vk1) of ¢ such that s;, € Sy, —alls, oy, is a summand of ¢, and
for all subformulas Jk1) of ¢ such that s, € 51, all,, o m; is a factor of .

A Horn clause p <= ¢ or co-Horn clause p = ¢ is S-restricted if i is Si-restricted.



Signature morphism

Let ¥ = (S, F, R, B) and X = (S, F', R', B’) be signatures with primitive sort sets
So and S, respectively.

A signature morphism o:% — Y consists of

a function from T (S, S) to T(S, S’),

an [F(Sp, §)-sorted function {o: Fs — Y 5(s5) }ser(s,.s) and
a T(Sp, S)-sorted function {o,: Ry — T% 5(s) }sem(5).9)-



Swinging type

Given a signature > and a set AX of X-formulas, called axioms,

the pair SP = (X, AX) is a specification.

A specification SP' = (3, AX’) is a swinging type (ST) with base type
SP = (¥, AX) and primitive subtype SFy = (2, AXj)

if SPy and SP are swinging types

and SP' = SP = SPy= (),() or one of the following conditions holds true.

Let >y = (S(),F(), Ro,B()) (S F. R, B) (S/ F/ R/ ) and S| = S\SO

(1) Data. SP = SPyand AX' = AX.
37\ ¥ consists of a set S, of sorts and a set of constructors ¢:s — s such
that s’ € S, and s € T(S,5")<%. AX' = AX.

(2) States. SP =SF)and AX' = AX.

>\ ¥ consists of of a set S,,.,, of sorts and a set of destructors d:s — s’ such
that s € S, and s’ € T(S, S")<2.



(3) Recursion. SP satisfies (1).

>\ X is a set of functions f:s — s’ such that s € 5.
Forall s € Sy, let Fi(s) ={f € F'\ F | dom; = s}.
AX'"\ AX consists of an equation

foc=ts. O (dom.<T)

for each f € X'\ X, each dom j-constructor ¢ and some X-term

treodom|( H rang)/s | s € Si] — rany
fER(s)

1dg if s €5

tup(F(s)) if s € 54

Corecursion. SP satisfies (2).

>/ '\ X is a set of functions f:s — &' such that s’ € 5.
Forall s € Sy, let Fi(s) ={f € F'\ F | rany = s}.
AX'\ AX consists of an equation

where T, = {

do f = (Tand < T) Otra
for each f € X'\ X, each ran-destructor d and some X-term
tra:domy — rang|( H domy)/s | s € Si]
fEF(s)

1d if s €5

where 1, = { sel(F(s)) if s € S)



(5)
(6)
(7)

Least relations. '\ ¥ is a set R; of logical relations.
AX'"\ AX consists of R;-positive Horn clauses for R;.

Greatest relations. ¥’ \ X is a set R; of logical relations.
AX'"\ AX consists of R;y-positive co-Horn clauses for R;.

Visible abstraction. SP is visible.

R C ¥y U equals where equals = {=; | s € S\ Sp}.

>\ Y is a set Ry of logical relations.

AX"\ AX consists of (R; U equals)-positive Horn clauses for Ry U equals and
includes CONH.

Hidden abstraction. SP is visible.
R C ¥y U equals where equals = {=; | s € S\ Sp}.
>\ ¥ is a set Ry of logical relations.

AX'"\ AX consists of (R; U equals)-positive co-Horn clauses for Ry U equals
and includes CONC.



(9) Hidden restriction. SP is hidden.
R C ¥y Uunivs where univs = {ally | s € S'\ Sp}.
>\ Y is a set Ry of logical relations.
AX'"\ AX consists of (R; U univs)-positive and Si-restricted co-Horn clauses
for R1 U univs and includes INVC.

(10) Visible restriction. SP is hidden.
R C ¥y Uunivs where univs = {ally | s € S'\ Sp}.
>\ ¥ is a set Ry of of logical relations.
AX'"\ AX consists of (R; U univs)-positive and Sj-restricted Horn clauses for
R U univs and includes INVH.



(11) Supertyping. SP is visible.
>\ X consists of constructors ¢: dom — ran and logical relations r : s such
that ran € S\ Sy and dom, s € T(Sy, 5).
R and AX'\ AX satisfy the conditions of (7) or (8).

(12) Subtyping. SP is hidden.
>\ X consists of destructors d:dom — ran and logical relations 7 : s such that
dom € 5"\ Sy and ran, s € T(Sy, S).
R and AX"\ AX satisfy the conditions of (9) or (10).

In cases (1), (3), (7) and (10), SP' is visible.

In cases (2), (4), (8) and (9), SP" is hidden.

In cases (5) and (6), SP’ is visible resp. hidden if SP is visible resp. hidden.

In cases (11) and (12), SP’ is visible resp. hidden if AX'\ AX consists of Horn
resp. co-Horn clauses.

In cases (3) to (12), SF, is also the primitive subtype of SP.



Structures and the interpretation of terms and formulas

Let 3 = (S, F, R, C') be a signature with primitive set of sorts Sj.

A Y-structure A consists of an S-sorted set, for all f:s — s’ € F, a function
fA:AS — Ay, and for all 7 : s € R, a relation r4 C A,, such that for all s € S,
A, = B..

Mod(>2) denotes the category of Y-structures and ¥-homomorphisms.
Mod g (22) denotes the full subcategory of Mod(Y) whose objects are Y-structures
with equality and universe.

Given S; C S and an Si-sorted set B, Mod(B,>)) denotes the subcategory of
Y-structures A over B, ie. for all s € Sy, Ay = Bs. The morphisms of this
category are restricted to the ¥-homomorphisms h with h, = id? for all s € Sj,.



The interpretation of a X-term ¢ : s — s in A is a function t4: 4, — Ay.

The interpretation of a X-formula ¢ : s in A is a subset of A, that is inductively
defined as follows:

eForallt:s— s €T\ {id,} andr: s € R, (rot)! = (") "1(r}).
e For all s € T(Sy, S), True’ = A, and False? = () .

e Forall p:s¢€ Iy, (mp)t = A, \ ¢

e For all {QOJ' : Hz’e[j Si}jEJ C Fy, (/\jeJ Spj)A - ﬂjeJ 771_]-1(903‘4)-1

o Forall o :[[,c;s € Frand k € I, (Vkp)? = ﬂbes;j(SOA +5 b).

1 A A
m7; maps from Hu{ielﬂje]} si to Hielj si.



a € A, satisfies v : s if a € p4. A satisfies ¢ : s if o4 = A,.

Let SP = (X, AX) be a specification. A is an SP-model if A satisfies AX.
Mod(SP) denotes the category of S P-models and >-homomorphisms.

Let X = (S, F,R,C), ¥ = (5, F', R', C") be signatures, Sy be the set of primitive
sorts of X and A be a X-structure.

Given a signature morphism ¢:3 — Y, the o-reduct of A, A|,, is the X-structure

defined by (A],)s = A, for all s € T(S,, S) and fAlo = o(f) for all F U R.



Congruences and invariants

Let SP = (3, AX) be a specification, X = (S, F, R), A be a X-structure, ~ be an
S-sorted binary relation on A and inv be an S-sorted subset of A.

~ is Y-congruent if for all f:s — s’ € F and a,b € A,,
a~gb implies fA(a) ~g ().
~ extends to a X.-structure:
eForall f:s — s € F,a~bimplies f~(a,b) = (f4(a), fA(b)),
eforall7:se€ R r~ = (rd xrh)n ~,.

~ is R-compatible if forall 7 : s € R and a,b € A, a € 7 and @ ~ b imply
berd
Given a Y-congruent and R-compatible equivalence relation ~ on A, the ~-quotient

of A, A/~, is the Y-structure that is defined as follows:

e Forallse S, (A/~)s={la] | a € A},
oforall f:5s — s € Fandac A, f4%(la)) = f4(a),
o forallr € R, v~ = {[a] | a € 1},



inv is a Y-invariant if for all f:s — s € F'and a € A,,
a € inv, implies  f4(a) € invy.
1nv extends to a Y-structure:

e Forall fis — s’ € F and a € inv,, f(a) = f4(a),

o forallr:se R, r™ =rdninu,.



The initial model

Let SP' = (X', AX') be a swinging type with base type SP = (X, AX) such that
S P satisfies (1).
Given an S P-model A, a poly(Y')-structure Ini with equality and universe is defined

as follows:
For all s € ', let Gen(s) be the set of all >'-generators ¢ : dom — s.

o ]nl’z] = A.
e Forall s € S, Ini, = HteGen(s) dom?".



e For all s € Sy, s-constructors ¢ and a € Inigyn,,.,
[ (b,cOF) if dom.=s"€ 5’
and a = (b,t) € Iniy = Inigom,,

((@i)icr,c O e  ti)  ifdome =1, i
and a = (@i, ti)icr € [ Lic; Inis; = INigom,.,

(a,c®u, O) if dom, = [1,c;si
" (a) = 4 and a = ((a,t), k) € [1,c; Inis, = Inigom,.,
(Ax.az,c ® Az t,) if dom,. = (sg — &)
and a = A\x.(ay, t,) € [As, — Iniy| = Inigom,.,
([a1, ..., an],
c©®listy(ty, ..., t,)) if dom,. = list(s)
\ and @ = [(a1,t1), ..., (@n, tn)] € INi), = Inigom,.

Let ~ be the least interpretation of = in Ini|,,, that satisfies CONH. Then Ini/~
is initial in Modgy (A, SP').



PRV ANERYA
/‘\ /\ /+\d‘4[ k ........... /+\;4 /+\

An element of the initial model for constructors c;

2 Si1 X oo X Sin, — S; (left)
versus an element of the final model for destructors d; : s; — s;1 + - - - + S, (right).




The final model

Let SP' = (X', AX') be a swinging type with base type SP = (X, AX) such that
S P satisfies (2).

Given an S P-model A, a poly(X')-structure Fin with equality and universe is defined
as follows:

For all s € ', let Obs(s) be the set of all ¥'-observers t : s — ran.

o FZ%‘E = A.
e Forall s € 5,0,
(¥ destructors d:s — [[,c;8i 3k €1 )
V (ti - si = si)ier € [ 1ie; D(si)
10 € AS% DO Lierti)od = (b, k),
Y destructors d : s — list(s') 3 n € N
Vit:s —s"e D)

ans - {CL S Hz‘EObs(s) 7”&7124 | 9

L = al,...,a, € AS// - Qlist(t)od = [Cll, .. .,CLn] )



e For all s € S,,.,, s-destructors d and a € Flin,,

{ . . . / /
(at@d>t60b8(8,> E angl — anrand |f ,ra/nd = S E S,

. ((at®7ri®d)t60bs(si))i€] S Hie[ ansl - Finrcmd if rang = Hie] Siy
dFm(a) = 9 (a’(HieIti)Qd)(ti)iGIEHieI Obs(s;) € Hie] Fling, = Finyan, if rang = Hie] Si
Ax-(atQapplnyd)tEObs(s’) S [Aso - Fins’] - Finrand if rang = (50 - 3/)7

| (@ist(tyod)teobs(s) € Fin, = Finggn, if rang = list(s').

Let ~ be the greatest interpretation of = in F'in|,,, that satisfies CONC. Then
FZn/N is final in MOdEU(A,SP’).



Axiomatizing relations

Let 3 = (5, F, R, C) be a signature, AX be a finite set of either only Horn or only
co-Horn clauses over X, A be a X-structure with equality and r : s, € R.

(1) Let AX, = {(r(t;) < i) : si}'_, be the set of Horn clauses for  among the
clauses of AX. The X-formula

or(AX) =4y r(x) <<= \/ Ji(x YA Q) s

is called the AX-definition of r.

(2) Let AX, = {(r(t;) = ¢i) : si}_; be the set of co-Horn clauses for r among the
clauses of AX. The X-formula

or(AX)  =ay Tz =>/\Vz i)V @) s

is called the AX-definition of r.
A satisfies AX, iff A satisfies o (AX).



- and v-extensions

Let X = (S, F,R,C), Y = (S, F,R',C)and SP = (X, AX)and SP' = (X, AXW
AX) be specifications such that R C R’ and AX; consists of

(1) R;-positive Horn clauses for Ry =4 (R'\ R)U{=s | s € Si} or

(2) R;-positive co-Horn clauses for Ry =45 (R'\ R) U{alls | s € Si}

where S; is the set of non-primitive sorts of >. R; is called the set of relations
defined by SP'.

In case (1), SP'is a y-extension of SP.
In case (2), SP' is a v-extension of SP.

The signature morphism o : Y — Y that is the identity on X and maps r € R; to
the A X -definition of 7 is called the relation transformer of S/ .



Relation transformer are monotone functions on Mod(A,>)

For all B,C' € Mod(A,>),
B<(C <= VreR :r?cr’,

For all r : s € Ry and B C Mod(A,Y'),
rt=0,r" = A5, r'P =Jppr? and P =N g 51"

Let Ry be an S-sorted set of binary relations r; : s X s. For all B,C € Mod(A,Y'),
B-C € Mod(A,Y) is defined as follows: For all r € Ry, r5¢ =18 . 1€,

o: Mod(A,Y) — Mod(A,>') maps B to B|,.

B € Mod(A,Y) is o-closed if 0(B) < B.
B € Mod(A,Y) is o-dense if B < o(B).

o is monotone if for all B,C € Mod(A,Y), B < C implies o(B) < o(C).

o is continuous if for all increasing chains By < By < By < ... of elements of
MOd(A, Z/), U<Ui€Nai) S |_|Z'€NO'<CLZ').

o is cocontinuous if for all decreasing chains By > By > By > ... of elements
of MOd(A, Z/), rIiENO-(az') S O-(l_lieNai)-



o If SP'is a p-extension of SP, then
B e Mod(A,Y) E AX, iff BE /\ (r < o(r)) iff Bis o-closed.
reRy
o If SP"is a v-extension of SP, then
B e Mod(A,Y) E AX, iff BE /\ (r = o(r)) iff Bis o-dense.

reRy

e If SP"is a u- or v-extension of SP, then
B € Mod(A,Y) = AX, iff Bl /\ (r<o(r) iff Bisa fixpoint of 0.

reRy

e B e Mod(A,Y') is a fixpoint of ¢ iff for all ¥'-formulas ¢, B |= ¢ < ().



(Iterative/circular/strong) induction and coinduction

Let SP = (32, AX),

SP = (X1, AX WAX;) and SP, = (35, AX W AX)) be specifications

such that both SP; and S P, are either p- or v-extensions of S P

and the set R; of relations defined by S P; is contained in the set of relations defined

For : = 1,2, let o; be the relation transformer of SP,.
Let 7 : X' — Y be a signature morphism that is the identity on X.

Induction. Suppose that Ifp(c1) < Ifp(02).
ifp(o1) E /\ (r=7(r) if In>0:Ifplo) E /\ )= 7(r)).

reRy reRy

Coinduction. Suppose that gfp(os) < gfp(o1).

afp(or) /\ )=r) it In>0:gfplo1) /\ r) = 1(o3(r))).

reR relRy



Abstraction and restriction |

Let SP' = (X', AX') be a swinging type with base type SP = (X, AX) and primitive
subtype SPy = (X9, AXy), o be the relation transformer of SP’ and A be an SF-
model.

Suppose that SP’ satisfies (7). Let Im be initial in Modgy(A, SP).
If o is continuous, then Ifp(c) /=) is initial in Modgy (A, SP').

Suppose that S P’ satisfies (8). Let Ini be initial in Modgy (A, SP).
If o is cocontinuous, then gfp(c) /=) is final in RModgy (A, SP).

Suppose that S P’ satisfies (9). Let Fin be final in Modgy (A, SP).
If o is continuous, then all%?(%) is final in Modgy (A, SP).

Suppose that S P’ satisfies (10). Let F'in be final in Modgy (A, SP).
If o is cocontinuous, then all’?(?) is initial in OModgy (A, SP).



Supertyping and subtyping I |

Let SP' = (X', AX') be a swinging type with base type SP = (X, AX) and primi-
tive subtype SF) and A be an S Fy-model.

(1)

Suppose that S P’ satisfies (11). Let Ini and Ini’ be initial in Modgy(A, SP)
resp. Modgpy(A, SP').

The unique Y-homomorphism h: Ini — Ini'|y is an isomorphism iff h can be
extended to a X'-homomorphism in which case Ini is initial in Modgy (A, SP').

Suppose that S P’ satisfies (12). Let F'in and F'in’ be final in Modgy (A, SP)
resp. Modgy (A, SP').

The unique Y-homomorphism h: Fiin'|y, — Fin is an isomorphism iff h can be
extended to a Y’-homomorphism in which case Flin is final in Modgy (A, SP').



Reachability and observability

Let X9 = (Sy, Fo, Ro, By) and X = (S, F, R, B) be signatures such that ¥y C ¥,
S1 =S5\ Spand A € Mod(Y).

The reachability invariant of A is the S-sorted set that is defined as follows:

reach”? = A ee
s def {CL € A, ‘ dt:dom — s € Geny,, b € Agom : tA(b) = CL} if s €5

A is reachable if reach? = A.

The observability congruence of A is the S-sorted set that is defined as follows:

o A4 if s € Sy
s e {(a,b) € A2 |V t:s — ran € Obsy, : t4(a) = t4(b)} if s € S

A is observable if obs? = A4



Consistency and completeness

Let ¥ = (S, F, R, B) be a signature, A € Mod(X), Sy C S and S; =5\ Sp.

A set C of constructors of F' is consistent for A
if forall s € S;, f:dom — s,9g:dom’ — s € C, a € Ay and b € Ay,

fA(a) — gA(b) implies f = g and a = b.

A set D of destructors of F'is complete for A
if for all s € S; and a,b € A, a # b implies f4(a) # fA(b) for some f € D.



Supertyping and subtyping II |

Let SP" = (X, AX’) be a swinging type with base type SP = (X, AX) and
primitive subtype SPy, = (3, AXy), ¥ = (S, F,R,B), ¥ = (S,F,R,B),
Yo = (So, Fo, Ry, By) and A be an S Py-model.

(1) Suppose that SP satisfies (1) and SP = SP’ or SP’ satisfies (11).
Let Ini and Ini’ be initial in Modgy (A, SP) resp. Modgy (A, SP').
If Ini = Ini'|y, then F'\ Fy is a consistent for Ini’.

(2) Suppose that SP satisfies (2) and SP = SP’ or SP’ satisfies (12).
Let F'in and Fin' be final in Modgy (A, SP) resp. Modgy(A, SP').
If If Fin = Fin'|y, then F'\ Fj is complete for Fin'.



Perfect model of a swinging type

Let SP' = (3, AX') be a swinging type with base type SP = (X, AX) and primitive
subtype S .

If SP'=SP =SPy=(0,0), then Per(SP) is the empty ¥-structure. Otherwise

e SP is visible = Per(SP’) is initial Modgy(Per(SF,), SP')

e SP is hidden = Per(SP') is final of Modgy(Per(SF,),SP’)

e (5) = Per(SP’) is the least fixpoint of the relation transformer of SP’

e (6) = Per(SP’) is the greatest fixpoint of the relation transformer of S P’



