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Notational conventions

Given a constructive or destructive signature Σ = (S, F, P ), µΣ and νΣ denote the initial
or final Σ-algebra, respectively.

We write fµ and f ν for the interpretation of f ∈ F in µΣ and νΣ, respectively.
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Binary trees

Let X be a set.
S = {btree},
F = {empty : 1→ btree, join : btree×X × btree→ btree},
F ′ = {split : btree→ 1 + (btree×X × btree)},
F ′′ = {root : btree→ X, left , right : btree→ btree},

Bintree(X) = (S, {X}, F, ∅),
coBintree(X) = (S, {X}, F ′, ∅),

infBintree(X) = (S, {X}, F ′′, ∅).

• For all A ∈ SetS,
HBintree(X)(A)btree = HcoBintree(X)(A)btree = 1 + Abtree ×X × Abtree and
HinfBintree(X)(A)btree = Abtree ×X × Abtree.
• µBintree(X)btree ∼= T where T is the least set of expressions such that ⊥ ∈ T and
for all x ∈ X and t, u ∈ T , x(t, u) ∈ T .
• empty = ⊥ and for all x ∈ X and t, u ∈ T , join(t, x, u) = x(t, u).
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�� ��Binary trees

• νcoBintree(X)btree ∼= T ′ where T ′ is the set of partial functions t : 2∗ → X such that
for all w ∈ 2∗,
• if t(w0) is defined, then t(w) is defined,
• if t(w1) is defined, then t(w0) is defined.

• For all t ∈ T ′,

split(t) =

{
∗ if t = Ω,

(λw.t(0w), t(ε), λw.t(1w)) otherwise.

• νinfBintree(X)btree ∼= X2∗.
• For all t ∈ X2∗, root(t) = t(ε), left(t) = λw.t(0w) and right(t) = λw.t(1w).
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Trees

Let X be a set.
S = {tree, trees},
F = {join : X × trees→ tree, α : 1→ trees,

cons : tree× trees→ trees},
F ′ = {root : tree→ X, subtrees : tree→ trees,

split : trees→ 1 + tree× trees},
Tree(X) = (S, I, F ) = Tree(X, 1),

coTree(X) = (S, I, F ′) = coTree(X, 1)

(see chapter 8).

• For all A ∈ SetS, HTree(X)(A)tree = HcoTree(X)(A)tree = X × Atrees

and HTree(X)(A)trees = HcoTree(X)(A)trees = 1 + (Atree × Atrees).
• µTree(X)tree ∼= T and µTree(X)trees ∼= T ∗ where T is the least set of expressions
such that for all x ∈ X and ts ∈ T ∗, x ∈ T and x(ts) ∈ T .
• α = ε

and for all x ∈ X , t ∈ T and ts ∈ T ∗, join(x, ts) = x(ts) and cons(t, ts) = t : ts.
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�� ��Trees

• νcoTree(X)tree ∼= T ′ and νcoTree(X)trees ∼= (T ′)∞ where T ′ is the set of partial
functions t : (N ∪ {ω})∗ → X such that for all w ∈ (N ∪ {ω})∗ and i ∈ N,
• t(ε) is defined,
• if t(w0) is defined, then t(w) is defined,
• if t(w(i + 1)) is defined, then t(wi) is defined,
• if t(wω) is defined, then for all i ∈ N, t(wi) is defined.

• For all t ∈ T ′, root(t) = t(ε) and

subtrees(t) =

{
∗ if t = Ω,

λi.λw.t(iw) otherwise.

• For all ts ∈ (T ′)∞,

split(ts) =

{
∗ if ts = ε,

(ts(0), λi.ts(i + 1)) otherwise.
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Sample recursive functions

Recursion: Length of a finite list

The function length : X∗ → N satisfies the equations

length(nil) = 0 (1)
length(cons(x, s)) = length(s) + 1 (2)

Define K = Set and L = R = IdSet .

By (2), the kernel of length is compatible with cons:

length(s) = length(s′)

⇒ length(cons(x, s)) = length(s) + 1 = length(s′) + 1 = length(cons(x, s′)).

Hence length is List(X)-recursive and thus by Lemma KER (1), length agrees with
foldN where nilN = 0 and consN = λ(x, n).n + 1.
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The validity of (1) and (2) is equivalent to the commutativity of (3):

1 + X ×X∗
[nil, cons]

�X∗

(3)

1 + X × N

1 + X × length

g

[nilN, consN]
�N

length

g

Recursion and product: Fibonacci numbers

The function fib : N→ N satisfies the equations

fib(zero) = 0

fib(succ(zero)) = 1

fib(succ(succ(n))) = fib(n) + fib(succ(n))

Again, these equations do not imply that the kernel of fib is a Σ-congruence.

We regard the composition fib ◦ succ as a further function fib ′ : N → N and transform
the above equations into a mutually recursive definition of fib and fib ′:

〈fib, fib ′〉(zero) = (0, 1) (1)
〈fib, fib ′〉(succ(n)) = (fib ′(n), fib(n) + fib ′(n)) (2)
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Define K = Set2 and for all A,B ∈ Set , L(A)nat = (Anat, Anat) and
R(A,B)nat = Anat ×Bnat.

By (1) and (2), the kernel of (fib, fib ′)# = 〈fib, fib ′〉 : N → N × N is compatible with
succ:

(fib(m), fib ′(m)) = 〈fib, fib ′〉(m) = 〈fib, fib ′〉(n) = (fib(n), fib ′(n))

⇒ 〈fib, fib ′〉(succ(m)) = (fib(succ(m)), fib ′(succ(m))) = (fib ′(m), fib(m) + fib ′(m))

= (fib ′(n), fib(n) + fib ′(n)) = (fib(succ(n)), fib ′(succ(n))) = 〈fib, fib ′〉(succ(n)).

Hence (fib, fib ′) : (N,N)→ (N,N) is Nat -recursive and thus by Lemma KER (1), 〈fib, fib ′〉
agrees with foldN×N where

0N×N = (0, 1),

succN×N = λ(m,n).(n,m + n).

The validity of (1) and (2) is equivalent to the commutativity of (3):

1 + N
[0, succ]

�N

(3)

1 + N× N

1 + 〈fib, fib ′〉

g

[0N×N, succN×N]
�N× N

〈fib, fib ′〉

g
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Recursion and currying: Concatenation of finite lists

The function conc : X∗ ×X∗ → X∗ satisfies the equations

conc(nil, s) = s (1)
conc(cons(x, s), s′) = cons(x, conc(s, s′)) (2)

Define K = Set and for all A ∈ Set , L(A)list = Alist ×X∗ and R(A)list = AX∗
list.

Let Z = (X∗)X
∗. By (2), the kernel of conc# : X∗ → Z is compatible with cons:

conc#(s) = conc#(s′)

⇒ conc#(cons(x, s)) = λs′′.conc(cons(x, s), s′′) = λs′′.cons(x, conc(s, s′′))

= λs′′.cons(x, conc#(s)(s′′)) = λs′′.cons(x, conc#(s′)(s′′))

= λs′′.cons(x, conc(s′, s′′)) = λs′′.conc(cons(x, s′), s′′) = conc#(cons(x, s′)).

Hence conc is List(X)-recursive and thus by Lemma KER (1), conc# agrees with foldZ

where nilZ = λs.s and consZ = λ(x, f ).λs.cons(x, f (s)).
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The validity of (1) and (2) is equivalent to the commutativity of (3):

1 + X ×X∗
[nil, cons]

�X∗

(3)

1 + X × Z

1 + X × conc#

g

[nilZ, consZ ]
�Z

conc#

g

Recursion and identity: Folding a finite list from the right

Let A be a set and Z = (X × A→ A)→ A→ A.
The function foldr : X∗ → (X × A→ A)→ A→ A satisfies the equations

foldr (nil)(f )(a) = a (1)
foldr (cons(x, s))(f )(a) = f (e, foldr (s)(f )(a)) (2)

Define K = Set and L = R = IdSet .

By (2), the kernel of foldr is compatible with cons:

foldr (s) = foldr (s′)

⇒ foldr (cons(x, s)) = λf.λa.f (e, foldr (s)(f )(a)) = λf.λa.f (x, foldr (s′)(f )(a))

= foldr (cons(x, s′)).
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Hence foldr is List(X)-recursive and thus by Lemma KER (1), foldr agrees with foldZ

where for all f : X × A→ A, a ∈ A, x ∈ X and g ∈ Z,

nilZ(f )(a) = a,

consZ(x, g)(f )(a) = λs.g(f )(a)(x :s).

The validity of (1) and (2) is equivalent to the commutativity of (3):

1 + X ×X∗
[nil, cons]

�X∗

(3)

1 + X × Z

1 + X × foldr

g

[nilZ, consZ ]
�Z

foldr

g

Recursion and identity: Filter a finite list

Let Z = (X → 2)→ X∗. The function filter : X∗ → Z satisfies the equations

filter (nil)(f ) = nil (1)
filter (cons(x, s))(f ) = if f (x) then filter (s)(f ) else x :filter (s)(f ) (2)

Define K = Set and L = R = IdSet .
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By (2), the kernel of filter is compatible with cons:

filter (s) = filter (s′)

⇒ filter (cons(x, s)) = λf.if f (x) then filter (s)(f ) else x :filter (s)(f )

= λf.if f (x) then filter (s′)(f ) else x :filter (s′)(f ) = filter (cons(x, s′)).

Hence filter is List(X)-recursive and thus by Lemma KER (1), filter agrees with foldZ

where for all f : X → 2, x ∈ X and g ∈ Z, nilZ(f ) = nil and

consZ = λ(x, g).λf.λs.g(f )(x :s).

The validity of (1) and (2) is equivalent to the commutativity of (3):

1 + X ×X∗
[nil, cons]

�X∗

(3)

1 + X × Z

1 + X × filter

g

[nilZ, consZ ]
�Z

filter

g
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Recursion and currying: Replication

Let X be a set. The function repl : N×X → X∗ satisfies the equations

repl(zero, e) = nil (1)
repl(succ(n), e) = cons(e, repl(n, e)) (2)

where nil = nilµList(X) and cons = consµList(X) (see Lists and Streams).

Define K = Set and for all A ∈ Set , L(A)nat = A×X and R(A)nat = AX .

Let Z = (X∗)X . By (2), the kernel of repl# : N→ Z is compatible with succ:

repl#(m) = repl#(n)

⇒ repl#(succ(m)) = λe.cons(e, repl#(m)(e)) = λe.cons(e, repl(m, e))

= λe.cons(e, repl(n, e)) = λe.cons(e, repl#(n)(e)) = repl#(succ(n)).

Hence repl is Nat -recursive and thus by Lemma KER (1), repl# agrees with foldZ where

0Z = λe.ε,

succZ = λf.λe.(e :f (e)).
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The validity of (1) and (2) is equivalent to the commutativity of (3):

1 + N
[0, succ]

�N

(3)

1 + Z

1 + repl#

g

[0Z, succZ ]
�Z

repl#

g

We have shown that there is a unique interpretation in µList(X) of an additional con-
structor repl : N×X → list such that the corresponding extension of µList(X) satisfies
the equations for repl given in chapter 14.

Let Σ = (S, F ∪ {repl}, {=: list × list}), Σ′ = (S, F ∪ {repl}, ∅) and AX be a set of
Σ-Horn clauses such that for all A ∈ AlgΣ,AX , =A is a Σ-congruence, and AX includes
the equations for repl given in chapter 14.

Let A = lfp(Σ, µΣ′, AX). By Theorem ABSINI, A/=A is initial in AlgΣ,AX . Since the
initial List(X)-algebra is a (Σ, AX)-algebra, we conclude from Lemma CONEXT that
(Σ, AX) is a conservative extension of (List(X), ∅).
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Recursion and identity: Subtrees of a cobintree

Let Z = (νcoBintree(X)→ νcoBintree(X)). The function

subtree : 2∗ → Z

satisfies the equations

subtree(α)(t) = t (1)
fork (t) = (u, e, u′) ⇒ subtree(cons(0, s))(t) = subtree(s)(u) (2)
fork (t) = (u, e, u′) ⇒ subtree(cons(1, s))(t) = subtree(s)(u′) (3)

Define K = Set and L = R = IdSet .

By (1)-(3), the kernel of subtree is compatible with fork .

Hence subtree is List(2)-recursive and thus by Lemma KER (1), subtree agrees with
foldZ where for all s ∈ 2∗, f ∈ Z and t ∈ νcoBintree(X),

αZ = id,

consZ(b, f )(t) =

{
f (u) if b = 0 and fork (t) = (u, e, u′),

f (u′) if b = 1 and fork (t) = (u, e, u′).
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The validity of (1)-(3) is equivalent to the commutativity of (4):

1 + 2× 2∗
[α, cons]

� 2∗

(4)

1 + 2× Z

1 + 2× subtree

g

[αZ, consZ ]
�Z

subtree

g

Recursion and product: Check balancing (see [51])

Let T = µBintree(X)btree. The functions depth : T → N and bal : T → 2 satisfy the
equations

〈height, bal〉(empty) = (0,True) (1)

〈height, bal〉(join(t, x, u)) = (max(height(t), height(u)) + 1,

bal(t) ∧ bal(u) ∧ height(t) = height(u)) (2)

Define K = Set2 and for all A,B ∈ Set , L(A)btree = (N, 2) and
R(A,B)btree = Abtree ×Bbtree.

By (1) and (2), the kernel of
(height, bal)# = 〈height, bal〉 : T → N× 2
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is compatible with join. Hence (height, bal) : (T, T ) → (N, 2) is Bintree(X)-recursive
and thus by Lemma KER (1), 〈height, bal〉 agrees with foldN×2 where

emptyN×2 = (0,True),

joinN×2 = λ((m, b), x, (n, c)).(max(m,n) + 1, b ∧ c ∧m = n).

The validity of (1) and (2) is equivalent to the commutativity of (3):

1 + T ×X × T
[empty, join]

�T

(3)

1 + (N× 2)×X × (N× 2)

1 + 〈height, bal〉

g

[emptyN×2, joinN×2]
�N× 2

〈height, bal〉

g

Recursion and identity: Flatten a finite tree (see [65])

The functions flatten : µTree(X)tree → X∗ and flattenL : µTree(X)trees → X∗ satisfy
the equations

flatten(join(x, ts)) = x :flattenL(ts) (1)
flattenL(α) = α (2)

flattenL(cons(t, ts)) = flatten(t)++flattenL(ts) (3)
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Define K = Set and L = R = IdSet .

Since S = {tree, trees}, flatten and flattenL provide the tree- or trees-component of a
Set2-morphism function flatten ′ : (µTree(X)tree, µTree(X)trees)→ (X∗, X∗).

By (1)-(3), the kernel of flatten is compatible with join and cons.

Hence flatten ′ is Tree(X)-recursive and thus by Lemma KER (1) (1), flatten ′ agrees with
foldX

∗
where joinX∗ = λ(x, s).(x :s), αX∗ = ε and consX∗ = λ(s, s′).(s++s′)).

The validity of (1)-(3) is equivalent to the commutativity of (4) and (5):

X × µTree(X)trees
join
�µTree(X)tree

(4)

X ×X∗

X × flattenL

g

joinX
∗ �X∗

flatten

g
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1 + (µTree(X)tree × µTree(X)trees)
[α, cons]

�µTree(X)trees

(5)

1 + (X∗ ×X∗)

1 + (flatten × flattenL)

g

[αX
∗
, consX

∗
]
�X∗

flattenL

g

Corecursion: Addition on N∞ (see [77])

Define L : Set2 → Set and R : Set → Set2 as follows: For all A,B ∈ Set and
g, h ∈Mor(Set), L(A,B) = A + B, L(g, h) = g + h, R(A) = (A,A) and R(g) = (g, g).

Let C = (N′ × N′,N′). Then L(C) = N′ × N′ + N′ and R(νΣ) = R(N′) = (N′,N′).

Moreover, L(C) is a coNat -algebra: For all m,n ∈ N′,

predL(C)(m,n) =


ε if m = n = 0,

(0, n− 1) if m = 0 ∧ n ∈ N′ \ {0},
(m− 1, n) if m ∈ N′ \ {0},

predL(C)(n) = pred(n).

Let the arrow join′ : (1 + nat) + nat→ 1 + nat be interpreted as follows:

21



For all A ∈ AlgcoNat , a ∈ Anat and i ∈ {1, 2}, join′(ε, 1) = ε and join′(a, i) = a.

A function plus : N′ × N′ → N′ satisfies the equation
pred(plus(m,n)) = join′(λ(ι1(x1).λ(ι1(y1).ε|ι2(y2).y2)(pred(n)),

ι2(x2).plus(x2, n))(pred(m)))
(1)

iff (plus, id)∗ = [plus, id] : L(C)→ N′ is coNat -homomorphic, i.e., the following diagram
commutes:

N′
pred

� 1 + N′

L(C)

[plus, id]

f

predL(C)
� 1 + L(C)

1 + [plus, id]

f

Hence by Lemma COREC1, equations (1)-(3) have a unique solution plus.

Corecursion and coproduct: A blinker

Suppose that on, off ∈ X . The functions blink : 1 → XN and blink′ : 1 → XN satisfy
the equations

〈head, tail〉(blink) = (on, blink′) (1)
〈head, tail〉(blink′) = (off , blink) (2)
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Define K = Set2 and for all A,B ∈ Set , R(A)list = (Alist, Alist)

and L(A,B)list = Alist + Blist.

Let Q = 1 + 1. By (1) and (2), the image of (blink, blink′)∗ = [blink, blink′] : Q→ XN

is compatible with head and tail.

Hence (blink, blink′) : Q → (XN, XN) is Stream(X)-corecursive and thus by Lemma
IMG (1), [blink, blink′] agrees with unfoldQ where 〈headQ, tailQ〉(∗, 1) = (on, (∗, 2)) and
〈headQ, tailQ〉(∗, 2) = (off , (∗, 1)).

The validity of (1) and (2) is equivalent to the commutativity of (3):

XN 〈head, tail〉
�X ×XN

(3)

Q

[blink, blink′]

f

〈headQ, tailQ〉
�X ×Q

X × [blink, blink′]

f

Corecursion and coproduct: Exchange stream elements (see [162])

The function exch : XN → XN, which exchanges each two consecutive elements of a
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stream, satisfies the equations

head(exch(s)) = head(tail(s))

〈head, tail〉(tail(exch(s))) = (head(s), exch(tail(tail(s))))

We regard the composition tail ◦ exch as a further function

exch′ : XN → XN

and transform the above equations into a mutually recursive definition of exch and exch′:

〈head, tail〉(exch(s)) = (head(tail(s)), exch′(s)) (1)
〈head, tail〉(exch′(s)) = (head(s), exch(tail(tail(s))))) (2)

Define K = Set2 and for all A,B ∈ Set , R(A)list = (Alist, Alist) and
L(A,B)list = Alist + Blist.

Let Q = XN+XN. By (1) and (2), the image of (exch, exch′)∗ = [exch, exch′] : Q→ XN

is compatible with head and tail.

Hence (exch, exch′) : (XN, XN) → (XN, XN) is Stream-recursive and thus by Lemma
IMG (1), [exch, exch′] agrees with unfoldQ where for all s ∈ XN,
〈headQ, tailQ〉(s, 1) = (head(tail(s)), (s, 2)) and
〈headQ, tailQ〉(s, 2) = (head(s), (tail(tail(s)), 1)).
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The validity of (1) and (2) is equivalent to the commutativity of (3):

XN 〈head, tail〉
�X ×XN

(3)

Q

[exch, exch′]

f

〈headQ, tailQ〉
�X ×Q

X × [exch, exch′]

f

Corecursion and coproduct: Alternation of successors and squares (see [65])

The functions nats : N→ XN and squares : N→ XN satisfy the equations

〈head, tail〉(nats(n)) = (n, squares(n)) (1)
〈head, tail〉(squares(n)) = (n ∗ n, nats(n + 1)) (2)

Define K = Set2 and for all A,B ∈ Set , R(A)list = (Alist, Alist) and
L(A,B)list = Alist + Blist.

Let Q = N + N. By (1) and (2), the image of

(nats, squares)∗ = [nats, squares] : Q→ XN
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is compatible with head and tail.

Hence (nats, squares) : (N,N) → (XN, XN) is Stream-recursive and thus by Lemma
IMG (1), [nats, squares] agrees with unfoldQ where for all n ∈ N,
〈headQ, tailQ〉(n, 1) = (n, (n, 2)) and 〈headQ, tailQ〉(n, 2) = (n ∗ n, (n + 1, 1)).

The validity of (1) and (2) is equivalent to the commutativity of (3):

XN 〈head, tail〉
�X ×XN

(3)

Q

[nats, squares]

f

〈headQ, tailQ〉
�X ×Q

X × [nats, squares]

f

Corecursion and coproduct: Insertion into a stream (see [162])

The function insert : X ×XN → XN satisfies the equation

〈head, tail〉(insert(x, s)) = if x ≤ head(s) then (x, s)

else (head(s), insert(x, tail(s)))

This equation does not imply that the image of insert is compatible with head and tail.
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Therefore, we transform them into equations for insert and the identity on XN:

〈head, tail〉(insert(x, s)) = if x ≤ head(s)

then (x, id(s)) else (head(s), insert(x, tail(s))) (1)

〈head, tail〉(id(s)) = (head(s), id(tail(s))) (2)

Define K = Set2 and for all A,B ∈ Set , R(A)list = (Alist, Alist)

and L(A,B)list = Alist + Blist.

Let Q = (X ×XN) + XN. By (1)-(3), the image of

(insert, id)∗ = [insert, id] : Q→ XN

is compatible with head and tail.

Hence (insert, id) : (X × XN, XN) → (XN, XN) is Stream-corecursive and thus by
Lemma IMG (1), [insert, id] agrees with unfoldQ where for all x ∈ X and s ∈ XN,

〈headQ, tailQ〉(x, s) =

{
(x, s) if x ≤ head(s),

(head(s), (x, tail(s))) otherwise,
〈headQ, tailQ〉(s) = (head(s), tail(s)).
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The validity of (1)-(3) is equivalent to the commutativity of (4):

XN 〈head, tail〉
�X ×XN

(4)

Q

[insert, id]

f

〈headQ, tailQ〉
�X ×Q

X × [insert, id]

f

Corecursion and coproduct: Concatenation of colists (see [77])

The function conc : X∞ ×X∞ → X∞ satisfies the equations

split(s) = ε ∧ split(s′) = ε ⇒ split(conc(s, s′)) = ε (1)
split(s) = ε ∧ split(s′) = (x, s′′) ⇒ split(conc(s, s′)) = (x, id(s′′)) (2)

split(s) = (x, s′′) ⇒ split(conc(s, s′)) = (x, conc(s′′, s′)) (3)

Define K = Set2 and for all A,B ∈ Set , R(A)list = (Alist, Alist) and
L(A,B)list = Alist + Blist.

Let Q = X∞ ×X∞ + X∞. By (1)-(3), the image of (conc, id)∗ = [conc, id] : Q → X∞
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is compatible with split: Let h = [conc, id].

split(s) = ε ∧ split(s′) = ε ⇒ split(h(s, s′)) = ε = h(ε),

split(s) = ε ∧ split(s′) = (x, s′′)

⇒ split(h(s, s′)) = (x, h(s′′)) = (h(x), h(s′′)) = h(x, s′′),

split(s) = (x, s′′) ⇒ split(h(s, s′)) = (x, h(s′′, s′)) = (h(x), h(s′′, s′)) = h(x, (s′′, s′)),

i.e., the image of h is compatible with split. Hence (conc, id) is coList(X)-corecursive
and thus by Lemma IMG (1), (conc, id) agrees with unfoldQ where for all s, s′ ∈ X∞,

splitQ(s, s′) =


∗ if split(s) = split(s′) = ε,

(x, (s, s′′)) if split(s) = ε ∧ split(s′) = (x, s′′),

(x, (s′′, s′)) if split(s) = (x, s′′),

splitQ(s) = split(s).

The validity of (1)-(3) is equivalent to the commutativity of (4):

X∞
split

� 1 + X ×X∞

(4)

Q

[conc, id]

f

splitQ
� 1 + X ×Q

1 + X × [conc, id]

f
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Corecursion and coproduct: Flatten a cotree

Let T = νcoTree(X) (see Trees). The functions flatten : T → X∞ and flattenL : T∞ →
X∞ satisfy the equations
split(flatten(t)) = (root(t),flattenL(subtrees(t))) (1)

split(ts) = ε ⇒ split(flattenL(ts)) = ε (2)

split(ts) = (u, us)

⇒ split(flattenL(ts)) = (root(u),flattenL(conc(subtrees(u), us)) (3)

where conc : T∞ × T∞ → T∞ is defined as in chapter 12.

Define K = Set2 and for all A,B ∈ L, R(A)list = (Alist, Alist) and
L(A,B)list = Alist + Blist.

By (1)-(3), the image of

(flatten,flattenL)∗ = [flatten,flattenL] : T + T∞ → X∞

is compatible with split.

Hence (flatten,flattenL) : (T, T∞) → (X∞, X∞) is coList(X)-corecursive and thus by
Lemma IMG (1), [flatten,flattenL] agrees with unfoldT+T∞ where for all t ∈ T and
ts ∈ T∞,

splitT+T∞(t) = (root(t), subtrees(t)),

splitT+T∞(ts) =

{
∗ if split(ts) = ε,

(u, us) if split(ts) = (root(u), conc(subtrees(u), us)).
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The validity of (1)-(3) is equivalent to the commutativity of (4):

X∞
split

� 1 + X ×X∞

(4)

T + T∞

[flatten,flattenL]

f

splitT+T∞
� 1 + X × (T + T∞)

1 + X × [flatten,flattenL]

f

Corecursion and identity: Mirror a cobintree (see [74, ?])

Let T = νcoBintree(X)btree. The function mirror : T → T satisfies the equations

split(t) = ε ⇒ split(mirror(t)) = ε (1)

split(t) = (u, x, u′) ⇒ split(mirror(t)) = (mirror(u′), x,mirror(u)) (2)

Define K = Set and R = L = IdSet .

??? Extend mirror to the sets X and 1. Then (1) and (2) read as follows:

split(t) = ε ⇒ split(mirror(t)) = ε = mirror(ε),

split(t) = (u, x, u′)

⇒ split(mirror(t)) = (mirror(u′),mirror(x),mirror(u)) = mirror(u′, x, u),

Hence the image of mirror is compatible with split.
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Hence mirror is coBintree(X)-corecursive and thus by Lemma IMG (1), mirror agrees
with unfoldT where for all t ∈ T ,

splitT (t) =

{
∗ if t = Ω,

(λw.t(1w), t(ε), λw.t(0w)) otherwise.
The validity of (1) and (2) is equivalent to the commutativity of (3):

T
split

� 1 + T ×X × T

(3)

T

mirror

f

splitT
� 1 + T ×X × T

1 + mirror ×X ×mirror

f

Since T is a final algebra, properties of mirrorT likemirrorT ◦mirrorT = idT are shown
by algebraic coinduction (see, e.g., [?]).

Restriction with a greatest invariant: Length of a colist

LetC = {length}. νcoList ′ is isomorphic to the coList ′-coalgebraB =def TreecoList ,C(BA)

of C-labelled coList -trees over BA.

Blist can be represented as the union of N′ and the set of partial functions s : N→ X×N′
such that s(0) is defined and for all i ∈ N, if s(i + 1) is defined, then s(i) is defined.
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With respect to this interpretation, the destructors of coList ′ are interpreted as follows:
B1 = {ω} and for all s ∈ Blist,

splitB(s) =

{
∗ if s ∈ N′,
(π1(s(0)), λi.s(i + 1)) otherwise,

lengthB(s) =

{
s if s ∈ N′,
π2(s(0)) otherwise.

Let AX be given by the coList ′-formulas

islist(s) ⇒ is1+entry×list([[x, y]split]s) (1)
isentry×list(p) ⇒ islist(π2〈p〉) (2)

islist(s) ⇒ [[x, y]length]s = [[[x]0, [[[x]succ, y]length]π2]split]s (3)

AX consists of inverse Horn clauses over coList ′ that satisfy the assumptions of Restric-
tion with a greatest invariant. Hence gfp(AX) = B. Let inv = ∈B.

For all s, s′ ∈ islist,
lengthB(s) 6= lengthB(s′) implies tB(s) 6= tB(s′) for some t ∈ ObscoList ,list. (4)

Proof.

Since B satisfies (3), inv satisfies the conclusion of (3) or, equivalently, the equations
(1)-(3) of 1.6.
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Hence s ∈ islist iff for all n ∈ N,

lengthB(s) = 0 implies splitB(s) = ε, (5)
lengthB(s) = n + 1 implies ∃ e, s′ : (splitB(s) = (e, s′) ∧ lengthB(s′) = n), (6)

lengthB(s) = ω implies ∃ e, s′ : (splitB(s) = (e, s′) ∧ lengthB(s′) = ω). (7)

It is easy to see that

• ObscoList ,list = {obsn | n ∈ N} where obs0 = [0, [10]π1]split

and for all n > 0, obsn = [0, [10 · obsn−1]π2]split,
• for all s ∈ Blist and n ∈ N, obsn(s) 6= ∗ iff s(n) is defined. (8)

By (5)-(7) and the definition of B, for all s ∈ islist and n ∈ N,

lengthB(s) = n ⇔ s(n) is undefined ∧ ∀ i < n : s(i) is defined,
lengthB(s) = ω ⇔ ∀ n ∈ N : s(n) is defined,

and thus by (8),

lengthB(s) = n ⇔ obsBn (s) = ε ∧ ∀ i < n : obsBi (s) 6= ∗, (9)
lengthB(s) = ω ⇔ ∀ n ∈ N : obsBn (s) 6= ∗. (10)

Let s, s′ ∈ Blist such that lengthB(s) 6= lengthB(s′). Then lengthB(s) = n or
lengthB(s′) = n for some n ∈ N. W.l.o.g. suppose that the first case holds true. By
(9), obsBn (s) = ε. If lengthB(s′) = ω, then (10) implies a contradiction: obsBn (s) 6= ∗ =
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obsBn (s). Otherwise lengthB(s′) = n′ for some n′ ∈ N with n′ 6= n. Let m = min(n, n′).
If n < n′, then by (9), obsBm(s) = obsBn (s) = ε 6= obsBn (s′) = obsBm(s′). Otherwise n′ < n

and thus by (9), obsBm(s′) = obsBn′(s
′) = ε 6= obsBn′(s) = obsBm(s). Hence (4) is valid for

t = obsm. o

Destructor extension: Flatten a cotree

We have shown that there is a unique interpretation in νcoList(X) of additional de-
structors flatten : tree → list and flattenL : trees → list such that the corresponding
extension of νcoTree satisfies the equations (1)-(3) of 2.12.

Let coTree ′ = coTree ∪ {flatten,flattenL}. By Lemma DESEXT, coTree ′ is a conserva-
tive extension of coTree.

Let C = {flatten,flattenL}. νcoTree ′ is isomorphic to the coTree ′-coalgebra
B =def TreecoTree,C(BA) of C-labelled coTree-trees over BA.

Btree can be represented as the set of partial functions

t : N∗ → X ×Blist

(see 2.3) such that t(ε) is defined and for all w ∈ N∗ and i ∈ N,

• if t(wi) is defined, then t(w) is defined,
• if t(w(i + 1)) is defined, then t(wi) is defined.
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Btrees can be represented as the union of Blist and the set of partial functions

ts : N→ Btree ×Blist

such that ts(0) is defined and for all i ∈ N, if ts(i + 1) is defined, then ts(i) is defined.
With respect to this interpretation, the destructors of coTree ′ are interpreted as follows:
For all t ∈ Btree and ts ∈ Btrees,

rootB(t) = π1(t(ε)),

subtreesB(t) = λi.λw.t(iw),

flattenB(t) = π2(t(ε)),

splitB(ts) =

{
∗ if ts ∈ Blist,

(π1(ts(0)), λi.ts(i + 1)) otherwise,

flattenLB(ts) =

{
ts if ts ∈ Blist,

π2(ts(0)) otherwise.
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Let AX be given by the coTree ′-formulas

istree(t) ⇒ istrees(subtrees〈t〉) (1)

istrees(ts) ⇒ is1+tree×trees([[y, z]split]ts) (2)

istree×trees(p) ⇒ istree(π1〈p〉) ∧ istrees(π2〈p〉) (3)

istree(t) ⇒ ∃ p : ([[y, z]split]flatten〈t〉 = [z]p ∧ π1〈p〉 = root〈t〉 ∧
π2〈p〉 = flattenL〈subtrees〈t〉〉) (4)

istrees(ts) ⇒ ∃ p, q : ([[y, z]split]ts = [y]p ∧ [[y, z]split]flattenL〈ts〉 = [y]q) ∨
∃ p, q : ([[y, z]split]ts = [z]p ∧ [[y, z]split]flattenL〈ts〉 = [z]q ∧

π1〈q〉 = root〈π1〈p〉〉 ∧
π2〈q〉 = flattenL〈conc〈subtrees〈π1〈p〉〉, π2〈p〉〉〉) (5)

AX consists of inverse Horn clauses over coTree ′ that satisfy the assumptions of Restric-
tion with a greatest invariant. Hence gfp(AX) = B. Let inv = ∈B.

For all t, t′ ∈ istree,
flattenB(t) 6= flattenB(t′) implies uB(t) 6= uB(t′) for some u ∈ ObscoTree,tree. (6)
For all ts, ts′ ∈ istrees,
flattenLB(ts) 6= flattenLB(ts′) implies uB(ts) 6= uB(ts′) for some u ∈ ObscoTree,trees. (7)

Proof.
Since B satisfies (4) and (5), inv satisfies the conclusions of (4) and (5) or, equivalently,
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the equations (1)-(3) of 2.12. Hence t ∈ istree iff

flattenB(t) = (rootB(t),flattenLB(subtreesB(t))), (8)

and ts ∈ istrees iff for all u ∈ Btree and us ∈ Btrees,

splitB(ts) = ε implies splitB(flattenLB(ts)) = ε, (9)
splitB(ts) = (u, us)

implies flattenLB(ts) = (rootB(u),flattenLB(concB(subtreesB(u), us))). (10)

It is easy to see that

• ObscoTree,tree = {obsw | w ∈ N∗} where obsε = {[0]root} and for all w ∈ N+,
obsw = [0 · obsLw]subtrees,
• ObscoTree,trees = {obsLw | w ∈ N+} where for all i > 0 and w ∈ N∗,
obsL0w = [0, [10 · obsBw ]π1]split and obsLiw = [0, [10 · obsL(i−1)w]π2]split,
• for all t ∈ Btree and w ∈ N∗,
obsBw(t) = t(w) if t(w) is defined, and obsBw(t) = ε otherwise, (11)
• for all ts ∈ Btrees, i ∈ N and w ∈ N+,
obsLiw(ts) = ts(i)(w) if ts(i)(w) is defined, and obsLiw(ts) = ε otherwise. (12)

By (8)-(10) and the definition of B, for all t ∈ istree, ts ∈ istrees and s ∈ Blist,

flattenB(t) = s ⇔ ∀ n ∈ domain(s) : t(leafPos(t)(n)) = s(n),

flattenLB(ts) = s ⇔ ∀ n ∈ domain(s) : ts(i)(w) = s(n) where leafPosL(ts)(n) = iw,
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and thus by (11) and (12),

flattenB(t) = s ⇔ ∀ n ∈ domain(s) : obsBleafPos(t)(n)(t) = s(n), (13)
flattenLB(ts) = s ⇔ ∀ n ∈ domain(s) : obsLBleafPosL(ts)(n)(ts) = s(n), (14)

where leafPos(t)(n) and leafPosL(ts)(n) are the positions of the n-th leaf of t and ts,
respectively.

Haskell code for leafPos : Btree → N→ N∗ and leafPosL : Btrees → N→ N+:

leafPos = (!!) . leafPoss
leafPosL = (!!) . leafPossL

leafPoss :: B_tree -> [[Int]]
leafPoss t = if null ts then [[]] else leafPossL ts

where ts = subtrees t

leafPossL :: B_trees -> [[Int]]
leafPossL ts = if null ts then [] else concatMap g [0..length ts-1]

where g i = map (i:) $ leafPoss $ ts!!i

Let t, t′ ∈ Btree and s, s′ ∈ Blist such that flattenB(t) = s 6= s′ = flattenB(t′). Let
domain(t) 6= domain(t′). Then there is w ∈ N∗ such that t(w) is defined and t′(w) is
undefined. Hence by (11), obsBw(t) = t(w) and obsBw(t′) = ε, and thus (6) is valid for
u = obsw. Let domain(t) = domain(t′). Then domain(s) = domain(s′) and there is
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n ∈ domain(s) such that s(n) 6= s′(n) and for all i < n, s(i) = s′(i). By (13),

obsBleafPos(t)(n)(t) = s(n) 6= s′(n) = obsBleafPos(t′)(n)(t
′) = obsBleafPos(t)(n)(t

′).

Hence (6) is valid for u = obsleafPos(t)(n).

Let ts, ts′ ∈ Btrees and s, s′ ∈ Blist such that flattenLB(ts) = s 6= s′ = flattenLB(ts′). Let
domain(ts) 6= domain(ts′) or domain(ts(i)) 6= domain(ts′(i)) for some i ∈ domain(ts) =

domain(ts′). Then there are i ∈ N and w ∈ N∗ such that ts(i)(w) is defined and ts′(i)(w)

is undefined. Hence by (12), obsLBiw(ts) = ts(i)(w) and obsLBiw(ts′) = ε, and thus (7)
is valid for t = obsiw. Let domain(ts) = domain(ts′) and for all i ∈ domain(ts),
domain(ts(i)) = domain(ts′(i)). Then domain(s) = domain(s′) and there is n ∈
domain(s) such that s(n) 6= s′(n). By (14),

obsBleafPosL(ts)(n)(ts) = s(n) 6= s′(n) = obsBleafPosL(ts′)(n)(ts
′) = obsBleafPos(ts)(n)(ts

′).

Hence (7) is valid for u = obsleafPosL(ts)(n). o

Let ∈A = νcoTree. Then A satisfies AX . Hence A ∈ AlgcoTree ′,AX and thus by Lemma
DESEXT, (6) and (7) imply ∈B |coTree

∼= νcoTree.
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Destructor extension: Subtree of a cobintree

Let C = {subtree}. νcoBintree ′ is isomorphic to the coBintree ′-coalgebra

B =def TreecoBintree,C(BA)

of C-labelled coBintree-trees over BA.

Let Z = Btree(X)∞ → Btree(X)∞. Bbtree can be represented as the set of partial
functions

t : 2∗ → X × Z
such that for all w ∈ 2∗ and b ∈ 2, if t(wb) is defined, then t(w) is defined.

With respect to this interpretation, the destructors of coBintree ′ are interpreted as fol-
lows: For all t ∈ Btree,

forkB(t) =

{
∗ if t = Ω,

(λw.t(0w), π1(t(ε)), λw.t(1w)) otherwise,

subtreeB(t) = π2(t(ε)).
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Let AX be given by the coBintree ′-formulas
isbtree(t) ⇒ is1+btree×entry×btree(fork〈t〉) ∧ isbtreeblist(subtree〈t〉) (1)

isbtree×entry×btree(p) ⇒ isbtree(π1〈p〉) ∧ isbtree(π3〈p〉) (2)

isbtreeblist(f ) ⇒ isbtree($w〈f〉) (3)

isbtree(t) ⇒ ∃ p, q : ([[x, y]fork ]t = [x]p ∧ $ε〈subtree〈t〉〉 = t) ∨
∃ p, q : ([[x, y]fork ]t = [y]p ∧

$0w〈subtree〈t〉〉 = $w〈subtree〈π1〈p〉〉〉 ∧
$1w〈subtree〈t〉〉 = $w〈subtree〈π3〈p〉〉〉) (4)

for all w ∈ 2∗.

AX consists of inverse Horn clauses over coBintree ′ that satisfy the assumptions of
Restriction with a greatest invariant. Hence gfp(AX) = B. Let inv = ∈B.

For all t, t′ ∈ isbtree,
subtreeB(t) 6= subtreeB(t′) implies uB(t) 6= uB(t′) for some u ∈ ObscoBintree,btree. (5)

Proof.

Since B satisfies (4), inv satisfies the conclusion of (4) or, equivalently, the definition of
subtree given in example 18 ****. Hence t ∈ isbtree iff for all w ∈ 2∗,

subtreeB(t)(ε) = t, (6)
forkB(t) = (u, e, u′) implies subtreeB(t)(0 :w) = subtreeB(u)(w), (7)
forkB(t) = (u, e, u′) implies subtreeB(t)(1 :w) = subtreeB(u′)(w). (8)
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It is easy to see that

• ObscoBintree,btree = {obsw | w ∈ 2+} where obsε = [0, [10]π2]fork and for all w ∈ N+,
obs0w = [0, [10 · obsw]π1]fork and obs1w = [0, [10 · obsw]π3]fork ,
• for all t ∈ Btree and w ∈ N∗, obsBw(t) = t(w) if t(w) is defined, and obsw(t) = ε

otherwise. (9)

By (6)-(8) and the definition of B, for all t ∈ isbtree and v ∈ 2∗,

subtreeB(t)(v) = λw.t(vw),

and thus by (9),
subtreeB(t)(v) = λw.obsvw(t). (10)

Let t, t′ ∈ Bbtree and w ∈ 2∗ such that subtreeB(t) 6= subtreeB(t′). Then there are v, w ∈
2∗ such that subtreeB(t)(v)(w) 6= subtreeB(t)(v)(w). Hence by (10), λw.obsvw(t) 6=
λw.obsvw(t), and thus (5) is valid for u = obsBvw. o
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Terms and equations

Coiterative equations

Let Σ = (S, I, D) be a destructive signature and V be a finite S-sorted set. An S-sorted
function

E : V → TΣ(V )

with img(E) ∩ V = ∅ is called a system of coiterative Σ-equations.

Let A be a Σ-algebra with carrier A, AV be the set of S-sorted functions from V to A
und B =

⋃
BT .

g ∈ AV solves E in A if for all x ∈ V id#
A(g(x)) = [g, idB] ◦E(x) (see State unfolding).

E turns TΣ(V ) into a Σ-algebra: Let s ∈ S, I be a nonempty set and (ei)i∈I ∈ Tp(S, I)I .

• For all d : s→ e ∈ D and x ∈ Vs, dTΣ(V )(x) = E(x)(d).
• For all d : s→ e ∈ D and td′ ∈ TΣ(V )e′, d′ : s→ e′ ∈ D,

sTΣ(V )(ε{d′ → td′ | d′ : s→ e′ ∈ D}) =def td.

• For all ti ∈ TΣ(V )ei, i ∈ I , and k ∈ I , πk(tup{i→ ti | i ∈ I}) =def tk.
• For all i ∈ I and t ∈ TΣ(V )ei, ιi(t) =def i{sel→ t}.
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Let g = V
incV→ TΣ(V )

unfoldTΣ(V )

→ DTΣ.

(1) g solves E in DTΣ.

(2) Any g : V → DTΣ solves E in DTΣ iff ????.

Theorem COSOL E has a unique solution in DTΣ.

Proof. By (1), E has a solution in DTΣ. Suppose that g, h : V → DTΣ solve E in DTΣ.
By (2), ???. Since DTΣ is final in AlgΣ, ???. o
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Terms as functions

Let Σ = (S, I, F ) be a signature, V be an S-sorted set of variables,

CON = {c : 1→ X | c ∈ X ∈ Set 6=∅},
VAR = {x : 1→ e | x ∈ Ve, e ∈ Tp(S, I)},

ID = {id : e→ e | e ∈ Tp(S, I)},
APP = {$x : eX → e | e ∈ Tp(S, I), x ∈ X ∈ Set6=∅},
ISO = {τ : e→ e′ | τ : Fe → Fe′ is a natural equivalence, e 6= e′}.

The set OpΣ(V ) of (derived) Σ(V )-operations is defined inductively as follows:

• F ∪ CON ∪ VAR ∪ ID ∪ ISO ∪ INJ ∪ PRJ ∪ APP ⊆ OpΣ(V ).
• For all t : e→ e′, u : e′ → e′′ ∈ OpΣ(V ), red(u ◦ t) : e→ e′′ ∈ OpΣ(V )

where red(u ◦ t) is reduced with respect to the following rewrite rules:

πi ◦ 〈t1, . . . , tn〉 → ti, 1 ≤ i ≤ n,

[t1, . . . , tn] ◦ ιi → ti, 1 ≤ i ≤ n,

〈u1, . . . , un〉 ◦ t → 〈u1 ◦ t, . . . , un ◦ t〉,
u ◦ [t1, . . . , tn] → [u ◦ t1, . . . , u ◦ tn],

($t) ◦ λx.u → u[t/x]

where t[z/x] denotes the Σ-operation obtained from t by replacing all occurrences of
x with z.
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• For all n > 1 and t1 : e→ e1, . . . , tn : e→ en ∈ OpΣ(V ),
〈t1, . . . , tn〉 : e→ e1 × · · · × en ∈ OpΣ(V ).
• For all n > 1 and t1 : e1 → e, . . . , tn : en → e ∈ OpΣ(V ),

[t1, . . . , tn] : e1 + · · · + en → e ∈ OpΣ(V ).
• For all c ∈ {word, set, bag} and t : e→ e′ ∈ OpΣ(V ), c(t) : c(e)→ c(e′) ∈ OpΣ(V ).
• For all t : e→ e′ ∈ OpΣ(V ), and X ∈ Tp(S, I), tX : eX → (e′)X ∈ OpΣ(V ).
• For all t : e→ e′ ∈ OpΣ(V ), X ∈ Tp(S, I) and x ∈ X , λx.t : e→ (e′)X ∈ OpΣ(V ).

Moreover, for all n > 1 and t1 : e→ e1, . . . , tn : e→ en ∈ OpΣ(V ),

t1 × · · · × tn =def 〈t1 ◦ π1, . . . , tn ◦ πn〉,
t1 + · · · + tn =def [ι1 ◦ t1, . . . , ιn ◦ tn],

and for all p : e→ 2, t, u : e→ e′ ∈ OpΣ(V ),

if p then t else u =def e
〈ide,p〉−→ e× 2

τ−→ e + e
[t,u]−→ e′

where τ : Fe×2 → Fe+e is the natural equivalence defined as follows: For all A ∈ SetS,

τA : Ae × 2 → Ae + Ae

(a, b) 7→
{

(a, 1) if b = 1

(a, 2) if b = 0.

For all t : e→ e′ ∈ OpΣ(V ), src(t) = e is the domain and trg(t) = e′ the range of t.
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??? The adjective “implicit” is due to [134, 79] where it is also associated with operations
that are not part of the underlying signature.

Given Σ-operations t and u, u is a suboperation of t if t = u or there are n > 1 and
Σ-operations t1, . . . , tn, u1, . . . , un such that

• t = t1 ◦ t2 and u is a suboperation of t2 or
• t = t1 ◦ t2, u = u1 ◦ t2 and u1 is a suboperation of t1 or
• t = 〈t1, . . . , tn〉 and there is 1 ≤ i ≤ n such that u is a suboperation of ti or
• t = [t1, . . . , tn], u = [u1, . . . , un] and for all 1 ≤ i ≤ n, ui is a suboperation of ti.

A Σ-algebra A interprets each ground Σ-operation t : e→ e′ as a function tA : Ae → Ae′
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inductively on the structure of t: Let X ∈ BS, n > 1 and e, e′, e1, . . . , en ∈ Tp(S, I).

∀ a ∈ Ae : idA(a) = a,

∀ τ ∈ ISO : e→ e′ : τA = τA,

∀ 1 ≤ i ≤ n, a ∈ Ai : ιi(a) = (a, i),

∀ (a1, . . . , an) ∈ Ae1×···×en : πi(a1, . . . , an) = ai,

∀ X ∈ BS, x ∈ X, f ∈ AeX : ($x)A = f (x),

∀ X ∈ BS, c ∈ X : cA(ε) = c,

∀ t : e→ e′, u : e′ → e′′ ∈ OpΣ : (u ◦ t)A = uA ◦ tA,
∀ t1 : e→ e1, . . . , tn : e→ en ∈ OpΣ : 〈t1, . . . , tn〉A(a) = (tA1 (a), . . . , tAn (a)),

∀ t1 : e1 → e, . . . , tn : en → e ∈ OpΣ, (b, i) ∈ Ae1+···+en : [t1, . . . , tn]A(b, i) = tAi (b),

∀ t : e→ e′ ∈ OpΣ, a1, . . . , an ∈ Ae : word(t)A(a1, . . . , an) = (tA(a1), . . . , tA(an)),

∀ t : e→ e′ ∈ OpΣ, f ∈ Pω(Ae) : set(t)A(f ) = Pω(tA)(f ),

∀ t : e→ e′ ∈ OpΣ, f ∈ Bω(Ae) : bag(t)A(f ) = Bω(tA)(f ),

∀ t : e→ e′ ∈ OpΣ, f ∈ AX
e : (tX)A(f ) = tA ◦ f,

∀ t : e→ e′ ∈ OpΣ, a ∈ Ae, X ∈ BS, x, z ∈ X : (λx.t)A(a)(z) = t[z/x]A(a).

Lemma TERMNAT

For all e ∈ Tp(S, I) and t ∈ TΣ(V )e we define tA : AV → Ae by tA(g) = g∗(t) for all
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g ∈ AV . For all Σ-homomorphisms h : A→ B, the following diagram commutes:

AV tA
�Ae

(2)

BV

hV

g tB
�Be

he

g

Hence t : _V → FeUS with tA =def t
A for all A ∈ AlgΣ is a natural transformation where

US is the forgetful functor from AlgΣ to SetS.

Proof.

The commutativity of (2) is equivalent to (1): For all e ∈ Tp(S, I) and
t ∈ TΣ(V )e,

(h ◦ g)∗(t) = tB(h ◦ g) = tB(hV (g))
(2)
= he(t

A(g)) = he(g
∗(t)). o

Derived Σ-operations and λΣ-terms

Let Σ = (S, I, F ) be a signature and V be a T (S, I)-sorted set of variables.
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The Tp(S, I)2-sorted class derΣ of derived Σ-operations is defined inductively as fol-
lows:

• F ⊆ derΣ. (Σ-operations)
• Mor (Set 6=∅) ⊆ derΣ. (functions between nonempty sets)
• For all e ∈ Tp(S, I), ide : e→ e ∈ derΣ. (identities)
• For all e ∈ Tp(S, I), sinke : e→ 1 ∈ derΣ. (sinks)
• For all nonempty sets B and b ∈ B, b : 1→ B ∈ derΣ. (base constants)
• For all e, e′ ∈ Tp(S, I) and t : e→ e′ ∈ clλTΣ(V ), t : e→ e′ ∈ derΣ.

(λΣ-term; see below)
• For all f : e→ e′, g : e′ → e′′ ∈ derΣ, g ◦ f : e→ e′′ ∈ derΣ. (composition)
• For all f = (fs : es → e′s)s∈S ∈ derSΣ and e ∈ Tp(S, I),

fe : e[es/s | s ∈ S]→ e[e′s/s | s ∈ S] ∈ derΣ. (Tp(S, I)-congruence)
• For all I ∈ BT , i ∈ I , πi :

∏
i∈I ei → ei ∈ derΣ. (projection)

• For all I ∈ BT , i ∈ I , ιi : ei →
∐

i∈I ei ∈ derΣ. (injection)
• For all nonempty sets I , (ci : ei → e)i∈I ∈ derIΣ and all (fi : ei → e′)i∈I ∈ derIΣ,

case{ci.fi}i∈I : e→ e′ ∈ derΣ. (case distinction)
• For all nonempty sets I , (di : e→ ei)i∈I ∈ derIΣ and all (fi : e′ → ei)i∈I ∈ derIΣ,

obj{di.fi}i∈I : e′ → e ∈ derΣ. (object definition)

For all f : e→ e′ ∈ derΣ, src(f ) = e and trg(f ) = e′ is called the domain resp. range

51



of f .

Case distinctions and object definitions provide functional versions of the case- resp.
merge-statements of [60]. The following operators are derived from the preceding ones:

• For all (fi : e→ ei)i∈I ∈ derIΣ,
〈fi〉i∈I =def obj{πi.fi}i∈I : e→

∏
i∈I ei. (product extension)

• For all (fi : ei → e)i∈I ∈ derIΣ,
[fi]i∈I =def case{ιi.fi}i∈I :

∐
i∈I ei → e. (sum extension)

• For all (fi : ei → e′i)i∈I ∈ derIΣ,∏
i∈I fi =def 〈fi ◦ πi〉i∈I :

∏
i∈I ei →

∏
i∈I e

′
i, (product)∐

i∈I fi =def [ιi ◦ fi]i∈I :
∏

i∈I ei →
∏

i∈I e
′
i. (sum)

Every S-sorted set A defines a category with Tp(S, I) as the set of objects and the
functions from Ae to Ae′ as the morphisms from e of e′.

The T (S)-sorted set λTΣ(V ) of λΣ-terms over V is defined inductively as follows:

• V ⊆ λTΣ(V ). (variables)
• For all f : 1→ e ∈ derΣ, f : e ∈ λTΣ(V ). (derived constant)
• For all e ∈ Tp(S, I) \ {1} and f : e→ e′ ∈ derΣ,

f : e→ e′ ∈ λTΣ(V ). (derived operation)
• For all x : e ∈ V and t : e′ ∈ λTΣ(V ), λx.t : e→ e′ ∈ λTΣ(V ). (λ-abstraction)
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• For some (ci : ei → e)i∈I ∈ derIΣ, all (xi : ei)i∈I ∈ V I and all (ti : e′)i∈I ∈ λTΣ(V )I ,
λ{ci(xi).ti}i∈I : e→ e′ ∈ λTΣ(V ). (case-based λ-abstraction)

• For all e, e′ ∈ T (S) and t : e→ e′, u : e ∈ λTΣ(V ),
t(u) : e′ ∈ λTΣ(V ). (term application)

clλTΣ(V ) denotes the set of closed λΣ-terms over V (all variables are bound by λ).

Lemma OPNT

A = (A,Op) and B = (B,Op′) be Σ-algebras and f : e → e′ ∈ derΣ such that fA and
fB be defined. For all Σ-homomorphisms h : A → B,

he′ ◦ fA = fB ◦ he,

i.e., the following diagram commutes:

Ae
fA
�Ae′

Be

he

g fB
�Be′

he′

g
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In other words, f is a natural transformation from FeUS to Fe′US where US denotes the
forgetful functor from AlgΣ to SetS.

Proof. Induction on the structure of f .

The following diagrams (1), (2) and (3) commute: Let f = case{ci.fi}i∈I .

Aei

cAi //

fAi
$$

hei

(1)

%%

Ae
he //

fA
(2)

��

Be

fB
(3)

��

Bei

cBioo

fBi
zz

Ae′ he′
//Be′

Diagram chasing leads to

(case{ci.fi}i∈I)B ◦ he ◦ cAi = he′ ◦ (case{ci.fi}i∈I)A ◦ cAi
for all i ∈ I and thus to (case{ci.fi}i∈I)B ◦ he = he′ ◦ (case{ci.fi}i∈I)A. o
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A valuation of a T (S)-sorted set V of variables in A is a T (S)-sorted function g : V → A

such that for all x : e ∈ V , g(x) ∈ Ae. AV denotes the set of valuations of V in A.

The extension g∗ : λTΣ(V ) → A of g ∈ AV to λTΣ(V ) is defined inductively as
follows:

• For all x ∈ V , g∗(x) = g(x).
• For all f : 1→ e ∈ derΣ, g∗(f ) = fA(∗).
• For all e ∈ Tp(S, I) \ {1}, f : e→ e′ ∈ derΣ, g∗(f ) = fA.
• For all x : e ∈ V , t : e′ ∈ λTΣ(V ) and a ∈ Ae, g∗(λx.t)(a) = g[a/x]∗(t).
• For all A-constructor tuples (ci : ei → e)i∈I , (xi : ei)i∈I ∈ V I , (ti : e′)i∈I ∈ λTΣ(V )I

and (ai)i∈I ∈ Xi∈IAei, g
∗(λ{ci(xi).ti}i∈I)(ci(ai)) = g[ai/xi]

∗(ti) is well-defined.
• For all e, e′ ∈ T (S) and t : e→ e′, u : e ∈ λTΣ(V ), g∗(t(u)) = g∗(t)(g∗(u)).

For all t ∈ clλTΣ(V ), tA =def g
∗(t) where g is any valuation of V in A: Since t does not

contain variables, g∗(t) = g′∗(t) for all g, g′ ∈ AV .
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Various notions of terms

1. Finite terms with collections

Let Σ = (BA, S, F, P ) be a constructive signature, BA = (BS,BF,BP ) and V be an
T (S)-sorted set whose elements are called variables.

TΣ(V ) denotes the least T (S)-sorted set such that the following conditions hold true:

• For all B ∈ BS, TΣ(V )B = B ∪ VB.
• For all e ∈ T (S) \BS, Ve ⊆ TΣ(V )e.
• For all f : e1 × · · · × en → s ∈ F and ti ∈ TΣ(V )ei, 1 ≤ i ≤ n,
f (t1, . . . , tn) ∈ TΣ(V )s.
• For all c ∈ Coll , s ∈ S and t ∈ TΣ(V )∗s, c(t) ∈ TΣ(V )c(s).

Hence TΣ(V ) consists of those Σ-terms in the sense of Signatures, which denote objects
composed of constructors, and not any terms needed for building up Predicates.

Let ∼ be the least T (S)-sorted equivalence relation on TΣ(V ) such that

• for all B ∈ BS, ∼B= ∆2
B∪VB ,

• for all s ∈ S, ∆2
Vs
,
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• for all f : e1 × · · · × en → s ∈ F and ti, t′i ∈ TΣ(V )ei, 1 ≤ i ≤ n,

t1 ∼e1 t
′
1 ∧ · · · ∧ tn ∼en t′n ⇒ f (t1, . . . , tn) ∼s f (t′1, . . . , t

′
n),

• for all s ∈ S, n > 1, f : [n]
∼→ [n] and t1, . . . , tn, t′1, . . . , t′n ∈ TΣ(V )s,

t1 ∼s t′1 ∧ · · · ∧ tn ∼s t′n ⇒ bag(tf(1), . . . , tf(n)) ∼bag(s) bag(t′1, . . . , t
′
n),

• for all s ∈ S, m,n > 0 and t1, . . . , tm, t′1, . . . , t′n ∈ TΣ(V )s,

∀ i ∈ [m] ∃ j ∈ [n] : ti ∼s t′j ∧ ∀ j ∈ [n] ∃ i ∈ [m] : ti ∼s t′j
⇒ set(t1, . . . , tm) ∼set(s) set(t′1, . . . , t′n).

Consequently, for all B ∈ BS,

(TΣ(V )/∼)B = TΣ(V )B/∼ = (B ∪ VB)/∼ = B ∪ VB = FB(TΣ(V )/∼),

and for all c ∈ Coll and s ∈ S,

(TΣ(V )/∼)c(s) = TΣ(V )c(s)/∼ ∼= Fc(s)(TΣ(V )/∼).

Hence the S-sorted set TΣ(V )/∼ as well as S-sorted functions from TΣ(V )/∼ are lifted
to an T (S)-sorted set resp. T (S)-sorted functions in the same way Σ-algebras resp. Σ-
homomorphisms are lifted.

If Σ does not contain collection types, then ∼= ∆2
TΣ(V ) and thus TΣ(V )/∼= TΣ(V ).
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For ease of notation, we identify TΣ(V ) with TΣ(V )/∼ and thus each element of TΣ(V )

with its equivalence class w.r.t. ∼.

The elements of TΣ(V ) are called Σ-terms over V .

The elements of TΣ = TΣ(λs.∅) are called ground Σ-terms.

TΣ(V ) is extended to a Σ-algebra as follows:

For all f : e→ e′ ∈ F and t ∈ TΣ(V )e, fTΣ(V )(t) =def f (t).

TΣ(V ) is called the free Σ-algebra over V .

2. Infinite terms with collections

Let Σ = (S, I, F ) be a constructive signature and N>0 be the set of positive natural
numbers.

CTΣ denotes the greatest T (S)-sorted set of prefix closed partial functions

t : N∗>0 (� F ∪
⋃

BS ∪ Coll

such that

• for all s ∈ S and t ∈ CTΣ,s there are n > 0 and e1, . . . , en ∈ T (S) with t(ε) :

e1 × · · · × en → s ∈ F , def (t) ∩ N = [n] and λw.t(iw) ∈ CTΣ,ei for all 1 ≤ i ≤ n,
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• for all c ∈ Coll , s ∈ S and t ∈ CTΣ,c(s) there is nt ∈ N with t(ε) = c, def (t)∩N = [nt]

and λw.t(iw) ∈ CTΣ,s for all 1 ≤ i ≤ nt,
• for all X ∈ BS, CTΣ,X = (1→ X).

Let ∼ be the greatest T (S)-sorted equivalence relation on CTΣ such that

• for all s ∈ S and t ∼s t′, t(ε) = t′(ε) and for all i ∈ N, λw.t(iw) ∼ λw.t′(iw),
• for all s ∈ S ∪ BS and t ∼word(s) t

′, nt = nt′ and λw.t(iw) ∼s λw.t′(iw) for all
1 ≤ i ≤ nt,
• for all s ∈ S ∪ BS and t ∼bag(s) t

′, nt = nt′ and there is f : [nt]
∼→ [nt] with

λw.t(iw) ∼s λw.t′(f (i)w) for all 1 ≤ i ≤ nt,
• for all s ∈ S ∪ BS and t ∼set(s) t′ there are f : [nt] → [nt′] and g : [nt′] → [nt]

with λw.t(iw) ∼s λw.t′(f (i)w) and λw.t(g(j)w) ∼s λw.t′(jw) for all 1 ≤ i ≤ nt and
1 ≤ j ≤ nt′,
• for all X ∈ BS, ∼X= ∆2

1→X .

Of course, ∼ = ∆2
CTΣ

and thus CTΣ/∼ = CTΣ whenever Σ does not include collection
types.

TΣ and TΣ/∼ denote the S-sorted sets of finite (collection) Σ-trees.
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CTΣ is a Σ-algebra: For all f : e→ s ∈ F , (t1, . . . , tn) ∈ CTΣ,e, i > 0 and w ∈ N∗>0,

fCTΣ(t1, . . . , tn)(ε) =def f and fCTΣ(t1, . . . , tn)(iw) =def

{
ti(w) if 1 ≤ i ≤ n,

undefined otherwise.

3. λ-terms

The S-sorted set TΣ(V ) of Σ-terms over V is defined inductively as follows:

• For all e ∈ Tp(S, I), Ve ⊆ TΣ(V )e.
• For all X ∈ BS, X ⊆ TΣ(V )X .
• tupling: For all n > 1, e1, . . . , en ∈ Tp(S, I) and ti ∈ TΣ(V )ei, 1 ≤ i ≤ n,

(t1, . . . , tn) ∈ TΣ(V )e1×···×en.
• For all f : e→ e′ ∈ BF ∪ F ∪ INJ ∪ PRJ ∪ ITE and t ∈ TΣ(V )e, f (t) ∈ TΣ(V )e′.
• λ-abstraction: Let e, e′ ∈ Tp(S, I) and {c1 : e1 → e, . . . , cn : en → e} be a
constructor set. For all xi ∈ Vei and ti ∈ TΣ(V )e′, 1 ≤ i ≤ n,

λc1(x1).t1| . . . |λcn(xn).tn) ∈ TΣ(V )e→e′.

• term application: For all e, e′ ∈ Tp(S, I), t ∈ TΣ(V )e→e′ and u ∈ TΣ(V )e,
t(u) ∈ TΣ(V )e′.
• collection: For all c ∈ {bag, set}, e ∈ Tp(S, I) and t ∈ TΣ(V )∗e, c(t) ∈ TΣ(V )c(e).
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λ(id(x).t) is also written as λ(x.t).

The extension g∗ : TΣ(V ) (� A of g to TΣ(V ) is defined inductively as follows:

• For all x ∈ V , g∗(x) = g(x).
• For all x ∈

⋃
BS, g∗(x) = x.

• For all n > 1 and t1, . . . , tn ∈ TΣ(V ), g∗(t1, . . . , tn) = (g∗(t1), . . . , g∗(tn)).
• For all f : e→ e′ ∈ F ∪BF and t ∈ TΣ(V )e, g∗(f (t)) = fA(g∗(t)).
• Let e, e′ ∈ Tp(S, I) and {c1 : e1 → e, . . . , cn : en → e} be a constructor set.
For all xi ∈ Vei, ti ∈ TΣ(V )e′ and ai ∈ Aei, 1 ≤ i ≤ n,

g∗(λc1(x1).t1| . . . |λcn(xn).tn)(fAi (ai)) = g[ai/xi]
∗(ti).

Note that, if ei ∈ BS, then t{ai/xi} is a term and thus g[ai/xi]
∗(ti) = g∗(t{a/x}).

• For all e, e′ ∈ Tp(S, I), t ∈ TΣ(V )e→e′ and u ∈ TΣ(V )e, g∗(t(u)) = g∗(t)(g∗(u)).
• For all c ∈ Coll , s ∈ S and t1, . . . , tn ∈ TΣ(V ),

g∗(c(t1, . . . , tn)) = [(g∗(t1), . . . , g∗(tn))]=c.

Let Σ be constructive and V be an T (S)-sorted set of variables.

Then the set of Σ-terms over V that consist of symbols of V ∪ F ∪ {(, )} ∪
⋃
BS forms

a Σ-algebra is also denoted by TΣ(V ) (see Term functors).

Moreover, for all T (S)-sorted functions g : V → A, the restriction of g∗ to the algebra
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TΣ(V ) forms the unique Σ-homomorphism from TΣ(V ) to A such that

g∗ ◦ incV = g.

The uniqueness implies
(h ◦ g)∗ = h ◦ g∗ (1)

for all Σ-homomorphisms h : A→ B.

Substitution in λ-terms

Calculi for proving Σ-formulas often involve substitutions, and their correctness depends
on the validity of (1) for A = TΣ(V )—not only for the terms of the algebra TΣ(V ), but
also for, e.g., λ-abstractions. The above definition of g∗(λx.t), however, would not work.

Instead, for all T (S)-sorted functions g : V → TΣ(V ), g∗(λx.t) must be redefined as fol-
lows in order both to prevent x from being substituted and to perform variable renaming
if necessary:

g∗(λx.t) =

{
λx′g[x′/x]∗(t) if x ∈ Vt,g,x =def

⋃
var(g(free(t) \ {x})),

λx.g[x/x]∗(t) otherwise.
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g(y)
x
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g(z)
g(z)

t t

Lemma SUBST2

Let λTΣ(V ) be the set of Σ-terms over V that consist of symbols of V ∪F∪{(, ), λ}∪
⋃
BS

and A be a Σ-algebra.

For all T (S)-sorted functions g : V → λTΣ(V ) and h : V → A,

(h∗ ◦ g)∗ = h∗ ◦ g∗.

Proof. Proceeds similarly to [120], Lemma 8.3. o
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Coterms with collections

Let Σ = (BA, S, F, P ) be a destructive signature, BA = (BS,BF,BP ), V be an T (S)-
sorted set whose elements are called “colors” and

LabΣ = {(d, x, i, j) | d : s→ (
∐

i∈I(ei1 × · · · × eini))X ∈ F, x ∈ X, i ∈ I,
1 ≤ j ≤ ni} ∪ N.

coTΣ(V ) denotes the greatest T (S)-sorted set of prefix closed partial functions

t : Lab∗Σ (� V ∪
⋃

BS ∪ Coll

such that the following conditions hold true:

• For all B ∈ BS, coTΣ(V )B = B ∪ VB,
here regarded as the set 1→ B ∪ VB of “nullary” functions.
• For all e ∈ S and t ∈ coTΣ(V )e, t(ε) ∈ Vs,

def (t) ∩ LabΣ = {(d, x, i, j) ∈ LabΣ | src(d) = s}
and for all (d, x, i, j), (d, x, k, j′) ∈ def (t) ∩ LabΣ,
i = k and λw.t((d, x, i, j)w) ∈ coTΣ(V )eij .
• For all c ∈ Coll , s ∈ S and t ∈ coTΣ(V )c(s), t(ε) ∈ {c} ∪ Vc(s) and there is n ∈ N
such that def (t) ∩ LabΣ = [n] and for all 1 ≤ i ≤ n, λw.t(iw) ∈ coTΣ(V )s.

PathΣ is the least T (S)2-sorted subset of Lab∗Σ such that

• for all e ∈ T (S), ε ∈ PathΣ,e,e,
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• for all d : s → (
∐

i∈I(ei1 × · · · × eini))X ∈ F , x ∈ X , i ∈ I , 1 ≤ j ≤ ni, e ∈ T (S)

and w ∈ PathΣ,ej ,e, (d, x, i, j)w ∈ PathΣ,s,e,
• for all e, e1, . . . , en ∈ T (S),

∧n
i=1wi ∈ PathΣ,e,ei implies PathΣ,e,e1×···×en,

• for all s ∈ S, c ∈ Coll , n ∈ N, s ∈ S, e ∈ T (S) and w ∈ PathΣ,s,e,
nw ∈ PathΣ,c(s),e.

The above conditions imply that every t ∈ coTΣ(V )e can be written as a sum of partial
functions ∐

s∈S ts : PathΣ,e,s (� Vs
+
∐

B∈BS tB : PathΣ,e,B (� B ∪ VB
+
∐

c∈Coll ,s∈S tc,s : PathΣ,e,c(s) (� {c} ∪ Vc(s).

For all t ∈ coTΣ(V ), def1(t) =def def (t) ∩ LabΣ.

Let ∼ be the greatest T (S)-sorted equivalence relation on coTΣ(V ) such that

• for all B ∈ BS, ∼B= ∆2
B∪VB ,

• for all s ∈ S and t ∼s t′, t = t′ ∈ Vs or for all d ∈ def1(t), λw.t(dw) ∼ λw.t′(dw),
• for all s ∈ S and t ∼bag(s) t

′, def1(t) = def1(t′) and

∃ f : [n]
∼→ [n] : ∀ i ∈ def1(t) : λw.t(iw) ∼s λw.t′(f (i)w).
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• for all s ∈ S and t ∼set(s) t′,

∀ i ∈ def1(t) ∃ j ∈ def1(t′) : λw.t(iw) ∼s λw.t′(jw),

∀ j ∈ def1(t′) ∃ i ∈ def1(t) : λw.t(iw) ∼s λw.t′(jw).

Consequently, for all B ∈ BS,

(coTΣ(V )/∼)B = coTΣ(V )B/∼ = (B ∪ VB)/∼ = B ∪ VB = FB(coTΣ(V )/∼),

and for all c ∈ Coll and s ∈ S,

(coTΣ(V )/∼)c(s) = coTΣ(V )c(s)/∼ ∼= Fc(s)(coTΣ(V )/∼)

(see Sorted sets, functions and relations).

Hence the S-sorted set coTΣ(V )/∼ as well as S-sorted functions from coTΣ(V )/∼ are
lifted to an T (S)-sorted set resp. T (S)-sorted functions in the same way Σ-algebras resp.
Σ-homomorphisms are lifted.

If Σ does not contain collection types, then ∼= ∆2
coTΣ(V ) and thus coTΣ(V )/∼= coTΣ(V ).

For ease of notation, we identify coTΣ(V ) with coTΣ(V )/∼ and thus each element of
coTΣ(V ) with its equivalence class w.r.t. ∼.

The elements of coTΣ(V ) are called Σ-coterms over V .

The elements of coTΣ = coTΣ(λe.1) are called ground Σ-coterms.

If for all (d, x, i, j) ∈ LabΣ, x, i or j depends on the other components of (d, x, i, j), then
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x, i or j, respectively, is omitted.

coTΣ(V ) is extended to a Σ-algebra as follows:

For all d : s→ (
∐

i∈I(ei1 × · · · × eini))X ∈ F , t ∈ coTΣ(V )s and x ∈ X ,

dcoTΣ(V )(t)(x) = ((λw.t((d, x, i, 1)w), . . . , λw.t((d, x, i, ni)w)), i)

where i is unique with (d, x, i, 1), . . . , (d, x, i, ni) ∈ def (t).

coTΣ(V ) is called the cofree Σ-algebra over V .
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Terms with product and sum extensions

Let w ∈ N∗.

• For all x ∈ Xs,

x(w) =def

{
x if w = ε,

undefined otherwise.
• For all f : s1 . . . sn → s ∈ F and ti ∈ TΣ(X)si, 1 ≤ i ≤ n,

f〈t1, . . . , tn〉(w) =def


f if w = ε,

ti+1(v) if w = iv for some i ∈ N, v ∈ N∗,
undefined otherwise.

• For all f : s→ s1 . . . sn ∈ F and ti ∈ coTΣ(X)si, 1 ≤ i ≤ n,

[t1, . . . , tn]f (w) =def


f if w = ε,

ti+1(v) if w = iv for some i ∈ N, v ∈ N∗,
undefined otherwise.

Given a coterm t and w ∈ N∗, path(t, w) returns the sequence of symbols on the path
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from the root to node w of t: For all x ∈ X , [t1, . . . , tn]f ∈ coTΣ(X), i ∈ N and w ∈ N∗,

path(x,w) =def

{
x if w = ε,

undefined otherwise,

path([t1, . . . , tn]f, iw) =def

{
f path(ti+1, w) if 0 ≤ i < n,

undefined otherwise.

A (co)term t over N∗ such that all operations of t belong to F \ BF and for all x ∈
var(t) ∪ cov(t), sort(x) ∈ BS and t(x) = x, is called a Σ-generator resp. Σ-observer.

Given w ∈ N∗ and a (co)term t, w · t denotes the (co)term obtained from t by replacing
each (co)variable v of t with wv.

xf6 xx

f5 f6 f8

f1
f3f2

x z

y

y

ε

0 1

10 11

00

01

x

02

010 011 012 100 110 111

0110
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The tree representing the term f1〈f2〈x, f5〈x, f6〈y〉, x〉, z〉, f3〈f6〈y〉, f8〈x, x〉〉〉
or the coterm [[[x, [x, [y]f6, x]f5, z]f2, [[y]f6, [x, x]f8]f3]f1

:

π1< >:

π2< :

π3

>

>< []

ι1 ι2

π2

π1

ht

ι1

ht

[

[

]

]

π2ι1

ht

[ ]

s x s x s

list(s)
1 + s

colist(s)

The term : 〈x : 〈y : 〈x, []〉〉〉 generates lists of length 3 from two elements.

If applied to a list with at least three elements, the coterm [x, [[x, [[x, [y]π1]ht]π2]ht]π2]ht

returns the third element at exit y. If the list has fewer elements, the coterm returns this
fact by taking exit x. The underlying signatures are given later.
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[f1]

[y1

[f2 f3]

[y2]y2]

y2

a1

[f4]

[y1

[f4

y2]y2]

a2

[f1]

[y1

[f5 y2]

y2] [y1]

f3

b1 c1 d1b2 c2 d2

r

<g1 g2>

<x1 g3>

f5]

x2

<x1>

g2

x2

<x2>

+
+ +

The data flow induced by the formula r(t1, t2, t3) where
t1 = [[[y1, y2]f2, y2, [y2]f3]f1]g2〈g1〈x1〉, g2〈x1, g3〈x2〉〉〉,

t2 = [[[y1, y2]f4, [y1, y2]f5]f4]x2 and t3 = [[[y1, y2]f5, [y1]f3, y2]f1]x2.

r(t1, t2, t3)
A = {h ∈ AX | (tA1 (h), tA2 (h), tA3 (h)) ∈ rA}
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For all s ∈ S,
Beh0,s =def

∏
t∈ObsΣ,s

(BT × cov(t)).

Intuitively, an element of Beh0,s is a tuple of possible results of applying s-observers
to any s-element of a Σ-algebra. The result of applying observer t is a pair (a, x) that
consists of an “output” value a ∈ BA and a covariable x of t representing the “exit” where
a is returned.

b ∈ Beh0,s is called a Σ-behavior if for all t, u ∈ ObsΣ,s, n ∈ N and w ∈ Nn,

path(t, w) = path(u,w) implies take(n + 1)(π2(bt)) = take(n + 1)(π2(bu)). (1)

By (1), the “runs” of two observers t and u on b “take the same direction” as long as both
observers apply the same destructors. In particular, if they start with the same destructor
f , they take the same exit of f , formally: for all b ∈ BehΣ(BA)s and t, u ∈ ObsΣ,s,
t(ε) = u(ε) implies head(π2(bt)) = head(π2(bu)). Hence

for all f : s→ s1 . . . sn ∈ F and b ∈ BehΣ,s there is 1 ≤ if,b ≤ n such that
for all t ∈ ObsΣ,s, t(ε) = f implies head(π2(bt)) = if,b. (2)

An element of µΣ ∼= TΣ (left) resp. νΣBA
∼= BehΣ (right):
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[
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d7d8 d9

d10

][

]

[

[

]d3

d8d6 d3 d10[ ]

… … … …

d9

d3

• For all s ∈ S, νΣs = BehΣ,s.
• For all f : s→ s1 . . . sn ∈ F \BF and (bt)t∈ObsΣ,s

∈ BehΣ,s,

f νΣ(b) = ((〈π1, tail ◦ π2〉(b[t1,...,tn]f))ti∈ObsΣ,si
, i)

where i = if,b and for all k 6= i, tk ∈ ObsΣ,sk. Note that head(π1(b[t1,...,tn]f)) = i.

For all Σ-algebras A, the unique Σ-morphism unfoldA : A → νΣ is defined as follows:
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For all s ∈ S and a ∈ As,

unfoldAs (a) = (tA(a))t∈ObsΣ,s
.

Recursive equations

Let CΣ = (S, I, C) be a constructive signature, DΣ = (S, I, D) be a destructive signa-
ture, Σ = CΣ ∪DΣ and Ψ = (CΣ, DΣ). A set

E = {dc(x1, . . . , xnc) = td,c | c : e1 × · · · × enc → s ∈ C, d : s→ e ∈ D}
of Σ-equations is a system of recursive Ψ-equations if the following conditions hold
true:

• For all d ∈ D and c ∈ C, free(td,c) ⊆ {x1, . . . , xnc}.
• C is the union of disjoint sets C1 and C2.
• For all d ∈ D, c ∈ C1 and subterms du of td,c, u is a variable and td,c is a term without
elements of C2.
⇒ no nesting of destructors, but possible nestings of constructors of C1

• For all d ∈ D, c ∈ C2, subterms du of td,c and paths p of (the tree representation of)
td,c, u consists of destructors and a variable and p contains at most one occurrence of
an element of C2.
⇒ no nesting of constructors of C2, but possible nestings of destructors
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Let E be a system of recursive Ψ-equations and A be a CΣ-algebra. An inductive
solution of E in A is a Σ-algebra B with B|CΣ = A that satisfies E.

Lemma AUX Sei s ∈ S. Sei {c1 : e1 → s, . . . , cn : en → s} = {c : e→ s′ ∈ C | s′ = s}.
Die Summenextension [cA1 , . . . , c

A
n ] ist bijektiv. Es gibt also eine Funktion

dAs : As → Ae1 + · · · + Aen

mit [cA1 , . . . , c
A
n ] ◦ dAs = idAs und dAs ◦ [cA1 , . . . , c

A
n ] = idAe1+···+Aen

. o

Theorem INDSOL If C2 is empty, then E has a unique inductive solution in the initial
CΣ-algebra.

Proof . Let A = (A,Op) be initial in AlgΣ. By Lemma INI (1) and (3), A satisfies the
induction principle. Suppose that the Tp(S, I)-sorted set B with

Be = {a ∈ Ae | ∀ f : e→ e′ ∈ V : πf(lfp(E))(a) 6= ⊥}

is a Σ-invariant of A. (1)

Then a solution g of E in A is defined as follows: For all f : e → e′ ∈ V and a ∈ Ae,
g(f )(a) = πf(lfp(E))(a).

Zunächst wird die Existenz einer induktiven Lösung von E in A durch Induktion be-
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wiesen. Wir zeigen, dass B mit

Bs = {a ∈ As | für alle d : s→ e ∈ D ist dA(a) definiert}, s ∈ S,

eine Unteralgebra von A ist.

Let a ∈ As. By Lemma AUX there are 1 ≤ i ≤ n and b ∈ Aei with d
A
s (a) = (b, i) and

cAi (b) = a.

Sei d : s → e′ ∈ D und b = (a1, . . . , anci) ∈ Bei, d.h. für alle 1 ≤ j ≤ nci ist d
A(aj)

definiert. Dann ist auch a′ = val[a1/x1, . . . , anci/xnci ]
∗(td,ci) definiert, wobei val eine

beliebige Variablenbelegung ist.

Um dA an der Stelle a durch a′ zu definieren, bleibt zu zeigen, dass die Darstellung von
a als Applikation cAi (b) eines Konstruktors eindeutig ist.

Sei 1 ≤ j ≤ n und b′ ∈ Aej mit a = cAj (b′). Dann ist

(b, i) = dAs (a) = dAs (cAj (b′)) = dAs ([cA1 , . . . , c
A
n ](b′, j))

(4)
= (idAe1+···+Aen

)(b′, j) = (b′, j),

also b = b′ und ci = cj.

Folglich liefert dA(cAi (b)) = a′ eine eindeutige Definition von dA an der Stelle a. Damit
gilt (2) und wir schließen aus (1), dass dA(a) für alle a ∈ As (eindeutig) definiert ist.

Auch die Eindeutigkeit der induktiven Lösung von E in A lässt sich durch Induktion
zeigen: Seien A1, A2 zwei Lösungen von E in A.
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Wir zeigen, dass B mit

Bs = {a ∈ As | für alle d : s→ e ∈ D, dA1(a) = dA2(a)}

eine Unteralgebra von A ist.

Sei c : e → s ∈ C, d : s → e′ ∈ D und a = (a1, . . . , anc) ∈ Be, d.h. für alle 1 ≤ i ≤ nc
ist dA1(ai) = dA2(ai). Daraus folgt für val1 : V → A1 und val2 : V → A2 mit
val1(xi) = val2(xi) = ai:

dA1(cA(a))
A1 löst E

= val∗1(td,c) = val∗2(td,c)
A2 löst E

= dA2(cA(a)).

Damit gilt (2) und wir schließen aus (1), dass dA1 mit dA2 übereinstimmt. o

Let E be a system of recursive Ψ-equations and A be a DΣ-algebra. A coinductive
solution of E in A is a Σ-algebra B with B|DΣ = A that satisfies E.

Let A = (A,Op) be a DΣ-algebra. A set

E = {c = obj{d.tc,d | d ∈ D, src(d) = trg(c)} | c ∈ C}

of Σ-equations over C defines C coinductively on A if E has a unique solution in A.
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Theorem COINDSOL (old version of Theorem RECFUN2/3)

Sei E ein rekursives Ψ-Gleichungssystem. E has a unique coinductive solution in the final
DΣ-algebra A. Moreover, the initial CΣ-algebra TCΣ is a DΣ-algebra that satisfies E
and unfoldTCΣ = foldA. Die unten zur Σ-algebra TE erweiterte Termalgebra TCΣ erfüllt
E und es gilt

unfoldTE = foldA.

Beweis. Sei V eine S-sortige Variablenmenge, die die Trägermengen von A enthält. Wir
erweitern die Menge TCΣ(A) der CΣ-Terme über A wie folgt zur Σ-algebra TE(A): Für
alle Operationen f : e→ e′ von Σ und t ∈ TCΣ(A)e,

fTE(A)(t) = eval(ft),

wobei eval : TΣ(V ) → TCΣ(V ) wie unten definiert ist. Die für eine induktive Definition
erforderliche wohlfundierte Ordnung � auf den Argumenttermen von eval lautet wie
folgt: Für alle t, t′ ∈ TΣ(V ),

t� t′ ⇔def (depC2(t), depD(t), size(t)) >lex (depC2(t
′), depD(t′), size(t′)).

>lex ⊆ N3×N3 bezeichnet die lexikographische Erweiterung von >⊆ N×N auf Zahlen-
tripel.

Sei G ⊆ F . size(t) bezeichnet die Anzahl der Symbole von t, depG(t) die maximale
Anzahl von G-Symbolen auf einem Pfad von t. .
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Die induktive Definition von eval lautet wie folgt:

• Für alle x ∈ V , eval(x) = x.
• Für alle f : X → Y ∈ BF ∪BF ′ und x ∈ X , eval(fx) = f (x).
• Für alle f : s→ e ∈ D und a ∈ As, eval(f (a)) = fA(a). (1)
• Für alle x ∈ V und t ∈ TΣ(V ), eval(λx.t) = λx.eval(t).
• Für alle c : e1 × · · · × en → s ∈ C und ti ∈ TΣ(V )ei, 1 ≤ i ≤ n,
eval(c(t1, . . . , tn)) = c(eval(t1), . . . , eval(tn)). (2)
• Für alle t, u ∈ TΣ(V ), eval(t(u)) = eval(t)(eval(u)).
• Für alle t, u, v ∈ TΣ(V ), eval(ite(t, u, v)) = ite(eval(t), eval(u), eval(v)).
• Für alle d : s→ e′ ∈ D, c : e→ s ∈ C und (t1, . . . , tn) ∈ TΣ(V )e,
eval(dc(t1, . . . , tn)) = u{t1/x1, . . . , tn/xn, eval(u1σ)/z1, . . . , eval(ukσ)/zk}, (3)
wobei u ∈ TCΣ(V ), {z1, . . . , zk} = var(u) \ {x1, . . . , xn}, u1, . . . , uk ∈ TΣ(V ) aus
Destruktoren und Variablen bestehen, σ = {t1/x1, . . . , tn/xn} und

td,c = u{u1/z1, . . . , uk/zk}.

• Für alle d : s→ e ∈ D, d′ : s′ → s ∈ D und u ∈ TΣ(V )s′,
eval(dd′u) = eval(d eval(d′u)). (4)

(5) Für alle t ∈ TΣ(V ) ist eval(t) definiert und depC2(eval(t)) ≤ depC2(t).
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Beweis von (5) durch Induktion über t entlang �.

Fall (1): Es gibt f : e → e′ ∈ BF ∪ BF ′ ∪ D und a ∈ Ae mit t = fa. Dann ist
eval(t) = f (a) bzw. eval(t) = fA(a) und depC2(eval(t)) = 0 = depC2(t).

Fall (2): Es gibt c : e→ s ∈ C ∪{λx._ | x ∈ V }∪{_(_), ite} und (t1, . . . , tn) ∈ TΣ(v)e
mit t = c(t1, . . . , tn). Sei 1 ≤ i ≤ n.

Ist c ∈ C2, dann gilt depC2(ti) < depC2(t). Ist c 6∈ C2, dann gilt depG(eval(ti)) ≤ depG(t)

für G ∈ {C2, D}, aber size(ti) < size(t). Demnach gilt t � ti in beiden Unterfällen.
Also ist nach Induktionsvoraussetzung eval(ti) definiert und depC2(eval(ti)) ≤ depC2(ti).

Daraus folgt, dass auch eval(t) = c(eval(t1), . . . , eval(tn)) definiert ist und
depC2(eval(t)) = max{depC2(eval(ti)) | 1 ≤ i ≤ n} ≤ max{depC2(ti) | 1 ≤ i ≤ n}
= depC2(t)

im Fall c ∈ C1 bzw.
depC2(eval(t)) = 1 + max{depC2(eval(ti)) | 1 ≤ i ≤ n}
≤ 1 + max{depC2(ti) | 1 ≤ i ≤ n} = depC2(t)

im Fall c ∈ C2.

Fall (3): Es gibt d : s → e′ ∈ D, c : e → s ∈ C und (t1, . . . , tn) ∈ TΣ(V )e mit
t = dc(t1, . . . , tn). Seien k, u, σ, z1, . . . , zk, u1, . . . , uk wie oben und 1 ≤ i ≤ k. Ist
c ∈ C1, dann ist uiσ ein echter Teilterm von t und damit depG(uiσ) ≤ depG(t) für
G ∈ {C2, D}, aber size(uiσ) < size(t). Ist c ∈ C2, dann gilt depC2(uiσ) < depC2(t).
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Folglich gilt t � uiσ in beiden Unterfällen. Also ist nach Induktionsvoraussetzung
eval(uiσ) definiert und depC2(eval(uiσ)) ≤ depC2(uiσ).

Demnach ist auch

eval(t) = u{t1/x1, . . . , tn/xn, eval(u1σ)/z1, . . . , eval(ukσ)/zk}
definiert und depC2(eval(t)) ≤ depC2(t), weil jeder Pfad von u im Fall c ∈ C1 kein
C2-Symbol und im Fall c ∈ C2 höchstens eins enthält.

Fall (4): Es gibt d : s → e ∈ D, d′ : s′ → s ∈ D und u ∈ TΣ(V )s′ mit t = dd′u. Dann
gilt depC2(d

′u) ≤ depC2(t), aber depD(d′u) ≤ depD(t), also t � d′u. Damit ist nach In-
duktionsvoraussetzung eval(d′u) definiert und depC2(eval(d

′u)) ≤ depC2(d
′u), also auch

depC2(d eval(d
′u)) = depC2(eval(d

′u)) ≤ depC2(t). Wegen eval(d′u) ∈ TCΣ(V ) ist je-
doch depD(d eval(d′u)) < depD(t), so dass nach Induktionsvoraussetzung auch eval(t) =

eval(d eval(d′u)) definiert ist und depC2(eval(d eval(d
′u))) ≤ depC2(d eval(d

′u)). Da-
raus folgt schließlich depC2(eval(t)) ≤ depC2(d eval(d

′u)) ≤ depC2(t). o

Wie man ebenfalls durch Induktion über t entlang � zeigen kann, kommen alle Vari-
ablen von eval(t) in t vor. Daraus folgt fTE(A)(t) = eval(ft) ∈ TCΣ(A) und fTE(A)(u) =

eval(fu) ∈ TCΣ für alle Operationen f : e → e′ von Σ, t ∈ TCΣ(A)e und u ∈ TCΣ,e.
Folglich ist die Einschränkung TE von TE(A) auf die Menge TCΣ der CΣ-Grundterme
eine DΣ-Unteralgebra von TE(A).
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(6) Für alle c : e→ s ∈ C und (t1, . . . , tn) ∈ TCΣ(A)e, cTE(A)(t1, . . . , tn) = c(t1, . . . , tn).

Beweis von (6). eval(t) = t für alle t ∈ TCΣ(A) erhält man durch Induktion über die
Größe von t. Daraus folgt

cTE(A)(t1, . . . , tn)
Def. cTE(A)

= eval(c(t1, . . . , tn))
(2)
= c(eval(t1), . . . , eval(tn))

eval(ti)=ti= c(t1, . . . , tn).

(7) Für alle g : V → TCΣ(A) und Σ-Terme t, die aus Destruktoren und einer Variable x
bestehen, gilt eval(tσ) = g∗(t), wobei σ = {g(x)/x}.

Beweis durch Induktion über die Anzahl der Destruktoren von t.

Sei d1, . . . , dn ∈ D und t = d1 . . . dnx. Ist n = 0, dann gilt

eval(tσ) = eval(xσ) = eval(g(x))
g(x)∈TCΣ(A)

= g(x) = g∗(x) = g∗(t).

Andernfalls ist

eval(tσ) = eval(d1 . . . dnxσ)
(4)
= eval(d1 eval(d2 . . . dnxσ))

ind. hyp.
= eval(d1 g

∗(d2 . . . dnx))
Def. d

TE(A)
1= d

TE(A)
1 (g∗(d2 . . . dnx))

Def. g∗
= g∗(d1 . . . dnx) = g∗(t). o

(8) TE(A) erfüllt E.
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Beweis.

Für alle c : s1 × · · · × sn → s ∈ C, d : s→ e ∈ D und σ = g : V → TCΣ(A),

g∗(dc(x1, . . . , xn))
Def. g∗

= dTE(A)(cTE(A)(g(x1), . . . , g(xn)))
Def. dTE(A)

= eval(dcTE(A)(g(x1), . . . , g(xn)))
(6)
= eval(dc(g(x1), . . . , g(xn)))

(3)
= u{x1σ/x1, . . . , xnσ/xn, eval(u1σ)/z1, . . . , eval(ukσ)/zk}
(7)
= u{x1σ/x1, . . . , xnσ/xn, g

∗(u1)/z1, . . . , g
∗(uk)/zk}

u∈TCΣ(V )
= g∗(td,c). o

Da TE(A) eine DΣ-Algebra und A die finale DΣ-Algebra ist, gibt es den eindeutigen
DΣ-Homomorphismus unfoldTE(A) : TE(A)→ A.

(9) Für alle a ∈ A, unfoldTE(A)(a) = a.

Beweis.

Für alle d : s→ e ∈ D gilt dA(a) = dTE(A)(a). Folglich sind die Inklusion
incA : A→ TCΣ(A) und daher auch die Komposition

unfoldTE(A) ◦ incA : A→ A

DΣ-homomorph. Also stimmt diese wegen der Finalität von A mit der Identität auf A
überein. o
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A lässt sich zur CΣ-Algebra erweitern: Für alle c : e→ s ∈ C und a ∈ Ae,

cA(a) =def unfoldTE(A)(c(a)). (10)

Für alle c : s1 × · · · × sn → s ∈ C, d : s→ e ∈ D und g : V → A,
g∗(dc(x1, . . . , xn)) = dA(cA(g(x1), . . . , g(xn)))
(10)
= dA(unfoldTE(A)(c(g(x1), . . . , g(xn))))

unfoldTE(A)DΣ−homomorph
= unfoldTE(A)(dTE(A)(c(g(x1), . . . , g(xn))))

(6)
= unfoldTE(A)(dTE(A)(cTE(A)(g(x1), . . . , g(xn)))) =???unfoldTE(A)(g∗(dc(x1, . . . , xn)))
(8)
= unfoldTE(A)(g∗(td,c))

(9)
= g∗(td,c).

Also gibt es eine coinduktive Lösung von E in A.

(11) Die größte DΣ-Kongruenz R ist eine CΣ-Kongruenz.

Beweis. Sei RC der C-Abschluss von R (s.o.). Ist RC eine DΣ-Kongruenz, dann ist RC

in R enthalten, weil R die größte DΣ-Kongruenz ist. Andererseits ist R in RC enthalten.
Also stimmt R mit RC überein, ist also wie RC eine CΣ-Kongruenz. Demnach bleibt zu
zeigen, dass RC eine DΣ-Kongruenz ist.

Sei also d : s→ e ∈ D und (t, u) ∈ RC
s .

Gehört (t, u) zuR, dann gilt das auch für (dTE(A)(t), dTE(A)(u)), weilR eineDΣ-Kongruenz
ist. Wegen R ⊆ RC folgt (dTE(A)(t), dTE(A)(u)) ∈ RC

e .
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Andernfalls gibt es c : s1 × · · · × sn → s ∈ C und t1, . . . , tn, u1, . . . , un ∈ TCΣ(A) mit
t = c(t1, . . . , tn), u = c(u1, . . . , un) und (ti, ui) ∈ RC für alle 1 ≤ i ≤ n.

Nach Induktionsvoraussetzung gilt (d′TE(A)(ti), d
′TE(A)(ui)) ∈ RC

e′ für alle 1 ≤ i ≤ n und
d′ : si → e′ ∈ D. Seien g, g′ Belegungen von V in TCΣ(A) mit g(xi) = ti und g′(xi) = ui
für alle 1 ≤ i ≤ n.

Wegen

dTE(A)(t) = dTE(A)(c(t1, . . . , tn))
(6)
= dTE(A)(cTE(A)(t1, . . . , tn))

(8)
= g∗(td,c),

dTE(A)(u) = dTE(A)(c(u1, . . . , un)
(6)
= dTE(A)(cTE(A)(u1, . . . , un))

(8)
= g′∗(td,c)

und weil RC eine CΣ-Kongruenz auf TCΣ(A) ist, folgt (dTE(A)(t), dTE(A)(u)) ∈ RC
e aus

(g(xi), g
′(xi)) ∈ RC für alle 1 ≤ i ≤ n. Also ist RC eine DΣ-Kongruenz. o

(11) liefert folgende CΣ-Algebra B mit den Trägermengen von A:

Für alle c : e→ s ∈ C und t ∈ TCΣ(A)e,

cB(unfoldTE(A)(t)) =def unfoldTE(A)(c(t)). (12)

cB ist wohldefiniert: Sei t, u ∈ TCΣ(A)e mit unfoldTE(A)(t) = unfoldTE(A)(u). Da A final
ist, stimmt R nach Satz 3.4 (3) mit dem Kern von unfoldTE(A) überein.
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Also impliziert (11), dass der Kern von unfoldTE(A) eine CΣ-Kongruenz auf TCΣ(A) ist.
Daraus folgt

cB(unfoldTE(A)(t))
(12)
= unfoldTE(A)(c(t))

(6)
= unfoldTE(A)(cTE(A)(t))

= unfoldTE(A)(cTE(A)(u))
(6)
= unfoldTE(A)(c(u))

(12)
= cB(unfoldTE(A)(u)).

(13) cB stimmt mit cA überein: Für alle a ∈ A,

cB(a)
(9)
= cB(unfoldTE(A)(a))

(12)
= unfoldTE(A)(c(a))

(10)
= cA(a).

(14) unfoldTE(A) ist CΣ-homomorph: Für alle c : e→ s ∈ C und t ∈ TCΣ(A)e,

unfoldTE(A)(cTE(A)(t))
(6)
= unfoldTE(A)(c(t))

(12)
= cB(unfoldTE(A)(t))

(13)
= cA(unfoldTE(A)(t)).

Sei TE die DΣ-Unteralgebra von TE(A) mit Trägermenge TCΣ.

(15) unfoldTE = foldA: Da A eine finale DΣ-Algebra ist, existiert genau ein DΣ-
Homomorphismus von TE nach A. Folglich stimmt unfoldTE mit der Einschränkung
von unfoldTE(A) auf TCΣ überein. Da incTCΣ

: TCΣ → TE(A) wegen (6) und unfoldTE(A)

wegen (14) CΣ-homomorph ist, folgt (15) aus der Initialität von TCΣ.
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TE
unfoldTE

�A

TE(A)
unfoldTE(A)

�

(15)

TCΣ

id

g

foldA
�

incTCΣ
�

A

id

g

Es bleibt zu zeigen, dass je zwei coinduktive Lösungen A1, A2 von E in A miteinander
übereinstimmen.

Sei Q die kleinste S-sortige Relation auf A1 × A2, die die Diagonale von A enthält und
für alle c : e→ s ∈ C und a, b ∈ Ae die folgende Implikation erfüllt:

(a, b) ∈ Q ⇒ (cA1(a), cA2(b)) ∈ Q. (16)

(17) Q ist eine DΣ-Kongruenz.

Beweis. Sei d : s → e ∈ D und (a, b) ∈ Qs. Gehört (a, b) zu ∆2
A, dann gilt a = b, also

dA(a) = dA(b). Daraus folgt (dA(a), dA(b)) ∈ Qe, weil Q die Diagonale von A enthält.
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Andernfalls gibt es c : s1 × · · · × sn → s ∈ C und a1, . . . , an, b1, . . . , bn ∈ A mit
a = cA1(a1, . . . , an), b = cA2(b1, . . . , bn) und (ai, bi) ∈ Q für alle 1 ≤ i ≤ n. Nach
Induktionsvoraussetzung gilt (d′A(ai), d

′A(bi)) ∈ Qe′ für alle 1 ≤ i ≤ n und
d′ : si → e′ ∈ D. Seien g, g′ : V → A Belegungen mit g(xi) = ai und g′(xi) = bi für alle
1 ≤ i ≤ n. Wegen

dA(a) = dA(cA1(a1, . . . , an)) = g∗(td,c), dA(b) = dA(cA2(b1, . . . , bn) = g′∗(td,c)

und weil Q ein CΣ-Kongruenz ist, folgt (dA(a), dA(b)) ∈ Qe aus (g(xi), g
′(xi)) ∈ Q für

alle 1 ≤ i ≤ n. o

Wegen der Finalität von A ist nach Satz 3.4 (3) die Diagonale von A die einzige DΣ-
Kongruenz auf A. Also impliziert (17), dass Q mit ∆2

A übereinstimmt. Sei c : e→ s ∈ C
und a ∈ Ae. Aus (a, a) ∈ Q und (16) folgt (cA1(a), cA2(a)) ∈ Qe, also cA1(a) = cA2(a)

wegen Q = ∆2
A. Demnach gilt A1 = A2. o
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XPath and CTL on trees

Let Label be a set of node labels. A document tree can then be represented as an ordered
labelled tree over (N,Label) with respect to the usual partial order ≤ on N (see chapter
3).

In this representation, links in the document are dereferenced, i.e., replaced by the docu-
ments they point to. Backreferences lead to non-wellfounded trees. As an example, take
the abstract syntax of the XML grammar XMLstore of [119], Beispiel 4.7, where Label is
the set of constructors of the abstract syntax of XMLstore.

A context-free grammar G = (S,BS,R) (see [119]) that provides the concrete syntax of
XPath (see, e.g., [27]), relation constructors of relational algebra (+, ∧, ¬, join, × and
div) and the unary logical operators of CTL (computation tree logic) reads as follows:

S = {nodeRel0 , nodeRel1 , nodeRel2 , nodeSet0 , nodeSet1 , nodeSet2},
BS = {Label ,P(Label), (, ), [, ],+,×, /, >>,∃,⇒, clos, inv, self , . . . , equiv,∨,∧,¬,

EX , . . . , AG}

and R consists of the following rules that respect the precedence of multiplicative opera-
tors (/,∧) over additive operators (+,∨):
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�� ��XPath and CTL

nodeRel0 → nodeRel0 + nodeRel1

nodeRel1 → nodeRel1/nodeRel2 | nodeRel1 ∧ nodeRel2

nodeRel2 → clos(nodeRel2 ) | inv (nodeRel2 ) | ¬(nodeRel2 ) |
nodeRel2 >> nodeSet0 | join(nodeSet0 , nodeRel2 , nodeSet0 ) |
nodeSet0 × nodeSet0 | self | child | parent | next | prev |
descendant | ancestor | folSib | preSib |
following | preceding | equal | equiv | (nodeRel0 )

nodeSet0 → nodeSet0 ∨ nodeSet1

nodeSet1 → nodeSet1 ∧ nodeSet2

nodeSet2 → Label | P(Label) | op(nodelRel0 , nodeSet0 ) | op′(nodeSet0 ) |
(nodeSet0 )

op → ∃ | ∀ | div
op ′ → ¬ | EX | AX | EF | AF | EG | AG
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�� ��XPath and CTL

An abstract syntax of G (see [119]) is given by the signature XCTL=(S, I, F ) where F
consists of the following flat constructors:

+, /,∧ : nodeRel × nodeRel → nodeRel (union, composition and intersection)

closure, inv,¬ : nodeRel → nodeRel (transitive closure, inverse and complement)

>>: nodeRel × nodeSet → nodeRel (target restriction)

join : nodeSet × nodeRel × nodeSet → nodeRel (join)

× : nodeSet × nodeSet → nodeRel (Cartesian product)

self , child, . . . , equiv : 1→ nodeRel (axes and equivalences)

atom : Label → nodeSet (label predicate)

atom′ : P(Label)→ nodeSet (label predicate)

true, false : 1→ nodeSet (all and nothing)

∨,∧ : nodeSet × nodeSet → nodeSet (disjunction and conjunction)

∃,∀, div : nodeRel × nodeSet → nodeSet (source restrictions)

¬,EX , . . . ,AG : nodeSet → nodeSet (unary set operators)
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�� ��XPath and CTL

Node set constructors are called filters or qualifiers in the XPath literature.

Examples

Let a, c, d, 22, 66 ∈ Label .

EX (true) ∨ d (1)
EG((≤ 22) ∨ (= 66)) (2)
(child >> (a ∧ ∃(descendant, d))) / child / (descendant >> c) (3)

The third term has been taken from [147], section 2.2, where the expression is phrased
in CoreXPath. Its syntax tree reads as follows:

92



�� ��XPath and CTL
Semantics of XCTL

Let t ∈ ltr(N,Label). Folding a ground XCTL-term in the following XCTL-algebra A(t)

with carrier A yields a node relation or node set, respectively:

AnodeSet = P(def (t)),

AnodeRel = P(def (t))def (t).

In the following interpretation of F , we use three ω-bi-CPOs, which are derived from t:

• AnodeSet and C ⇔def P(def (t)2), both equipped with least and greatest elements,
suprema and infima defined for powerset CPOs as usually (see chapter 3),
• AnodeRel, equipped with least and greatest elements, suprema and infima defined for
CPOs consisting of functions into a CPO (here: AnodeSet) as usually (see chapter 3).

The arrows of XCTL are then interpreted in A(t) as follows:

For all R,R′ ∈ AnodeRel, S, S ′ ∈ AnodeSet, a ∈ Label , p ⊆ Label , w ∈ def (t) and n ∈ N
such that wn ∈ def (t),

(R + R′)(w) = R(w) ∪R′(w),

(R/R′)(w) =
⋃
{R′(v) | v ∈ R(w)},
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�� ��XPath and CTL

closure(R) = Φ∞ (see chapter 3) where
Φ : AnodeRel → AnodeRel

R′ 7→ R + R/R′,

inv(R)(w) = {v ∈ def (t) | w ∈ R(v)},
(¬R)(w) = def (t) \R(w),

(R ∧R′)(w) = R(w) ∩R′(w),

(R >> S)(w) = R(w) ∩ S,
join(S,R, S ′) = R ∩ (S × S ′),

self (w) = {w},
child(w) = {wn | n ∈ N} ∩ def (t),

parent(ε) = ∅,
parent(wn) = {w},

next(ε) = ∅,
next(wn) = {w(n + 1)} ∩ def (t),

prev(ε) = ∅,
prev(wn) = {w(n− 1)} ∩ def (t),
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�� ��XPath and CTL

descendant = closure(child),

ancestor = closure(parent) = inv(descendant),

folSib = closure(next),

preSib = closure(prev) = inv(folSib),

following = (self + ancestor)/folSib/(self + descendant),

preceding = (self + ancestor)/preSib/(self + descendant) = inv(following),

equal = Φ∞ where Φ : C → C
∼ 7→ {(v, w) ∈ def (t)2 | t(v) = t(w),

∀ n ∈ N : vn ∈ def (t)⇔ wn ∈ def (t),

∀ n ∈ N : vn ∈ def (t)⇒ vn ∼ wn},
equiv = Φ∞ where Φ : C → C

∼ 7→ {(v, w) ∈ def (t)2 | t(v) = t(w),

∀ b ∈ child(v) ∃ c ∈ child(w) : b ∼ c,

∀ c ∈ child(w) ∃ b ∈ child(v) : b ∼ c},
atom(a) = {w ∈ def (t) | t(w) = a},
atom′(p) = {w ∈ def (t) | t(w) ∈ p},
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�� ��XPath and CTL

true = def (t),

false = ∅,
¬S = def (t) \ S,

S ∨ S ′ = S ∪ S ′,
S ∧ S ′ = S ∩ S ′,
∃(R, S) = {w ∈ def (t) | R(w) ∩ S 6= ∅},
∀(R, S) = {w ∈ def (t) | R(w) ⊆ S},

div(R, S) = {w ∈ def (t) | S ⊆ R(w)},
EX(S) = ∃(child, S),

AX(S) = ∀(child, S) = ¬EX(¬S),

EF (S) = ∃(self + descendant, S),

AF (S) = Φ∞ where
Φ : AnodeSet → AnodeSet

S ′ 7→ S ∨ (AX(S ′) ∧ EX(true)),
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�� ��XPath and CTL

EG(S) = Φ∞ = ¬AF (¬S) where
Φ : AnodeSet → AnodeSet

S ′ 7→ S ∧ (EX(S ′) ∨ AX(false)),

AG(S) = ∀(self + descendant, S) = ¬EF (¬S).

For a complete Haskell implementation of XCTL and its semantics, see the section on
tree logics in Painter.hs, the main program of Painter.tgz.

Painter.hs also provides two functions drawNodeSet und drawNodeRel for the graphical
representation of node sets or relations that result from evaluating XCTL-terms (see
Painter.pdf).

97

https://fldit-www.cs.tu-dortmund.de/~peter/Haskellprogs/Painter.tgz


�� ��XPath and CTL

Let t ∈ ltr(N,Label).

Subsumption For all ϕ, ψ ∈ TXCTL and

ϕ vt ψ ⇔def foldA(t)(ϕ) ⊆ foldA(t)(ψ).

Propositions

For all ϕ, ψ ∈ TXCTL, ϕ vt ψ ⇔ foldA(t)(ϕ ∧ ¬ψ) = ∅.

For all ϕ ∈ TXCTL,nodeRel and ψ ∈ TXCTL,nodeSet , foldA(t)(div(ϕ, ψ)× ψ) = foldA(t)(ϕ).

A variant of XCTL captures description logics: The respective domain of individuals
replaces def (t). Concepts and rôles interpret the sorts nodeSet and nodeRel, respectively.
Atomic concepts and atomic rôles replace the above nodeSet- and nodeRel-constants,
respectively. ∃(R, S) and ∀(R, S) are written as ∃R.S and ∀R.S, respectively.
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�
Predicates

Let A,B be Σ-structures. Then a Σ-homomorphism h : A → B is P -compatible if for
all p : P(e) ∈ P and a ∈ pA, h(a) ∈ pB.

Proposition NEGFREE

For all negation-free ϕ ∈ FoΣ(V ) and Σ-homomorphisms h : A → B and g ∈ ϕA,
h ◦ g ∈ ϕB.

Lemma MUPRED

Let SP = (Σ, P, AX) be a Horn specification and A be a Σ′-algebra with carrier A that
satisfies AX .

Every Σ-homomorphism h : C → A|Σ is a Σ′-homomorphism from lfp(Φ) to A.

In particular, if C is initial in AlgΣ, then lfp(Φ) is initial in AlgΣ′,AX .

Proof. It is sufficient to show that for all p ∈ P ,

h(plfp(Φ)) ⊆ pA,
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�� ��Predicates

or, equivalently, by Theorem CONSTEP (i) and Theorem kleene0 (1), for all i ∈ N,

h(pΦi(⊥)) ⊆ pA. (9)

Case 1: i = 0. Since p⊥ = ∅, (9) holds true trivially.

Case 2: Let i > 0 and c ∈ pΦi(⊥). Then c = tC(g) for some ϕ ⇒ p(t) ∈ AX and
g ∈ ϕΦi−1(⊥).

By induction hypothesis, h is a Σ′-homomorphism from Φi−1(⊥) to A. Hence by Propo-
sition NEGFREE, h ◦ g ∈ ϕA. Since A satisfies p(t)⇐ ϕ, we conclude h ◦ g ∈ p(t)A =

{f ∈ AV | f ∗(t) ∈ pA} and thus

h(c) = h(tC(g)) = (h ◦ g)∗(t) ∈ pA.

Hence again, (9) holds true. o

Lemma NUPRED

Let SP = (Σ, P, AX) be a co-Horn specification and A be a Σ′-algebra with carrier A
that satisfies AX .

Every Σ-homomorphism h : A|Σ → C is a Σ′-homomorphism from A to gfp(Φ).
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�� ��Predicates

In particular, if C is final in AlgΣ, then gfp(Φ) is final in AlgΣ′,AX .

Proof. It remains to show that for all p : e ∈ P ,

h(pA) ⊆ pgfp(Φ),

or, equivalently, by Theorem CONSTEP (ii) and Theorem kleene0 (2), for all i ∈ N,

h(pA) ⊆ pΦi(>). (10)

Let e = s1 × · · · × sn.

Case 1: i = 0. Since p> = Ce, (10) holds true trivially.

Case 2: Let i > 0 and c = (c1, . . . , cn) ∈ Ce \ pΦi(>).

Then there are t = (t1, . . . , tn) ∈ TΣ(X)n, ax = (p(t)⇒ ϕ) ∈ AX and

g ∈ CV \ ϕΦi−1(>) (11)

such that c = tC(g). Let X = {x1, . . . , xn} be a set of pairwise different variables disjoint
from var(ax). Let {z1, . . . , zm} = var(ax) and ψ = (∀z1 . . . ∀zm(ϕ ∨

∨n
k=1 xk 6= tk)).

Obviously, ax is equivalent to the Σ′-formula ax′ = (p(x1, . . . , xn)⇒ ψ).

W.l.o.g. g(xk) = g∗(tk) for all 1 ≤ k ≤ n. It remains to show c 6∈ h(pA).
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�� ��Predicates

Hence assume that there is a = (a1, . . . , an) ∈ pA with c = h(a). Let f ∈ AV be such
that f (xk) = ak for all 1 ≤ k ≤ n. Then for all 1 ≤ k ≤ n,

h(f (xk)) = h(ak) = ck = g∗(tk) = g(xk). (12)

f (x1, . . . , xn) = a ∈ pA implies f ∈ p(x1, . . . , xn)A and thus f ∈ ψA because A |= ax

implies A |= ax′.

By induction hypothesis, h is a Σ′-homomorphism from A to Φi−1(>). Hence by Propo-
sition NEGFREE, h ◦ f ∈ ψΦi−1(>) and thus

h ◦ f ∈ ψΦi−1(>). (13)

Since all variables of var(ψ) \X are universally quantified, (12) and (13) imply

g ∈ (ϕ ∨
n∨
k=1

xk 6= tk)
Φi−1(>)

and thus g ∈ ϕΦi−1(>) because g(xk) = g∗(tk) for all 1 ≤ k ≤ n. g ∈ ϕΦi−1(>) contradicts
(11). Hence c 6∈ h(pA). o
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