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Notational conventions

Given a constructive or destructive signature X = (S, F, P), u> and vX denote the initial
or final Y-algebra, respectively.

We write f* and f* for the interpretation of f € F' in uX and vX, respectively.



[ Binary trees }

Let X be a set.

S = {btree},
{empty : 1 — btree, join : btree x X X btree — btree},

T
I

F' = {split : btree — 1 + (btree x X X btree)},
F" = {root : btree — X, left, right : btree — btree},
Bintree(X) = (S,{X}, F,0),
coBintree(X) = (S,{X}, F',0),
infBintree(X) = (S,{X}, F",0).

e For all A € Set®,
HBintree(X)(A)btree = H(zoBvintrec(X)(A)btree = 1+ Aptree X X X Appree and
Hipintree () (A)btree = Apree X X X Appree.

o i Bintree( X )pree = T where T is the least set of expressions such that 1 € T and
forallz € X and t,u € T, z(t,u) € T.

e empty = L and for all x € X and t,u € T, join(t,z,u) = z(t,u).



[B mary treesj

o vcoBintree( X )pree = T where T is the set of partial functions ¢ : 2 — X such that
for all w € 2%,

o if ¢(w0) is defined, then t(w) is defined,
o if t(wl) is defined, then #(w0) is defined.
e Forallt e TV,
, * if t = (),
split(t) = { (Aw.t(0w), t(e), \w.t(lw)) otherwise.
o vinfBintree( X )pree = X 2"
o For all t € X2, root(t) = t(e), left(t) = Mw.t(0w) and right(t) = \w.t(1w).

ot



rees }

Let X be a set.

S = {tree,trees},
F = {join: X X trees — tree, a: 1 — trees,
cons : tree X trees — trees},
F' = {root : tree — X, subtrees : tree — trees,
split : trees — 1 + tree X trees},
Tree(X) = (S,Z,F) = Tree(X,1),
coTree(X) (S,Z,F'") = coTree(X,1)

(see chapter 8).

o For all A € Set”, Hopyeox)(A)tree = Hoptree (x)(A)tree = X X Atrees
and H 7o (x)(A)irees = HooTree(x)(A)trees = 14 (Apree X Aprees)-

o Tree( X )yee = T and pTree( X )pees = T where T is the least set of expressions
such that for all x € X and ts € T*, x € T and z(ts) € T.

o =c¢
and for all x € X, t € T and ts € T*, join(x,ts) = x(ts) and cons(t,ts) =1t : ts.



o veoTree( X )pee = T and veoTree( X )ypees = (T7)>° where T is the set of partial
functions ¢ : (NU {w})* — X such that for all w € (NU {w})* and i € N,

e 1(¢) is defined,
o if ¢(w0) is defined, then t(w) is defined,
o if t(w(i+ 1)) is defined, then t(wi) is defined,
e if {(ww) is defined, then for all i € N, t(wi) is defined.
e For all t € T", root(t) = t(e) and
* if t = (),

subtrees(t) = { Ai.\w.t(iw) otherwise.

e For all ts € (T")*,

split(ts) = . itts = e,
b | (ts(0), Mi.ts(i + 1)) otherwise.



[ Sample recursive functions }

Recursion: Length of a finite list
The function length : X* — N satisfies the equations
length(nil) = 0
length(cons(x,s)) = length(s) + 1
Define IC = Set and L = R = Idg,.

—~
o
S~—

By (2), the kernel of length is compatible with cons:
length(s) = length(s')
= length(cons(xz, s)) = length(s) + 1 = length(s') + 1 = length(cons(z, s')).

Hence length is List( X )-recursive and thus by Lemma KER (1), length agrees with
fold™ where nilN = 0 and cons™ = A(z,n).n + 1.



The validity of (1) and (2) is equivalent to the commutativity of (3):

14 X x x+—mibeons] .
14+ X X length (3) length
Y
1+ X xN >N
[nil™, cons™]

Recursion and product: Fibonacci numbers

The function fib : N — N satisfies the equations
fib(zero) = 0
fib(succ(zero)) 1
fib(succ(suce(n))) = fib(n) + fib(suce(n))

Again, these equations do not imply that the kernel of fib is a »-congruence.

We regard the composition fib o succ as a further function fib' : N — N and transform
the above equations into a mutually recursive definition of fib and fib";

(fib, fib")(zero) = (0,1)
(fib, fit') (succ(n)) = (fib'(n), fib(n) + fib'(n))

~—~
o =
~—_— —



Define K = Set? and for all A, B € Set, L(A)pu = (Apar, Apat) and
R(A7 B)nat — Anat X Bnat-

By (1) and (2), the kernel of (fib, fib")"* = (fib, fib") : N — N x N is compatible with
(fib(m), fib"(m)) = (fib, fib")(m) = {fib, fib') (n) = (fib(n), fib'(n))
(ﬁb(ﬁb>(suc (m)) = (fib(succ(m)), fib'(succ(m))) = (fib'(m), fib(m) + fib'(m))
= (fit'(n), fib(n) + fib'(n)) = (fib(succ(n)), fib"(succ(n))) = {fib, fib')(succ(n)).
Hence (fib, fib") - (N,N) — (N, N) is Nat-recursive and thus by Lemma KER (1), {fib, fib")
agrees with fold™YN where

ONXN — (O, 1)7
succ N = X(m,n).(n,m +n).

The validity of (1) and (2) is equivalent to the commutativity of (3):

1+N Osued
+ (fib, fib') (3) |Fﬁbhﬁbﬁ
Y
LN x N ooy N N
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Recursion and currying: Concatenation of finite lists

The function conc : X* x X* — X* satisfies the equations

conc(nil,s) = s

~
—_
~—

conc(cons(x,s),s') = cons(z,conc(s,s'))

—~
DO
SN—

*

Define K = Set and for all A € Set, L(A);ss = At X X* and R(A)jy = A3} .
Let Z = (X*)X". By (2), the kernel of conc™ : X* — Z is compatible with cons:

conc™(s) = conc?(s')
= conc’ (cons(z, s)) = \s".conc(cons(x, s),s") = \s".cons(z, conc(s, s"))
= \s".cons(z, conc™ (5)(s")) = Xs".cons(x, conc™ (s')(s"))
= \s".cons(x, conc(s', s")) = \s".conc(cons(x, s'), s") = conc” (cons(z, ).

Hence conc is List(X)-recursive and thus by Lemma KER (1), conc® agrees with fold”
where nil? = \s.s and cons? = Az, f).\s.cons(x, f(s)).

11



The validity of (1) and (2) is equivalent to the commutativity of (3):

[nil, cons]

1+ X x X* - X"
1+ X x conc” (3) conc?
X X Z }
I+ X X -
[nil?, cons?]

Recursion and identity: Folding a finite list from the right

Let Abeasetand Z=(XxA— A) - A— A
The function foldr : X* — (X x A - A) - A — A satisfies the equations
foldr(nil)(f)(a) = a
foldr(cons(z, $))(f){a) = Fle, foldr(s)(f)(a)
Define IC = Set and L = R = Idg,;.

By (2), the kernel of foldr is compatible with cons:
foldr(s) = foldr(s')

= foldr(cons(x,s)) = Af.Xa.f(e, foldr(s)(f)(a)) = AfXa.f(x, foldr(s")(f)(a))

= foldr(cons(x,s’)).

~—~
N
~ ~—
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Hence foldr is List(X)-recursive and thus by Lemma KER (1), foldr agrees with fold?
where forall f: X XA — A, a€ A, ze€ X and g € Z,

nil”(f)(a) = a,
cons®(z, 9)(f)(a) = As.g(f)(a)(z:s).

The validity of (1) and (2) is equivalent to the commutativity of (3):

4 X x X [nil, cons] o
1+ X X foldr (3) foldr
1+ X xZ =]
[nil?, cons?|

Recursion and identity: Filter a finite list
Let Z = (X — 2) — X*. The function filter : X* — Z satisfies the equations
filter(nil)(f) = nil
filter(cons(x, s))(f) = if f(x) then filter(s)(f) else x: filter(s)(f) (2)
Define I = Set and L = R = Id g.

—~
o =
SN——
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By (2), the kernel of filter is compatible with cons:

filter(s) = filter(s')
= filter(cons(x,s)) = Mf.if f(x) then filter(s)(f) else x: filter(s)(f)
= \f.if f(x) then filter(s')(f) else x: filter(s')(f) = filter(cons(z, s')).

Hence filter is List(X)-recursive and thus by Lemma KER (1), filter agrees with fold”
where for all f: X — 2, 2 € X and g € Z, nil?(f) = nil and

cons? = XNz, g).  f. X s.g(f)(z:5).
The validity of (1) and (2) is equivalent to the commutativity of (3):

X x X [nil, cons] oy
14+ X X filter (3) filter
1+ X xZ -7
[nil?, cons?|

14



Recursion and currying: Replication

Let X be a set. The function repl : N x X — X* satisfies the equations

~
—_
~—

repl(zero,e) = nil

—~
DO
N—

repl(succ(n),e) = cons(e,repl(n,e))

(X) and cons = cons"*"X) (see Lists and Streams).

Define K = Set and for all A € Set, L(A)y = A x X and R(A), = A*.
Let Z = (X*)*. By (2), the kernel of repl” : N — Z is compatible with succ:

where nil = niltLtist

repl™ (m) = repl”(n)
= repl™ (succ(m)) = Ae.cons(e, repl” (m)(e)) = Ae.cons(e, repl(m, e))
= Xe.cons(e,repl(n,e)) = \e.cons(e, repl’ (n)(e)) = repl’ (succ(n)).

Hence repl is Nat-recursive and thus by Lemma KER (1), repl” agrees with fold? where

07 = Me.e,
succ? = Af.)de.(e: f(e)).



The validity of (1) and (2) is equivalent to the commutativity of (3):

| N sued
1+ repl# (3) repl?
YZ
1+ -
(07, succ?]

We have shown that there is a unique interpretation in pList(X) of an additional con-
structor repl : N x X — [ist such that the corresponding extension of pList(X) satisfies
the equations for repl given in chapter 14.

Let ¥ = (S, F U {repl}, {=: list x list}), X' = (S, F U {repl}, ) and AX be a set of
>-Horn clauses such that for all A € Algy ax, =4 is a Y-congruence, and AX includes
the equations for repl given in chapter 14.

Let A = Ifp(3, uX’, AX). By Theorem ABSINI, A/=" is initial in Algs 4x. Since the
initial List(X)-algebra is a (3, AX)-algebra, we conclude from Lemma CONEXT that
(X, AX) is a conservative extension of (List(X), D).

16



Recursion and identity: Subtrees of a cobintree

Let Z = (vcoBintree(X) — vecoBintree(X)). The function
subtree : 2 — Z

satisfies the equations

subtree(a)(t) =t
fork(t) = (u,e,u’) = subtree(cons(0,s))(t) = subtree(s)(u
fork(t) = (u,e,u’) = subtree(cons(1,s))(t) = subtree(s)(u’)

/N N N
wWw N
N——— N N

Define I = Set and L = R = Id g..
By (1)-(3), the kernel of subtree is compatible with fork.

Hence subtree is List(2)-recursive and thus by Lemma KER (1), subtree agrees with
fold” where for all s € 2*, f € Z and t € vcoBintree(X),

a? = id,

[ flw) b =0and fork(t) = (u,e, /)
cons” (b, f)(t) = { fu') it b=1and fork(t) = (u,e,u’).

17



The validity of (1)-(3) is equivalent to the commutativity of (4):

§ [, cons| §
1+2x2 -2
1+ 2 x subtree (4) subtree
z z
I +2x -
[a?, cons?]

Recursion and product: Check balancing (see [51])

Let T" = pBintree(X )pree. The functions depth : T — N and bal : T — 2 satisfy the
equations

(height, bal)(empty) = (0, True) (1)
(height,bal)(join(t,x,u)) = (maz(height(t), height(u)) + 1,
bal(t) A bal(u) A\ height(t) = height(u)) (2)

Define IC = Set* and for all A, B € Set, L(A)yyee = (N, 2) and
R(A, B)ytree = Aptree X Bitree-
By (1) and (2), the kernel of

(height, bal)* = (height,bal) : T — N x 2

18



is compatible with join. Hence (height,bal) : (T,T) — (N,2) is Bintree( X )-recursive

and thus by Lemma KER (1), (height, bal) agrees with fold"*? where

empty™*2 = (0, True),
joinN*2 = X((m,b),z, (n,c)).(max(m,n) + L,bAcAm =n).

The validity of (1) and (2) is equivalent to the commutativity of (3):
lempty, join]

1+T x X xT -
+ (height, bal) (3) (height, bal)
+ (N x2)x X x (N x 2) W2, i >N x 2

lempty™ 2, join

Recursion and identity: Flatten a finite tree (see [65])

The functions flatten : pTree(X)yee — X* and flattenL : pTree(X )ipees — X*

the equations
flatten(join(x,ts)) = x:flattenL(ts)
flattenL(a) = «
flattenL(cons(t,ts)) = flatten(t)++flattenL(ts)

satisfy

—~
(N
N— ——

19



Define I = Set and L = R = Id g..

Since S = {tree,trees}, flatten and flattenL provide the tree- or trees-component of a
Set*-morphism function flatten’ : (uTree(X )iree, prTree(X ) irees) — (X*, X*).

By (1)-(3), the kernel of flatten is compatible with join and cons.

Hence flatten’ is Tree( X )-recursive and thus by Lemma KER (1) (1), flatten’ agrees with
fold®" where joinX" = Az, s).(z:s), o = € and cons® = A(s, &').(s++5")).

The validity of (1)-(3) is equivalent to the commutativity of (4) and (5):

o
X x pTree(X)irees J—> pTree( X )iree

X X flattenL flatten

X x X" — X"
join

20



[, cons]

+ (e Tree( X )iree X pTree(X )irees) — 1 Tree( X )irees

+ (flatten x flattenl) (5) flatten

1+ (X" x X7) o cons¥] - X

Corecursion: Addition on N, (see [77])

Define L : Set? — Set and R : Set — Set? as follows: For all A,B € Set and
g.h € Mor(Set), L(A, B) = A+ B, L(g,h) = g+ h, R(A) = (4, A) and R(g) = (g,)

Let C = (N x N,N'). Then L(C) = N' x N' + N’ and R(vX) = R(N') = (N, N').
Moreover, L(C) is a coNat-algebra: For all m,n € N/,

€ itm=n=020,
pred"(m,n) = { (0,n—1) ifm=0AnecN\{0},
(m—1,n) ifm e N\ {0},
pred"C(n) = pred(n).

Let the arrow join' : (1 + nat) + nat — 1 + nat be interpreted as follows:

21



For all A € Alg.onat, a € Anar and @ € {1,2}, join/(e,1) = € and join/(a,i) = a.
A function plus : N’ x N' — N’ satisfies the equation

pred(plus(m,n)) = join'(A(ei(@1). A(e1(y1)-€|ea(y2).y2) (pred(n)),
(1)
tao(w2).plus(za, n))(pred(m)))
iff (plus,id)* = [plus,id] : L(C) — N’ is coNat-homomorphic, i.e., the following diagram

commutes:
N pred LN
[plus, id] 1 + [plus, id]
L(C) oredh© ~1+ L(C)

Hence by Lemma CORECT, equations (1)-(3) have a unique solution plus.

Corecursion and coproduct: A blinker

Suppose that on, off € X. The functions blink : 1 — X" and blink’ : 1 — X" satisfy
the equations

(head, tail)(blink) = (on,blink’) (1)
(head, tail)(blink") = (off,blink) (2)

22



Define K = Set? and for all A, B € Set, R(A)jq = (Alist, Apist)
and L(A7 B)list — Alist + Blist-

Let @ =1+ 1. By (1) and (2), the image of (blink, blink")* = [blink,blink'] : Q — XN
is compatible with head and tail.

Hence (blink,blink') : Q — (XN, X) is Stream(X)-corecursive and thus by Lemma
IMG (1), [blink, blink] agrees with unfold® where (head?, tail?)(x,1) = (on, (,2)) and
(head?, tail®)(x,2) = (off , (x,1)).

The validity of (1) and (2) is equivalent to the commutativity of (3):

(head, tail)

XN - X x XN
[blink, blink'] (3) X x [blink, blink']
Q — X x (@)

(head®?, tail®?)

Corecursion and coproduct: Exchange stream elements (see [162])

The function exch : XN — XN which exchanges each two consecutive elements of a

23



stream, satisfies the equations
head(exch(s)) = head(tail(s))
(head, tail)(tail(exch(s))) = (head(s),exch(tail(tail(s))))
We regard the composition tail o exch as a further function
exch’ : XN — XN

and transform the above equations into a mutually recursive definition of exch and exch’:

(head, tail)(exch(s)) = (head(tail(s)),exch'(s))
(head, tail)(exch'(s)) = (head(s), exch(tail(tail(s))))) (2)
Define K = Set* and for all A, B € Set, R(A)js = (Ajist, Ajist) and
L<A7 B)list — Alist + Blist-
Let Q = XN+ XY, By (1) and (2), the image of (exch, exch’)* = |exch,exch’] : Q — XN
is compatible with head and tail.
Hence (exch,exch’) - (XN, X)) — (XN XN) is Stream-recursive and thus by Lemma
IMG (1), [exch, exch] agrees with unfold? where for all s € XN,
(head®, tail®)(s,1) = (head(tail(s)), (s,2)) and
(head®, tail?)(s,2) = (head(s), (tail(tail(s)),1)).

—~
(N
SN—
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The validity of (1) and (2) is equivalent to the commutativity of (3):
(head, tail)

XKN - X x X"

y

lexch, exch'] (3) X X lexch,exch’]
Q =X xQ

(head®?, tail?)

Corecursion and coproduct: Alternation of successors and squares (see [65])
The functions nats : N — XY and squares : N — X" satisfy the equations

(head, tail)(nats(n)) = (n,squares(n))
(head, tail)(squares(n)) = (n*mn,nats(n + 1))

~~
(N
~ ~—

Define K = Set* and for all A, B € Set, R(A)js = (Ajist, Asist) and
L(A, B)list — Alist + Blist-

Let @ = N+ N. By (1) and (2), the image of

(nats, squares)* = [nats, squares] : Q — X



is compatible with head and tail.

Hence (nats, squares) : (N,N) — (XN X) is Stream-recursive and thus by Lemma
IMG (1), [nats, squares] agrees with unfold? where for all n € N,

(head?, tail?)(n,1) = (n, (n,2)) and (head?,tail?)(n,2) = (n*n, (n+1,1)).

The validity of (1) and (2) is equivalent to the commutativity of (3):

(head, tail)

XM - X x X"
[nats, squares| (3) X X [nats, squares]
Q =X X Q

(head®?, tail?)

Corecursion and coproduct: Insertion into a stream (see [162])
The function insert : X x XN — XN satisfies the equation

(head, tail)(insert(z,s)) = if © < head(s) then (x,s)
else (head(s),insert(x,tail(s)))

This equation does not imply that the image of insert is compatible with head and tail.

26



Therefore, we transform them into equations for insert and the identity on X

(head, tail)(insert(z,s)) = if x < head(s)
then (z,id(s)) else (head(s),insert(z,tail(s))) (1)
(head, tail)(id(s)) = (head(s),id(tail(s))) (2)

Define K = Set* and for all A, B € Set, R(A) s = (Ajist, Aist)
and L<A7 B)list - Alist + Blist~

Let Q = (X x XN+ XN By (1)-(3), the image of
(insert,id)* = [insert,id] : Q — X"
is compatible with head and tail.

Hence (insert,id) : (X x XN XN) — (XN XN} is Stream-corecursive and thus by
Lemma IMG (1), [insert, id] agrees with unfold where for all + € X and s € XV,

. [ (z,9) if x < head(s),
(head®, tail®)(z, ) = { (head(s), (x,tail(s))) otherwise,

(head®, tail®)(s) = (head(s), tail(s)).

27



The validity of (1)-(3) is equivalent to the commutativity of (4):
(head, tail)

X" =X x X"
linsert, id] (4) X X [insert, id]
Q =X xQ

(head®?, tail?)

Corecursion and coproduct: Concatenation of colists (see [77])
The function conc : X x X*° — X satisfies the equations
split(s) = e A split(s') = € = split(conc(s,s'))

split(s) = e A split(s') = (x,s") = split(conc(s,s))
split(s) = (x,s") = split(conc(s,s’)) =

~
—_
~—

—~
N
~—

(2, id(s"))
(

x, conc(s”,s'))

—~
w
~—

Define K = Set* and for all A, B € Set, R(A)js = (Ajist, Asist) and
L<A7 B)list - Alist + Blist~

Let Q = X™ x X*® + X*°. By (1)-(3), the image of (conc,id)* = [conc,id] : Q — X

28



is compatible with split: Let h = [conc, id].

split(s) = e A\ split(s') = ¢ = split(h(s,s’)) = e = h(e),
split(s) = e N\ split(s') = (z, ")
= split(h(s,s")) = (z,h(s")) = (h(z), h(s")) = h(zx, s"),
split(s) = (x,s") = split(h(s,s")) = (z,h(s",s")) = (h(x),h(s",s")) = h(zx, (5", 5)),
i.e., the image of h is compatible with split. Hence (conc,id) is coList( X )-corecursive
and thus by Lemma IMG (1), (conc, id) agrees with unfold®? where for all 5,8’ € X,
* if split(s) = split(s') = e,
split?(s,s") = { (w,(s,s")) if split(s) = € A split(s') = (z, s"),
(z, (s",8")) if split(s) = (x,s"),
split?(s) = split(s).
The validity of (1)-(3) is equivalent to the commutativity of (4):

lit
xoo P4 X x X~
A
[cone, id) (4) 14+ X X [conc,id]
=1+ X X
split? ©

29



Corecursion and coproduct: Flatten a cotree
Let T'= veoTree(X) (see Trees). The functions flatten : T — X and flattenl : T™ —
X satisfy the equations
split(flatten(t)) = (root(t), flattenL(subtrees(t))) (1)
split(ts) = € = split(flattenL(ts)) = € (2)
split(ts) = (u,us)
= split(flattenL(ts)) = (root(u), flattenL(conc(subtrees(u), us)) (3)
where conc : T x T — T is defined as in chapter 12.
Define K = Set? and for all A, B € £, R(A)js = (Ajist, Ajist) and
L(A, B)list - Alist + Blist-
By (1)-(3), the image of
(flatten, flattenL)" = [flatten, flattenl] : T + T — X
is compatible with split.

Hence (flatten, flattenl) . (T,T°°) — (X, X*°) is coList(X)-corecursive and thus by
Lemma IMC (1), [flatten, flattenl] agrees with unfold’ ™" where for all t € T and
ts € T,

split’ T (t) = (root(t), subtrees(t)),

splitT= T (ts) — { * if split(ts)

= 67
(u,us) if split(ts) = (root(u), conc(subtrees(u), us)).

30



The validity of (1)-(3) is equivalent to the commutativity of (4):

lit
X o — 14X x X
A
[flatten, flattenL) (4) 1+ X X [flatten, flattenl]
T+ T — > 14+ X x(T'+T~
split’ 1 ( )

Corecursion and identity: Mirror a cobintree (see [74, ?])

Let T = vcoBintree( X )pree. The function mirror : T — T satisfies the equations
split(t) = € = split(mirror(t)) =€ (1)
split(t) = (u,x,u’) = split(mirror(t)) = (mirror(u'), z, mirror(u)) (2)
Define IC = Set and R = L = Id g..
777 Extend mirror to the sets X and 1. Then (1) and (2) read as follows:

split(t) = € = split(mirror(t)) = € = mirror(e),
split(t) = (u, x,u’)
= split(mirror(t)) = (mirror(u’), mirror(x), mirror(u)) = mirror(u', x,u),
Hence the image of mirror is compatible with split.

31



Hence mirror is coBintree( X )-corecursive and thus by Lemma IMG (1), mirror agrees
with unfold! where for all t € T,

split™ () = { (Aw.t(lw), t(e), \w.t(0w)) otherwise.
The validity of (1) and (2) is equivalent to the commutativity of (3):

split
s 1+ T x X xT
mirror (3) 1 + mirror x X x mirror
T 7 —1+T x X xT
split
Since T is a final algebra, properties of mirror! like mirror! omirror! = idy are shown

by algebraic coinduction (see, e.g., |?]).

Restriction with a greatest invariant: Length of a colist

Let C = {length}. vcoList'isisomorphic to the coList’-coalgebra B =gef Treeorist.c(BA)
of C-labelled coList-trees over BA.

Byist can be represented as the union of N’ and the set of partial functions s : N — X x N
such that s(0) is defined and for all ¢ € N, if s(i + 1) is defined, then s(i) is defined.
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With respect to this interpretation, the destructors of coList’ are interpreted as follows:
By = {w} and for all s € By,

splitB(s) = {

lengthP(s) = {

* if s e N,
(71(s(0)), Ai.s(i + 1)) otherwise,
S if s e N,
mo(s(0)) otherwise.

Let AX be given by the coList’-formulas

~
—_
~—

islist(5> = 7:51+ent7“y><list([[x7 y] Splitb)
iSentryXliSt(p> = Z.SliSt<ﬂ-2<p>>
isist(s) = ||z, yllength]s = [[[x]0, [[[x]succ, y|length]ms]split]s (3)

—~
(\)
~

AX consists of inverse Horn clauses over coList’ that satisfy the assumptions of Restric-
tion with a greatest invariant. Hence gfp(AX) = B. Let inv = €.

For all s, s’ € isj4,
length®(s) # length?(s') implies t7(s) # tP(s') for some t € Obs opistiist-  (4)

Proof.

Since B satisfies (3), inv satisfies the conclusion of (3) or, equivalently, the equations

(1)-(3) of 1.6.
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Hence s € 1554 iff for all n € N,
lengthP(s) =0 implies split®(s) = e,
lengthP(s) =n +1 implies Je,s : (split®(s) = (e, s') A length”(s')
length®(s) = w implies e, s : (split®(s) = (e, s') A length®(s')

I
& 3

[t is easy to see that

® ObSoListist = {0bs,, | n € N} where obsy = |0, [10]m|split
and for all n > 0, obs,, = [0, [10 - 0bs,,_1|ms]split,
o for all s € By and n € N, obs,,(s) # * iff s(n) is defined.
By (5)-(7) and the definition of B, for all s € is;5 and n € N,

lengthP(s) =n < s(n)is undefined AV i < n: s(i) is defined,
lengthP(s) =w & Vn € N:s(n)is defined,

and thus by (8),
length?(s) =n < obsP(s) = e AV i <n:obs’(s)# *,
length®(s) =w < VY n e N:obs(s)# x.

Let s,s" € By such that length?(s) # length®(s'). Then length?(s) = n or

—~~
-~ O Ot
~—_ — —

(10)

lengthP(s') = n for some n € N. W.lo.g. suppose that the first case holds true. By
(9), obsP(s) = €. If length®(s') = w, then (10) implies a contradiction: obs?(s) # x =
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obsB(s). Otherwise lengthP(s') = n’ for some n’ € N with n’ # n. Let m = min(n,n’).
If n < n', then by (9), 0bsZ(s) = 0bs?(s) = € # 0bs?(s') = obsB(s'). Otherwise n’ < n
and thus by (9), obs;(s') = obs5(s') = € # obsb(s) = obs5(s). Hence (4) is valid for
t = obs,,. J

Destructor extension: Flatten a cotree

We have shown that there is a unique interpretation in vcoList(X) of additional de-
structors flatten : tree — list and flattenL : trees — list such that the corresponding
extension of vcoTree satisfies the equations (1)-(3) of 2.12.

Let coTree’ = coTree U {flatten, flattenL}. By Lemma DESEXT, coTree’ is a conserva-
tive extension of coTree.

Let C' = {flatten, flattenL}. vcoTree' is isomorphic to the coTree’-coalgebra
B =45 Tree ,rree.c( BA) of C-labelled coTree-trees over BA.

B, can be represented as the set of partial functions
t:N"— X X By
(see 2.3) such that t(e€) is defined and for all w € N* and i € N,

o if t(wi) is defined, then t(w) is defined,
o if t(w(i+ 1)) is defined, then ¢(wi) is defined.



Bi,ees can be represented as the union of By and the set of partial functions
ts: N — Btree X Blist

such that ts(0) is defined and for all ¢« € N, if ts(i 4+ 1) is defined, then ts(i) is defined.
With respect to this interpretation, the destructors of coTree’ are interpreted as follows:

For all ¢t € By, and ts € Btrees;
root”(t) = mi(t(e)),

subtrees®(t) = Ni.\w.t(iw),
flatten®(t) = my(t(e)),
B . * if ts € Blist;
split=(ts) = {(m(ts(O)),)\i.ts(i—i—l)) otherwise,

ts if ts € Byjq,

ﬂattenLB(tS) - {WQ(tS(O)) otherwise.
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Let AX be given by the coTree’-formulas

iStree(t) = 1Sees(Subtrees(t)) (1)
iStrees(tS) = iSl—f—treextrees(HyaZ}Spliﬂts) (2)
istreextrees(p) = istree(ﬁl <P>) A Z.Strees(7-‘-2<p>) <3>

iSwee(t) = I p: ([ly, z]split]flatten(t) = [z]p A m1(p) = root{t) N
mo(p) = flattenL{subtrees(t))) (4)

isirelts) = 3p.0: [y, Jsplitlts = [olp A [y, 2Jsplit)flatten{ts) = [slg) v
I p,q: ([ly, z]splitlts = [z]p A ||y, z|split|flattenL{ts) = [z]qg N

7T1<
<

q) = root(m (p)) N
T2 Q>

flattenL{conc(subtrees(mi(p)), m(p)))) (5)

AX consists of inverse Horn clauses over coTree’ that satisfy the assumptions of Restric-
tion with a greatest invariant. Hence gfp(AX) = B. Let inv = €5,

For all ¢, € iStyee,

flattenB(t) + ﬂattenB(t’) implies u?(t) # uP(t') for some u € ObS oTree tree- (6)
For all ts,ts’ € iSipees,

flattenLP (ts) # flattenL”(ts') implies u”(ts) # u®(ts') for some u € ObS o Tree trees- (7)

Proof.
Since B satisfies (4) and (5), inv satisfies the conclusions of (4) and (5) or, equivalently,
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the equations (1)-(3) of 2.12. Hence t € iS¢, iff
flatten®(t) = (rootB(t), flattenL” (subtrees®(t))),  (8)

and ts € 184¢es 1t for all u € By and us € Byyees,

splitB(ts) = e implies split®(flattenL”(ts)) = e,
splitB(ts) = (u, us)

implies flattenL” (ts) = (root®(u), flattenL” (conc® (subtrees®(u), us))).

[t is easy to see that

® ObS oTree tree = {0bsy, | w € N*} where obs. = {[0]root} and for all w € NT,
obs,, = [0 - obsL,,|subtrees,

® ObS o Tiee trees = {00sLy, | w € NT} where for all i > 0 and w € N*,

0bs Lo, = [0, [10 - obsp]m]split and 0bsLi, = [0, [10 - 0bsL;_1y,|ma]split,
e for all t € By and w € N*,

obsB(t) = t(w) if t(w) is defined, and obsB(t) = € otherwise,
o for all ts € Bjyees, © € N and w € NT,

obsL;,(ts) = ts(i)(w) if ts(i)(w) is defined, and obsL;,(ts) = € otherwise.

By (8)-(10) and the definition of B, for all t € iStee, tS € iStrees and s € Byig,
flatten®(t) = s < V n € domain(s) : t(leafPos(t)(n)) = s(n),

(10)

(11)

(12)

flattenLP(ts) = s < V n € domain(s) : ts(i)(w) = s(n) where leafPosL(ts)(n) = iw,
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and thus by (11) and (12),
flatten®(t) = s < VY n € domain(s) : obsﬁafpos(t)(n) (t) = s(n), (13)
flattenL” (ts) = s < ¥ n € domain(s) : ObSLﬁafPosL(ts)(n) (ts) = s(n), (14)

where leafPos(t)(n) and leafPosL(ts)(n) are the positions of the n-th leaf of ¢ and ts,
respectively.

Haskell code for leafPos : Biee — N — N* and leafPosL : Biyees — N — NT:

(11) . leafPoss
(11) . leafPossL

leafPos
leafPosL

leafPoss :: B_tree -> [[Int]]
leafPoss t = if null ts then [[]] else leafPossL ts
where ts = subtrees t

leafPossL :: B_trees -> [[Int]]
leafPossL ts = if null ts then [] else concatMap g [0..length ts-1]
where g i = map (i:) $ leafPoss $ ts!!i

Let ¢t,t € Biee and s, € By such that ﬂattenB(t) =5 # 5 = flattenB(t’). Let
domain(t) # domain(t’). Then there is w € N* such that t(w) is defined and t'(w) is
undefined. Hence by (11), obsZ(t) = t(w) and obs®(t') = ¢, and thus (6) is valid for
u = 0bsy. Let domain(t) = domain(t’). Then domain(s) = domain(s’) and there is
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n € domain(s) such that s(n) # s'(n) and for all i < n, s(i) = §'(i). By (13),

ObSﬁafPos(t)(n) (t> — S(n) 7é Sl(“) - ObSﬁafPos(t’)(n) (t/) — ObslliafPos(t)(n) (t/>
Hence (6) is valid for u = 0bscqfpos(t)(n)-
Let ts,ts' € Birees and s, 8" € By such that flattenL”(ts) = s # s' = flattenL” (ts'). Let
domain(ts) # domain(ts’) or domain(ts(i)) # domain(ts'(i)) for some i € domain(ts) =
domain(ts’). Then there are i € N and w € N* such that ¢ts(i)(w) is defined and ¢s'(7)(w)
is undefined. Hence by (12), obsL? (ts) = ts(i)(w) and obsL? (ts') = €, and thus (7)

is valid for t = obs;,. Let domain(ts) = domain(ts’) and for all ¢ € domain(ts),
domain(ts(i)) = domain(ts'(i)). Then domain(s) = domain(s’) and there is n €
domain(s) such that s(n) # s'(n). By (14),

ObsgafposL(ts)(n) <t8> - 8(’)1) 7& S/(n) - ObsgafPosL(ts’)(n) (tsl) = ObsgafPos(ts)(n) (tS/)'

Hence (7) is valid for w = 0bseqtposits)(n)- a

Let €4 = veoTree. Then A satisfies AX. Hence A € Alg.oriee’ ax and thus by Lemma
DESEXT, (6) and (7) imply €7 |70 = veoTree.
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Destructor extension: Subtree of a cobintree

Let C' = {subtree}. vcoBintree' is isomorphic to the coBintree'-coalgebra
B —def Tree(:()B'z,"r)/tr(a(a,(?(BA)
of C-labelled coBintree-trees over BA.

Let Z = Btree(X)>® — Btree(X)®. Bpuee can be represented as the set of partial
functions
t:2" > X xZ

such that for all w € 2* and b € 2, if t(wb) is defined, then t(w) is defined.

With respect to this interpretation, the destructors of coBintree’ are interpreted as fol-
lows: For all t € By,
fork”(t) = { (Aw.t(0w), m(t(€)), Aw.t(lw)) otherwise,
subtreeB(t) = m(t(e)).
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Let AX be given by the coBintree’-formulas

isbtree(t) = Z'Slqtbtreex677,157“y><bt7“e(3(fork<t>) /\isbtreeb”“(SUbtree<t>) (1)

isbtree><ent7'y><bt7'ee(p> = Z.Sbtree(7ﬁ<p>> /\Z.Sbt7'ee<73<p>> (2)
iSpirectiist(f) = 1Spree(Sw(f)) (3)
iSpree(t) = 3 p,q: ([[z, ylfork|t = [x|p A Se(subtree(t)) =t) V
3 p,q: ([[z, ylfork]t = [ylp A
$0w (subtree(t)) = Sw(subtree(m (p))) A
$Slw(subtree(t)) = Sw(subtree(ms(p)))) (4)

for all w € 2*,

AX consists of inverse Horn clauses over coBintree’ that satisfy the assumptions of
Restriction with a greatest invariant. Hence gfp(AX) = B. Let inv = €?,
For all ¢, € iSptree,

subtree?(t) # subtree?(t') implies u?(t) # uP(t') for some u € ObS wpintrec pree- ()

Proof.

Since B satisfies (4), inv satisfies the conclusion of (4) or, equivalently, the definition of
subtree given in example 18 **** Hence ¢ € ispe iff for all w € 2%,

subtree® (t)(e) = t,
fork®(t) = (u,e,u’) implies subtree®(t)(0:w) = subtree” (u)(w),
fork®(t) = (u,e,u’) implies subtree®(t)(1:w) = subtree®(u')(w).

AN TN /N
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[t is easy to see that

® ObS opintreeptree = {0bsy | w € 27} where obs, = [0, [10]ms]fork and for all w € NT,
0bsg, = [0, [10 - 0bs,|m]fork and obsy, = |0, [10 - 0bs,|ms]fork,

o for all t € By and w € N*, obsP(t) = t(w) if t(w) is defined, and obs,(t) = €
otherwise. (9)

By (6)-(8) and the definition of B, for all t € isye and v € 2%,
subtree®(t)(v) = \w.t(vw),

and thus by (9),
subtree” (t)(v) = AMw.obs,,(t). (10)

Let t,t" € By and w € 2* such that subtree®(t) # subtree®(t'). Then there are v, w €
2* such that subtree®(t)(v)(w) # subtree®(t)(v)(w). Hence by (10), Aw.obs,,(t) #
Aw.obs,,(t), and thus (5) is valid for u = obs?, . EI
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[ Terms and equations j

Coiterative equations

Let X = (S5,Z, D) be a destructive signature and V' be a finite S-sorted set. An S-sorted
function

BV = Tu(V)
with img(E) NV = is called a system of coiterative Y-equations.

Let A be a Y-algebra with carrier A, AV be the set of S-sorted functions from V to A
und B = |J BT

g€ AV solves E in A if for all x € V id’,(g(x)) = [g, idp] o E(z) (see State unfolding).
E turns T5(V) into a Y-algebra: Let s € S, I be a nonempty set and (e;);e; € T,(S, ).

eForalld:s —ec DandxcV, d=V)(r)=Ex)d).
eforalld:s —veeDandty € Tx(V)y,d :s — ¢ € D,

STE(V)(E{CZ/ — Ty ‘ d:s—eéee D}) =def td-

e torallt, e Ix(V)e, i € I,and k € I, m(tup{i —t; | i € I}) =4 ts.
etorallielandt e Tx(V)., t;(t) =g i{sel — t}.

44



mey, unfoldTE 4

)
Let g=V = Tx(V) " —  DTx.
(1) g solves E in DTx,.
(2) Any g:V — DTy solves E in DTy, ift 7777.

Theorem COSOL FE has a unique solution in DT5,.

Proof. By (1), E has a solution in DT%. Suppose that g, h : V — DTy solve E in DTx.
By (2), 77?7. Since DTy, is final in Algy, 777. a
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Terms as functions

Let X = (S,Z, F) be a signature, I be an S-sorted set of variables,
CON = {c:1 =X |ce X € Sety},
VAR = {z:1—=e|xeV, ecT,(S,1I)},
ID = {id:e—e|eecT,(S,TI)},
APP = {Sz:e* —e|eeT,(S,I), x € X € Sety},
ISO = {r:e— €| 17:F.— F,is anatural equivalence, e # €'},

The set Opy(V') of (derived) X (V')-operations is defined inductively as follows:

e FUCONUVARUIDUISOUINJ U PRJUAPP C Opx(V).

eforallt:e—e u:e —e" € Opy(V), redluot):e—e" € Opy(V)
where red(u o t) is reduced with respect to the following rewrite rules:

7TZ'O<t1,...,tn> — 1, 1 <1< n,
t1,...,tyl oy — 1, 1 <i<n,
(ug,...,up)ot = (ugot,...,u,ot),
wolty,...,ty] — [uoty,...,uoty,

($t) o Av.u — wft/x]

where t[z/x]| denotes the 3-operation obtained from ¢ by replacing all occurrences of
x with z.
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efForalln>1landt;:e—ep, ... t,:e— e, € Opy(V),

(t1,...,t,) e— e X+ Xe, € Opsg(V).
eforalln>1andt;:e; —e, ... t,: e, —e€ Opy(V),

it oty rer+ -+ e, > e € Ops(V).
e For all ¢ € {word, set,bag} and t:e — € € Ops(V), c(t) : c(e) = c(€') € Ops(V).
eforalt:e—e € Opyn(V), and X € T,(S,I), t* : X — ()X € Opx(V).
eforallt:e—e € Opy(V), X € T)(S,Z) and z € X, Azt - e — (/) € Opy (V).

Moreover, for alln > 1 and t; e = e1,...,t,: e = e, € Opx(V),

b1 X -+ X 1y, —def <t1 OT1,y--- 7tno77n>7
b+ -+ 1y —def [Ll O tla <oy ln O tn};
and forall p:e — 2, t,u:e— e € Opy(V),

<ld() 7p>

' T tu

/
e
where 7 : F.yo — F,.. 1s the natural equivalence defined as follows: For all A € Set® ,

Ta Ao x2 — A+ A,

(a,1) ifb=1
(@) = {(a,Q) if b= 0.

Forallt:e— e € Opy(V), src(t) = e is the domain and trg(f) = ¢’ the range of t.
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77?7 The adjective “implicit” is due to [134, 79| where it is also associated with operations
that are not part of the underlying signature.

Given Y-operations ¢t and u, u is a suboperation of ¢ if ¢ = u or there are n > 1 and
Y -operations t1,...,%,, U, ..., u, such that

et =1t 0ty and u is a suboperation of ty or
el =1t 0ty, u=1u oty and u; is a suboperation of ¢; or
ot =(t1,...,t,) and there is 1 < i < n such that u is a suboperation of t; or

ot =1|t1,...,t,], u=[uy,...,u,| and for all 1 <7 <n, u; is a suboperation of ¢;.

A Y-algebra A interprets each ground Y-operation ¢ : e — ¢ as a function ¢t : A, — A,
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inductively on the structure of t: Let X € BS, n > 1 and e, €, e1,...,e, € T,(5, ).

Vac A, : idYa)=a,

V1eISO:e—eé 14 =ry,

V1<i<n, a€ A :a)=/a,i)),

V(al,...,an) € Aeyxoxe, : mila1, ..., a,) = a;,

VXEBS xcX, feAx: ($2)" = f(z),

VX €EBS, ceX: ce)=c,

Vtie—e u:e —e"€O0pyg:(uot)t =utoth

Vitiie—en,....th:e—e, € Opy: (t,....t,)%a) = (t(a),... t} a)),
Viiier—e,... tyie,—e€ Opy, (b,9) € Acjvoe, : [ty 1) (b, 1) = t(b),
Vtie—e € Opy, ail,...,a, €A, word(t)(ai,...,a,) = t(a1),...,t%a,)),
Vtie—e € Opy, fEPA):sett)(f) = P,(tN(f),

Vitie— e € Opy, f€Bu(A):bag(t)(f) = Bu(t")(f),

Vtie—e € Opg, fEAX: tAf)=t1oF,

Vt:ie—e €Opy, a€A, XEBS, v,2€ X : Mr.t)*a)(z) = t[z/2]*(a).

Lemma TERMNAT
For all e € T,(S,Z) and t € T(V), we define t* : AV — A, by t%(g) = g*(t) for all

49



g € AV. For all ¥-homomorphisms h : A — B, the following diagram commutes:
A
AV —— s A,

Y (2) h,

Y +B Y
BY —— B,

Hence i : V' — F.Us with t4 =g t4 for all A € Algs, is a natural transformation where
Us is the forgetful functor from Algs to Set”.

Proof.

The commutativity of (2) is equivalent to (1): For all e € 7,(S,Z) and
t e TE(V)e,

(hog)(t) =tP(hog) =t2(hY (9) £ ho(t(g)) = helg’(t)).

Derived Y-operations and AX-terms

Let ¥ = (S5,Z, F) be a signature and V' be a T (S, Z)-sorted set of variables.
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The T,(S,Z)*sorted class dery, of derived YX-operations is defined inductively as fol-

lows:
o [ C ders. (X-operations)
o Mor(Setyy) C dery. (functions between nonempty sets)
e foralle € 7,(5,7), id. : e — e € ders. (identities)
e Forall e € 7,(5,7), sink. : e — 1 € ders. (sinks)
e For all nonempty sets B and b€ B, b:1— B € dery. (base constants)

eforalle, e € T,(S,Z)and t:e =€ € cNIx(V), t e — ¢ € dery.

(AX-term; see below)
efborall f:e—¢e,g:¢ —we" edersy,gof:e— e €ders. (composition)
e Forall f = (fs:es— €.)ses € dery and e € T,(S, 1),

fereles/s | se S| —ele)s|se S| eders. (T,(S5,I)-congruence)

etorall e BT, ivel, m:|[], e — e €ders. (projection)

etorall e BT, i1€1, e, = [[,.; e €ders. (injection)

e For all nonempty sets I, (¢; : e; — €)ics € derl and all (f; : e; — €)ics € deri,
case{c;.fi}icr 1€ — € € ders. (case distinction)

e For all nonempty sets I, (d; : e — €;)ie; € derl, and all (fi : €' — e;)ics € derk,
obj{d;.fi}icr - € — e € dery. (object definition)

For all f:e — € € dery, sre(f) = e and trg(f) = €' is called the domain resp. range
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of f.
Case distinctions and object definitions provide functional versions of the case- resp.

merge-statements of [60]. The following operators are derived from the preceding ones:

e For all (f;:e — e;)ics € derk,
(fi)iecr =aer obj{m;.fiticr:e = 1lic;ei-  (product extension)
e For all (fi:e; — €)ies € derl,

filicr =aer caselii fiticr - 11;c 66 — e (sum extension)
e For all (fi:e; — el)ics € derd,

[Licr fi =aer (fiomi)ier : [Licrei = [ Licr € (product)

[Ticr i =aer [tio filier : [licr i = Tlicsr € (sum)

Every S-sorted set A defines a category with 7,(S,Z) as the set of objects and the
functions from A, to A, as the morphisms from e of €.

The T(S)-sorted set \T%,(V') of AX-terms over V is defined inductively as follows:

oV C \Tx(V). (variables)
eforall f:1—ecdery, f:eeXy(V). (derived constant)
e Foralle € 7T,(5,7)\ {1} and f: e — € € dery,

fre—edeXlxp(V). (derived operation)
eforallz:ecVandt:e € XIx(V), et e — ¢ € XIx(V). (A-abstraction)
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e For some (c; : e; — €)ies € derk, all (z;: e;)ier € VI and all (¢; : €)ier € NTx(V)Y,
Mei(x) titier re — e € XTx(V). (case-based A-abstraction)
e foralle,e € T(S)andt:e— €, u:eec NTx(V),
tu) e e XIx(V). (term application)

cINTx (V') denotes the set of closed AY-terms over V' (all variables are bound by \).

Lemma OPNT

A = (A,0p) and B = (B,0p') be Y-algebras and f : e — ¢ € dery, such that f4 and
5 be defined. For all ¥-homomorphisms A : A — B,

he’ofA:fBOhe:
i.e., the following diagram commutes:

fA

A@ — A@’
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In other words, f is a natural transformation from F,Ug to F..Ug where Ug denotes the
forgettul functor from Algs, to Set”.

Proof. Induction on the structure of f.

The following diagrams (1), (2) and (3) commute: Let f = case{c;.f;i}ier-

Diagram chasing leads to
(case{c;.fi}icr)P o he o ¢t = hy o (case{ci.f;Yier)™ o ¢

for all 4 € I and thus to (case{c;.fi}ier)® o he = hu o (case{c;. fiYicr)*. ]
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A valuation of a 7 (5)-sorted set V' of variables in A is a T (.S)-sorted function g : V" — A
such that for all 7 : e € V, g(x) € A.. A" denotes the set of valuations of V in A.

The extension ¢* : \T%(V) — A of g € A to MNIx(V) is defined inductively as
follows:

eftorallz eV, ¢g"(x) = g(z).

eforall f:1—ecders, g°(f) = fA(%).

e Foralle € T,(S,Z)\ {1}, f: e = € €ders, g°(f) = f.

eforallz:ecV t:e € XIy(V)and a € A, g"(\v.t)(a) = gla/x]"(t).

e For all A-constructor tuples (¢; : e; — €)ier, (xi : €)icr € VI, (ti : €)icr € NTx(V)!
and (a;)ier € XierAe,, ¢"(Mei(@i) .t bier)(ci(ar) = gla; /z:](t;) is well-defined.

eforalle e e T(S)andt:e— €, u:ec XIx(V), ¢"(t(u)) = g"(t)(g"(u)).

For all t € cINTs(V), t4 =4 g*(t) where g is any valuation of V in A: Since ¢ does not
contain variables, g*(t) = ¢’*(t) for all g, ¢’ € AV



Various notions of terms
1. Finite terms with collections

Let ¥ = (BA, S, F, P) be a constructive signature, BA = (BS, BF, BP) and V be an
T (S)-sorted set whose elements are called variables.

Tx(V') denotes the least T(S)-sorted set such that the following conditions hold true:
e Forall Be BS, Tx(V)p = BU V.
e foralle e T(S)\ BS, V. CTx(V)..
eforall fiegx---xe,+>se€Fandt; € Ty(V),, 1 <i<mn,
flty, ... t,) € Tx(V)s.
e Forallce Coll, s€ Sand t € Tx(V):, c(t) € Tx(V)(s).

Hence T5 (V') consists of those X-terms in the sense of Signatures, which denote objects
composed of constructors, and not any terms needed for building up Predicates.

Let ~ be the least T(S)-sorted equivalence relation on T (V') such that

o for all B € BS, ~p= AQBUVB,
o forall s € S, A?
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eforall f:egx - xe,—=seFandt,t e Tx(V),, 1 <i<n,
b roey TN ANty e, B = [ty tn) ~s f(E .. T,
eforallse S, n>1 f:[n]—=[n]and ty,... t,t, ... .t € Ts(V),,
ti v A Aty gty = bag(tray, - tim) ~bagls) bag(th, .. 1),
eforall s €S, mmn>0andty,... t,t,....t € Tx(V)s,

Vielm]Ijen| ti~t) ANVjen| i€ m]:t;~t]
= set(tl, ce ,tm) ~ set(s) Set(tll, ce ,t;ﬁb).

Consequently, for all B € BS,
(Ix(V)/~)p =Tx(V)p/~ = (BUVE)/~ = BUVp = Fp(Tx(V)/~),
and for all ¢ € Coll and s € §,
(Ts(V)/~)es) = T(V)e(s)/~ = Fegs)(Te(V)/~).

Hence the S-sorted set Tx,(V')/~ as well as S-sorted functions from Tx(V')/~ are lifted
to an T (S)-sorted set resp. T (S)-sorted functions in the same way Y-algebras resp. Y-
homomorphisms are lifted.

If > does not contain collection types, then ~ = AzTg(V) and thus Ty (V) /~=Tx(V).
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For ease of notation, we identify Tx(V') with Tx,(V)/~ and thus each element of Ty (V)
with its equivalence class w.r.t. ~.

The elements of Tx(V) are called 3-terms over V.

The elements of 7y, = Tx(As.0) are called ground >-terms.
Tx(V) is extended to a Y-algebra as follows:

Forall f:e—e€ € Fandt e Ts(V)., fV(t) =40 f(1).
Tx (V) is called the free Y-algebra over V.

2. Infinite terms with collections

Let ¥ = (S,Z, F) be a constructive signature and N.; be the set of positive natural
numbers.

C'Ty; denotes the greatest T (S)-sorted set of prefix closed partial functions
t:N2, —- FU| JBSU Coll
such that

o for all s € S and t € U7y, there are n > 0 and ey,...,e, € T(5) with t(e) :
ep X - xXe, = s€F def(t) "N = [n| and \w.t(iw) € CTy, forall 1 <i<mn,
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o forallc € Coll, s € Sandt € CTy ., thereis n, € Nwith t(e) = ¢, def (t) N = [n]
and \w.t(iw) € CTy , for all 1 <@ < ny,

o for all X € BS, CTE,X = (1 — X)
Let ~ be the greatest T (S)-sorted equivalence relation on CTy, such that

o forall s € S and t ~, 1/, t(e) = t'(¢) and for all i € N, hw.t(iw) ~ \w.t'(iw),

eforall s € SUBS and t ~ 45 t', iy = ny and \w.t(iw) ~; Aw.t'(1w) for all
I <1< ny,

efor all s € SUBS and { ~y ¢/, iy = np and there is f : [n] — [ng] with
Aw.t(iw) ~s Aw. ' (f(i)w) for all 1 < i < my,

o for all s € SUBS and t ~, t' there are f : [n] — [ny] and g : [ny] — [n]
with Aw.t(iw) ~g Aw.t'(f(i)w) and Aw.t(g(j)w) ~s Aw.t'(jw) for all 1 < i < ny and
1 <7 <ny,

o for all X € BS, ~x=A?_ .

Of course, ~ = A%TE and thus C'Ty/~ = CTy whenever ¥ does not include collection
types.

Ty, and Ty, /~ denote the S-sorted sets of finite (collection) Y-trees.
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C'Ty is a Y-algebra: Forall f:e—s e F, (t1,...,t,) € CTx,, i >0and w € NI,
. ti w if 1 S 1 S n,
P t)€) =g £ and S ) 0) =g {

undefined otherwise.

3. A-terms

The S-sorted set T5,(V') of ¥-terms over V is defined inductively as follows:

e Foralle e 7,(5,7), V. C Tx(V)..
e Forall X € BS, X C Tx(V)x.
e tupling: Foralln > 1, e,...,e, € T)(S,Z) and t; € Tx,(V),,, 1 <i <,
(t1y -y tn) € T(V )eyxcexen,-
eForall fie— ¢ € BFUFUINJUPRIUITE and t € Ts(V)., f(t) € Ts(V),.
e \-abstraction: Let e,e’ € T,(5,7) and {c; : e1 — e,...,¢, : e, — e} be a
constructor set. For all x; € V., and t; € Txy(V)o, 1 <7 <n,
Act(xy).tr] .. Ae(n) b)) € T(V) eter
e term application: For all e,e’ € 7,(5,Z),t € Tx(V ). and u € Tx(V)e,
t(u) € Ty (V).
e collection: For all ¢ € {bag, set}, e € T,(S,Z) and t € Tx(V);, c(t) € Tx(V ) ().
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A(id(x).t) is also written as A(z.t).

The extension ¢* : Tx(V) —o— A of g to Tx(V) is defined inductively as follows:

eforallz eV, ¢g"(x) =

e Forall z € |yBS, g*(x

e For all n > 1 and ty,. .. ,tn € TE(V), g (ty, ... ty) = (g*(t1), ..., g (tn)).

eforal f:e—e¢ € FUBF andt € Ts(V),, g (f(t)) = f*(g"(1)).

o Lete e €T)(S Z)and {c;:e1 = e,...,c,: e, = e} be a constructor set.
Forall z; € V,,, t; € Tx(V)y and a; € A,;, 1 <7 < n,

g Aer(@n)ti - ea(@n) ) (f (@) = glag/xi]* (t).
Note that, if ¢; € BS, then t{a;/x;} is a term and thus gla,;/x,]*(t;) = g*(t{a/x}).
o Forall e,¢ € T,(5,Z),t € Tx(V)oe and u € T5(V)e, g*(t(w)) = g*()(g" (u)).
e For all c € Coll, s € S and ty,...,t, € Tx(V),
g ety .. tn) = [(g"(t1), .., g7 (tn))] =

Let ¥ be constructive and V' be an T (S)-sorted set of variables.

g()
)

Then the set of ¥-terms over V' that consist of symbols of V.U FU{(,)} UlJBS forms
a Y-algebra is also denoted by 7% (V) (see Term functors).

Moreover, for all T(S)-sorted functions g : V' — A, the restriction of g* to the algebra
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Tx (V) forms the unique X-homomorphism from 75 (V') to A such that
g oincy = g.
The uniqueness implies

(hog) =hog" (1)
for all 2¥-homomorphisms h: A — B.

Substitution in A\-terms

Calculi for proving Y-formulas often involve substitutions, and their correctness depends
on the validity of (1) for A = T5%(V)—mnot only for the terms of the algebra Tx(V'), but
also for, e.g., Ad-abstractions. The above definition of g*(Ax.t), however, would not work.

Instead, for all 7(.S)-sorted functions g : V' — Tx(V), ¢*(Ax.t) must be redefined as fol-
lows in order both to prevent x from being substituted and to perform variable renaming
if necessary:

. B Af,g[fl/x}*@) if x € ‘/t,g?.’l; —de U U&T(g(fTE@(t) \ {ZC})),
g(Aet) = { Ax.glx/x]*(t) otherwise. f
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AX g*

a(y) g(z)
g(y)\ /9(2) y

N
N

Lemma SUBST?2

Let AT%:(V') be the set of 3-terms over V' that consist of symbols of VUFU{(, ), A\}UlJ BS
and A be a Y-algebra.

For all 7(S)-sorted functions g : V- — AXTx(V) and h: V — A,
(h* Og)* _ h* Og*.

Proof. Proceeds similarly to |120], Lemma 8.3. -
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Coterms with collections

Let ¥ = (BA, S, F, P) be a destructive signature, BA = (BS, BF, BP), V be an T(5)-
sorted set whose elements are called “colors” and
Laby, = {(d,x,4,7) | d:s—= ([Lje;(ein x -+ X €in,) N €F, z € X, i€,

cols (V') denotes the greatest T(.S)-sorted set of prefix closed partial functions
t:Laby —o> V U| JBSU Coll
such that the following conditions hold true:

e For all B € BS, coTx(V)p = BU Vp,
here regarded as the set 1 — B U Vg of “nullary” functions.

e Foralle € S and t € coTx(V),, t(e) € V,
def(t) N Laby = {(d, z,i,7) € Laby, | src(d) = s}
and for all (d,z,1,7),(d, x, k,j') € def(t) N Labs,
i =k and \w.t((d, x,i, j)w) € coTx(V),

f/Z‘j *

o For all c € Coll, s € S and t € colx(V).,), t(€) € {c} UV, and there isn € N
such that def(t) N Laby = [n] and for all 1 <i <n, Aw.t(iw) € coTx(V)s.

Pathy, is the least T(S)?-sorted subset of Lab% such that
o for all e € T(5), ¢ € Pathy ..,
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eforalld:s— ([[,c/len x - xep)* €EF,z€X,i€l,1<j<n;,ecT(9)
and w € Pathse. ., (d,z,i,j)w € Pathy .,
o for all e,ey,...,e, € T(S), N\i_jw; € Pathy ... implies Pathy .. x..xc,,
eforallse S, ce Coll,neN se S eeT(S)and w e Pathy .,
nw € Pathy () -

The above conditions imply that every t € coTx(V ). can be written as a sum of partial

functions
[lics ts @ Paths s —o= Vi

+HB€BS tB . Pathzje7B —— B U VB
—|_ HCEOO”,SES tC?‘S : Path27€7c(5) o {C} U ‘/vc(s)

For all t € coTx(V'), def,(t) =q4es def(t) N Labs.

Let ~ be the greatest T(S)-sorted equivalence relation on coTx (V') such that

o for all B € BS, ~p= A%y,
eforallse Sandt~,t' t=1t €V,orforall de def(t), \w.t(dw) ~ Aw.t'(dw),
o for all s € S and t ~y,y5) t', defy(t) = def,(t') and

3 f:[n] = [n]:Vie defy(t): Mw.t(iw) ~s  w.t'(f(i)w).



o forall s € S and t ~gy s t,

Vi€ defi(t) 3 j € defi(t') : Mw.t(iw) ~g Aw.t'(jw),
V j e def (') i€ defi(t) : Mw.t(iw) ~g dw.t'(jw).

Consequently, for all B € BS,
(coTx(V)/~)p = coTx(V)p/~ = (BUVp)/~ = BUVp = Fp(colx(V)/~),
and for all ¢ € Coll and s € §,
(COTE(V)/N)C(S) — COTZ(V)C(S)/N = F (COTE( )/N)
(see Sorted sets, functions and relations).

Hence the S-sorted set coTx(V)/~ as well as S-sorted functions from coTx(V)/~ are
lifted to an T (5)-sorted set resp. T (.S)-sorted functions in the same way Y-algebras resp.
Y>-homomorphisms are lifted.

[f ¥ does not contain collection types, then ~= Aong oy and thus coT5 (V) /~= coTx(V).

For ease of notation, we identify coTx(V') with coTx(V)/~ and thus each element of
coTs (V') with its equivalence class w.r.t. ~.

The elements of coTy (V) are called ¥-coterms over V.
The elements of coTy, = coTx(Me.1) are called ground Y-coterms.
If for all (d, z,i,7) € Laby, x, ¢ or j depends on the other components of (d, x,, j), then
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x, 1 or 7, respectively, is omitted.

coTx (V) is extended to a »-algebra as follows:

Foralld:s — ([],c/(en X - - X €n,))* € F, t € coTx(V)s and z € X,
ATV () (z) = (Ww.t((d, z, i, D)w), ...,  w.t((d, z,i,n;)w)),q)

where i is unique with (d, x,4,1),...,(d,z,1,n;) € def ().

coTx (V) is called the cofree Y-algebra over V.
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Terms with product and sum extensions

Let w € N*.

e For all x € X,
x if w=c¢e,

x(w)=def{
eforall f:s;...5, >s€ Fandt; € Ty(X);, 1 <i<mn,

f if w =,
flt, . t)(w) =g § tizi(v)  if w=1v for some ¢ € N, v € N¥,
undefined otherwise.

undefined otherwise.

elorall f:s—s1...5,€ Fandt; € colxn(X)s, 1 <i<n,

f if w =,
tr, ot f(w) =ger € i1 (v) if w=iv for some i € N, v € N*,
undefined otherwise.

Given a coterm t and w € N*, path(t,w) returns the sequence of symbols on the path
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from the root to node w of t: For all x € X, [t1,...,t,|f € coTx(X), i € N and w € N¥,

ath(z,w) = ’ A
D ; — %\ undefined otherwise,

If.iw) { f path(tii1,w) if 0 <i<mn,
) —de

th(|ty,.... t, '
path(lt, ..., undefined otherwise.

A (co)term t over N* such that all operations of ¢ belong to F'\ BF and for all = €
var(t) Ucov(t), sort(x) € BS and t(z) = x, is called a Y-generator resp. >-observer.

Given w € N* and a (co)term ¢, w - ¢ denotes the (co)term obtained from ¢ by replacing
each (co)variable v of t with wv.

\

/
A Ay
\

X 5 f6
00 / ‘ / \
X f6 y X
010 100 110 111

y 0110
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The tree representing the term f1(fo(x, f5(x, fs(y), x), 2), [3(fe(y), fs(x,x)))
or the coterm |||z, |z, [y| f6. x| f5, 2] f2, [yl fo. |2, x| fs]| f5] f1

. 1+s
list(s) - TAAN
¢ _--mT 7 \
/ S v bl
/ \ \\\ \\\ \ TC]
< n] \ \ ht

\\ \\ |
\ \
/ \ \ [ l-l 7'[2 ]
Y
\
\

< n3
SXSXS ht
colist(s)

The term : (x: (y : (,]]))) generates lists of length 3 from two elements.

If applied to a list with at least three elements, the coterm [x, [[x, [[z, [y|m|ht|mo| ht|ms| At
returns the third element at exit . If the list has fewer elements, the coterm returns this
fact by taking exit x. The underlying signatures are given later.
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(<3
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d1 ‘d2
A T T A

The data flow induced by the formula r(t1, to, t3) where
t1 = [[ly1, vol fo, yo, [Y2] f3] f1]g2(g1(21), g2{x1, g3{x2))),

ta = [[ly1, 2l f4, lyr, w2l f5) fal@o and t5 = [[[y1, y2l f5, 1] 5, y2l fi] o,

r(ti o, ta)! = {h € A% | (t{(h), 5 (h), 15 (h)) € r'}
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For all s € .5,
Behy s =gef H (BT x cou(t)).

tGObSZﬁ

Intuitively, an element of Behg s is a tuple of possible results of applying s-observers
to any s-element of a Y-algebra. The result of applying observer ¢ is a pair (a,z) that
consists of an “output” value a € BA and a covariable x of t representing the “exit” where
a is returned.

b € Behy s is called a X-behavior if for all £,u € Obsy ;, n € N and w € N",

path(t,w) = path(u, w) implies take(n + 1)(ma(b;)) = take(n + 1)(ma(by)). (1)

By (1), the “runs” of two observers ¢t and u on b “take the same direction” as long as both
observers apply the same destructors. In particular, if they start with the same destructor
f, they take the same exit of f, formally: for all b € Behy(BA)s; and t,u € Obsy,
t(e) = u(e) implies head(m(b;)) = head(ms(b,)). Hence

forall f:s—=5s1...5,€ " and b € Behy ¢ there is 1 <4y < n such that
for all t € Obsy 5, t(e) = f implies head(ma(by)) = isp. (2)

An element of ;>3 = Ty, (left) resp. v¥p4 = Behy (right):
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4
\

“

4] [dg [dyy dg 4

/ \ (d,
<& C4 > \ /

cee d cee d cee d
/\ /\ S A e

<C5 C6> <C7 C8>

o forall s € S, v, = Behy .
eforall f:s—s1...5,€ F\ BF and (bt)teobsz’s € Behsy g,

fyz(b) - <<<7Tla tail o 7T2><b[t . ]f))t,-EOsz s Z)
where i = iy and for all k # 4, t;, € Obsy,,. Note that head(m(by,  1.17)) = 9.

For all S-algebras A, the unique S-morphism unfold” : A — vY is defined as follows:
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For all s € S and a € A,
unfold;(a) = (t"(a))rconsy,

Recursive equations

Let C'Y = (S,Z,C) be a constructive signature, DY = (S,Z, D) be a destructive signa-
ture, ¥ = CX U DY, and ¥ = (C%, DY). A set
E = {dc(xy,...,xp,) =tgc|ciegx---xXe,, -s€C, d:s—ee D}

of Y-equations is a system of recursive V-equations if the following conditions hold
true:

e foralld e D and c € C| free(ty.) C {x1,..., 2}
e (U is the union of disjoint sets C and Cs.
e foralld € D, ¢ € C} and subterms du of 4., v is a variable and ¢4 . is a term without

clements of C.
= no nesting of destructors, but possible nestings of constructors of C

e For all d € D, ¢ € (5, subterms du of ¢4, and paths p of (the tree representation of)
tac, u consists of destructors and a variable and p contains at most one occurrence of
an element of C.
= no nesting of constructors of C, but possible nestings of destructors
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Let E be a system of recursive W-equations and A be a CX-algebra. An inductive
solution of E in A is a Y-algebra B with B|cy = A that satisfies F.

Lemma AUX Seis € S. Sei{c; :e1 — s, e, > st={c:e—=seC|s=s}
Die Summenextension [cf}, ..., 7] ist b1Jekt1v Es gibt also eine Funktion

Al Ay — A+ A,

mit [ef, ..., ¢ odd =idy, und dlo e, ..., ] = (A, ot Agy, - a

n

Theorem INDSOL If (Y is empty, then E has a unique inductive solution in the initial
C'X-algebra.

Proof . Let A = (A, Op) be initial in Algs. By Lemma INI (1) and (3), A satisfies the
induction principle. Suppose that the 7,(S,Z)-sorted set B with

Be={a€A |V f:e=e eV mlfp(E))(a) # L}
is a 2-invariant of A. (1)
Then a solution ¢ of £/ in A is defined as follows: For all f :e — ¢ € V and a € A,

g9(f)la) = m¢(lfp(E))(a).

Zunéchst wird die Existenz einer induktiven Losung von E in A durch Induktion be-



wiesen. Wir zeigen, dass B mit
By, = {a € A, |fiiralled:s— e € Dist d(a) definiert}, s€ S,
eine Unteralgebra von A ist.

Let a € A,. By Lemma AUX there are 1 < i < n and b € A, with d4(a) = (b,i) and
cA(b) = a.

?

Seid:s—e€ €Dundb=(ay...,a,, ) € B, dh. firalle 1l <j < mn ist d*(a;)
definiert. Dann ist auch o' = vallai /@1, ..., an, /@y, ]"(a,;) definiert, wobei val eine
beliebige Variablenbelegung ist.

Um d# an der Stelle a durch o’ zu definieren, bleibt zu zeigen, dass die Darstellung von
a als Applikation ¢/(b) eines Konstruktors eindeutig ist.

Sei 1 <j<nundl € A, mit a = cH(b'). Dann ist

—~
~—

(b,0) = di(a) = di(c]'(V) = d([cs ..., )1V, 9)) = (ida, poya, )V, 5) = (¥, 9),
also b =V und ¢; = ¢;.

Folglich liefert d“(c(b)) = a’ eine eindeutige Definition von d* an der Stelle a. Damit
gilt (2) und wir schliefen aus (1), dass d“(a) fiir alle a € A, (eindeutig) definiert ist.

Auch die Eindeutigkeit der induktiven Losung von E in A lésst sich durch Induktion
zeigen: Seien Aj, Ay zwei Losungen von E in A.
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Wir zeigen, dass B mit
B, = {a €A, |firalled:s—ee D, d"(a) =d"(a)}
eine Unteralgebra von A ist.

Seic:e—>seC,d:s—¢e €Dunda=(a,...,a,) € B, dh. firallel <i<mn,
ist d1(a;) = d*?(a;). Daraus folgt fiir val; : V — A; und valy : V — Ay mit
valy(z;) = valy(x;) = a;:

A1 (cAa)) B vali(te,) = vali(tee) M E T d42(cA(a)).

Damit gilt (2) und wir schlieken aus (1), dass d4t mit d*? iibereinstimmt. -

Let E be a system of recursive W-equations and A be a DX-algebra. A coinductive
solution of E in A is a Y-algebra B with B|py, = A that satisfies E.

Let A = (A, Op) be a DX-algebra. A set
E = {c=o0bj{dt.q|de D, src(d)=trg(c)} | ce C}

of Y-equations over C' defines C' coinductively on A if E has a unique solution in A.
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Theorem COINDSOL (old version of Theorem RECFUN2/3)

Sei E ein rekursives W-Gleichungssystem. E has a unique coinductive solution in the final
D3> -algebra A. Moreover, the initial C'X-algebra Ty is a DX-algebra that satisfies E
and unfold’® = fold*. Die unten zur Y-algebra T erweiterte Termalgebra Tey erfiillt
E und es gilt

unfold™® = fold™.

Beweis. Sei V' eine S-sortige Variablenmenge, die die Triagermengen von A enthalt. Wir
erweitern die Menge Ty (A) der C-Terme iiber A wie folgt zur Y-algebra Tp(A): Fur
alle Operationen f :e — ¢ von X und t € Tox(A)e,

fTE(A)(t> = eval(ft),

wobei eval : T5(V') — Teox(V) wie unten definiert ist. Die fiir eine induktive Definition
erforderliche wohlfundierte Ordnung > auf den Argumenttermen von ewval lautet wie

folgt: Fiir alle ¢,t" € Ts,(V),
t >t Sar (depe,(t),depp(t), size(t)) >, (depey(t), depp(t'), size(t')).

> € N3 x N? bezeichnet die lexikographische Erweiterung von >C N x N auf Zahlen-
tripel.

Sei G C F. size(t) bezeichnet die Anzahl der Symbole von ¢, depq(t) die maximale
Anzahl von G-Symbolen auf einem Pfad von ¢. .
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Die induktive Definition von eval lautet wie folgt:

o Fiir alle z € V, eval(x) = x.
eFiralle f: X Y e BFUBF und z € X, eval(fx) = f(z).
e Fiiralle f:5s—e€ Dunda € A, cval(f(a)) = fA(a). (1)
o Fiirallez € V und t € Tx(V), eval(Ax.t) = \x.eval(t).
elirallec:e; x---xe, >seCundt; € Tx(V),, 1 <i<mn,
eval(c(ty, ..., t,)) = cleval(ty), ..., eval(t,)). (2)
o Fiir alle t,u € Tx(V), eval(t(u)) = eval(t)(eval(u)).
o Fiir alle t,u,v € Tx(V), eval(ite(t,u,v)) = ite(eval(t), eval(u), eval(v)).
eliralled:s —e €D, c:e—seCund(ty,...,t,) € Tx(V).,
eval(dc(ty, ... t,)) = u{ti/x1, ... ty/xn, eval(uyo)/z1, . .., eval(uo) /2 }, (3)
wobei u € Tex(V), {21,..., 2k} = var(u) \ {z1,..., 2.}, w,...,ux € Tx(V) aus
Destruktoren und Variablen bestehen, o = {¢;/x1,...,t,/x,} und

tae =u{ui/z1,. .., ur/2}

eliralled:s »ee D, d:s—seDunduelx(V)y,
eval(dd'v) = eval(d eval(d'u)). (4)

(5) Fiir alle t € Tx(V) ist eval(t) definiert und depc,(eval(t)) < depc,(t).
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Beweis von (5) durch Induktion iiber t entlang >>.

Fall (1): Es gibt f : e - € € BFUBF' ' UD und a € A, mit t = fa. Dann ist
eval(t) = f(a) bzw. eval(t) = fA(a) und depc,(eval(t)) = 0 = depc,(t).

(t
Fall (2): Esgibtc:e - se CU{ x. |z e V}U{ (), ite} und (¢y,...,t,) € Tx(v).
t =

mit c(ty, ... t,). Seil <i<n.

Ist ¢ € Cy, dann gilt depe,(t;) < depe,(t). Ist ¢ € Cy, dann gilt depg(eval(t;)) < depa(t)
fir G € {Cy, D}, aber size(t;) < size(t). Demnach gilt ¢ > t; in beiden Unterféllen.
Also ist nach Induktionsvoraussetzung eval(t;) definiert und depc,(eval(t;)) < depe, ().

Daraus folgt, dass auch eval(t) = c(eval(ty), ..., eval(t,)) definiert ist und
depc,(eval(t)) = max{depc,(eval(t;)) | 1 <i < n} < mazx{depc,(t;) |1 <i<n}
= depc,(t)
im Fall ¢ € C] bzw.
depc,(eval(t)) = 1+ max{depc,(eval(t;)) | 1 <i < n}
<1+ max{depc,(t;) | 1 <i<n} =depc,(t)
im Fall ¢ € C.
Fall (3): Esgibt d:s —- € € D,c:e — s € C und (t,...,t,) € Tx(V), mit
= dc(ty,...,t,). Seien k,u,0,z1,..., 2k, U1, ..., u; wie oben und 1 < ¢ < k. Ist
c € (4, dann ist u;o ein echter Teilterm von ¢ und damit depg(u;o) < depg(t) fiir
G € {Cy, D}, aber size(u0) < size(t). Ist ¢ € Cy, dann gilt depe, (u;0) < depey,(t).
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Folglich gilt ¢ > w;0 in beiden Unterfallen. Also ist nach Induktionsvoraussetzung
eval(u;o) definiert und depe, (eval(u;o)) < depe,(u;o).

Demnach ist auch
eval(t) = uf{t1/x1,. .., ty/xn, eval(uio) /2y, . . . eval(ugo)/z; }

definiert und depc,(eval(t)) < depc,(t), weil jeder Pfad von w im Fall ¢ € C) kein
Co-Symbol und im Fall ¢ € C5 hochstens eins enthalt.

Fall (4): Esgibtd:s wee D, d :s —se&€ Dundu € Tx(V)y mit t = dd'u. Dann
gilt depe,(d'u) < depe,(t), aber depp(d'u) < depp(t), also t > d'u. Damit ist nach In-
duktionsvoraussetzung eval(d'u) definiert und depc,(eval(d'u)) < depe,(d'u), also auch
depc,(d eval(d'u)) = depe,(eval(d'u)) < depe,(t). Wegen eval(d'u) € Tex(V) ist je-
doch depp(d eval(d'u)) < depp(t), so dass nach Induktionsvoraussetzung auch eval(t) =
eval(d eval(d'u)) definiert ist und depc,(eval(d eval(d'u))) < depc,(d eval(d'u)). Da-
raus folgt schlieflich depe,(eval(t)) < depe,(d eval(duw)) < depe,(t). -

Wie man ebenfalls durch Induktion iiber ¢ entlang > zeigen kann, kommen alle Vari-
ablen von eval(t) in ¢ vor. Daraus folgt fTE(4)(¢) = eval(ft) € Tox(A) und fTeW () =
eval(fu) € Tey fiir alle Operationen f : e — € von X, t € Tex(A). und u € Tey,.
Folglich ist die Einschrinkung 7% von Tg(A) auf die Menge Ty der CY-Grundterme
eine DY-Unteralgebra von Tr(A).
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(6) Fiiralle c: e = s € C und (t1,...,t,) € Tox(A)e, TEW (.. 1) = c(ti, ... t).
Beweis von (6). eval(t) =t fiir alle t € Tog(A) erhédlt man durch Induktion tiber die
Grofse von t. Daraus folgt

Def TE(A)

Tp(A) _(tl, ooty) = eval(e(ty, ..., ty)) @ cleval(ty), ..., eval(t,))

eval(t;)=t

= (tl, R

(7) Fiir alle g : V' — Tex(A) und X-Terme ¢, die aus Destruktoren und einer Variable x
bestehen, gilt eval(to) = ¢g*(t), wobei o = {g(z)/x}.

Beweis durch Induktion tiber die Anzahl der Destruktoren von t.

Seidy,...,d, € Dundt=d;...d,x. Ist n =0, dann gilt

eval(to) = eval(xo) = eval(g(x)) olr)eloxd) g(x)

Andernfalls ist

eval(to) = eval(dy ... dy,x0) & eval(dy eval(ds . ..d,x0))

: Tp(A)
ind. hyp. Def. d, ¥
=" eval(d, g*(dy ... dpx)) = dipE(A) (g*(ds...dyx))
PLI 0x(dy .. dur) = g*(1). 0
(8) Tr(A) erfillt E.
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Beweis.

Firallec:sy x -+ xs,>se€C,d:s—wecDundo=g:V — Tex(A),

g (de(xy, ... x)) PET dEA (A (g(a

s 9(@n)))
Def. d1E eval (dc"EW) (g(x), ..., g(z,))) u eval(dc(g(x1), ..., 9(x,)))
g uw{xi0/x1, ..., 00Ty, eval(uio)/ 21, . . ., eval(ugo)/ 2y}
(:7) u{xla/xl, - ,azna/xn, g*(u1)/Z1, ce ,9*(Uk)/zk} UET%E(V) 9*(td,c)- d

Da Tg(A) eine DY-Algebra und A die finale DY-Algebra ist, gibt es den eindeutigen
DY-Homomorphismus unfold#“Y : Trp(A) — A.

(9) Fiir alle a € A, unfold"™®Y(a) = a.
Beweis.

Fiir alle d : s — e € D gilt d*(a) = d"#4(a). Folglich sind die Inklusion
inca : A — Tex(A) und daher auch die Komposition

unfoldTE(A) omecy: A— A

D> -homomorph. Also stimmt diese wegen der Finalitdt von A mit der Identitat auf A
tiberein. EI
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A lésst sich zur CX-Algebra erweitern: Fiir allec:e — s € C' und a € A,
Aa) =g unfold™ Y (c(a)). (10)
Fir alle ¢ : sy X - sn%SEC,d:s%eeDundg:V—)A,
g*(de(xy, ... )) d4(cA(g(1), - -, g(xa)))
D A afold =D (), ... )
unfold TE(A )DE homomorph foldTE (dTE( )(c(g(xl),...,g(xn))))
O infold e (dTeA) (e (g(21), . .., g(z)))) =27 7unfold =D (g*(de(z, . . ., 20))

8 9
S unfold™e@ (g (ta.)) 2 g (ta.).

Also gibt es eine coinduktive Losung von E in A.

(11) Die grokte DY-Kongruenz R ist eine C>-Kongruenz.

Beweis. Sei RC der C-Abschluss von R (s.0.). Ist R¢ eine D¥-Kongruenz, dann ist R
in R enthalten, weil R die grofte DY-Kongruenz ist. Andererseits ist R in R® enthalten.
Also stimmt R mit R® iiberein, ist also wie R® eine C'¥-Kongruenz. Demnach bleibt zu
zeigen, dass RC eine DY-Kongruenz ist.

Sei also d : s — e € D und (t,u) € R¢.

Cehort (¢, u) zu R, dann gilt das auch fiir (d72A)(¢), d"24) (), weil R eine DY.-Kongruenz
ist. Wegen R C R folgt (d"2(t), d"=W (v)) € RC.
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Andernfalls gibt es ¢ : 51 X -+ X s, = s € Cund t1,...,th,ug,...,u, € Tex(A) mit
t=c(ty,...,tn), u=cluy,...,u,) und (t;,u;) € RC fiir alle 1 < i < n.

Nach Induktionsvoraussetzung gilt (d72A)(¢;), dTe@W (y;)) € RS fiir alle 1 < i < n und
d :s; — € € D. Seien g, ¢ Belegungen von V in Tex(A) mit g(x;) = t; und ¢'(z;) = w;
fir alle 1 <7 <n.

Wegen

—~

AN (t) = dTED (e(ty, .. . 1)) L dEDTEN 1, 1)) S g (ta),
d"EW (u) = dTEW (c(uy, . . ., uy) g dTEA(TED () 2 9" (ta.)

und weil RC eine CY-Kongruenz auf Tex(A) ist, folgt (dTE(A)(t), d'2(u)) € RY aus
(g(z;), ¢'(x;)) € RC fiir alle 1 < i < n. Also ist R eine DX-Kongruenz. -

(11) liefert folgende C'3-Algebra B mit den Triagermengen von A:
Firallec:e —se Cundt e Tox(4).,

B (unfold ™D (t)) =40 unfold™ N (c(t)). (12)

B st wohldefiniert: Sei t,u € Tos(A), mit unfold () = unfold ™V (). Da A final
ist, stimmt R nach Satz 3.4 (3) mit dem Kern von unfold?®“V iiberein.



Also impliziert (11), dass der Kern von unfold ®“Y eine C'S-Kongruenz auf Tes(A) ist.
Daraus folgt

P (unfold™ D (1)) 2 un oldTE( (e(t)) Y unfoldTeA (TeA) (1)
)

= unfoldTE(A)(cTE<A>(u)) = unfoldTE( Je(u)) = e B (unfold ™ (w)).

(©)

(13) ¢ stimmt mit ¢ iiberein: Fiir alle a € A,
c”(a) Y B (unfold™ N (a)) 2 unfoldT*™(¢(a)) e A(a).

(14) unfold™“Y ist C'S-homomorph: Fiir alle ¢ : e — s € C und t € Tey(A).,

unfold W (TEA) (1)) Y unfold™#W (c(t)) e P (unfold# N (t)) ) cAunfold BN (t)).

Sei T die DY-Unteralgebra von Tr(A) mit Triagermenge Tey.

(15) unfold™™ = fold”: Da A eine finale DY-Algebra ist, existiert genau ein DY-
Homomorphismus von T nach A. Folglich stimmt unfold’ mit der Einschrankung

von unfaldTE(A) auf Ty, iiberein. Da incr,y, : Tes — Tr(A) wegen (6) und unfoldTE(A)
wegen (14) C-homomorph ist, folgt (15) aus der Initialitdt von Ty,
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INCT,y (15
Y jg
T -
o fold™

Es bleibt zu zeigen, dass je zwei coinduktive Losungen A, As von E in A miteinander
ibereinstimmen.

Sei () die kleinste S-sortige Relation auf A; x As, die die Diagonale von A enthéilt und
fiir alle ¢c: e — s € C' und a,b € A, die folgende Implikation erfiillt:

(a,0) € Q = (cM(a),c™(b) € Q. (16)

(17) Q ist eine DY-Kongruenz.

Beweis. Seid:s — e € D und (a,b) € Q,. Gehort (a,b) zu A%, dann gilt a = b, also
d*(a) = d*(b). Daraus folgt (d*(a), d*(b)) € Q., weil Q die Diagonale von A enthilt.
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Andernfalls gibt es ¢ : s X - X s, - s € C und ay,...,a,,b1,...,b, € A mit
a = cM(ay,...,a,), b = c2(by,....b,) und (a;,b;) € Q fiir alle 1 < ¢ < n. Nach
Induktionsvoraussetzung gilt (d"4(a;), d*(b;)) € Qu fiir alle 1 < i < n und

d:s;— e €D. Seien g,¢9' : V — A Belegungen mit g(z;) = a; und ¢'(x;) = b; fiir alle
1 <17 < n. Wegen

d*a) = dA(cM(ay,. .., a,)) = g (tac), d(b) = dA(c™(by, ..., b,) = " (tac)

und weil @ ein C'X-Kongruenz ist, folgt (d“(a),d"(b)) € Q. aus (g(z;), ¢'(z;)) € Q fiir
alle 1 <7 <n. M|

Wegen der Finalitat von A ist nach Satz 3.4 (3) die Diagonale von A die einzige DY-
Kongruenz auf A. Also impliziert (17), dass @ mit A% iibereinstimmt. Seic:e — s € C
und @ € A.. Aus (a,a) € Q und (16) folgt (c*1(a),c*?(a)) € Q., also c1(a) = ¢*2(a)
wegen @ = A%. Demnach gilt A} = As. 4
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[ XPath and CTL on trees }

Let Label be a set of node labels. A document tree can then be represented as an ordered
labelled tree over (N, Label) with respect to the usual partial order < on N (see chapter
3).

In this representation, links in the document are dereferenced, i.e., replaced by the docu-
ments they point to. Backreferences lead to non-wellfounded trees. As an example, take
the abstract syntax of the XML grammar XMLstore of [119], Beispiel 4.7, where Label is
the set of constructors of the abstract syntax of XMLstore.

A context-free grammar GG = (S, BS, R) (see [119]) that provides the concrete syntax of
XPath (see, e.g., |27]), relation constructors of relational algebra (+, A, =, join, x and
div) and the unary logical operators of CTL (computation tree logic) reads as follows:

S = {nodeRely, nodeRel;, nodeRely, nodeSety, nodeSet;, nodeSet, },
BS = {Label, P(Label), (,),[,],+, X, /,>>,3,=, clos, inv, self , . . . | equiv, V, \, =,
EX,...,AG)

and R consists of the following rules that respect the precedence of multiplicative opera-
tors (/, A\) over additive operators (+, V):
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nodeRel,
nodeRel;
nodeRels

nodeSet)
nodeSet;
nodeSety

op

/

op

Ll

VN

(XPath and CTL)

nodeRel) + nodeRel;

nodeRel; /nodeRely, | nodeRel; N\ nodeRel,

clos(nodeRely) | inv(nodeRely) | —(nodeRely) |

nodeRel, >> nodeSety) | join(nodeSety, nodeRely, nodeSety) |
nodeSety) X nodeSety | self | child | parent | next | prev |
descendant | ancestor | folSib | preSib |

following | preceding | equal | equiv | (nodeRely)
nodeSety) V nodeSet;

nodeSet; N\ nodeSety

Label | P(Label) | op(nodelRely, nodeSety) | op'(nodeSety) |
(nodeSety)

1|V | div

~ | EX | AX | EF | AF | EG | AG

90



(XPath and CTL)

An abstract syntax of G' (see [119]) is given by the signature XCTL=(S,Z, F') where F’
consists of the following flat constructors:

+, /, A - nodeRel x nodeRel — nodeRel

union, composition and intersection)
closure, inv, - : nodeRel — nodeRel transitive closure, inverse and complement)
>>: nodeRel X nodeSet — nodeRel target restriction)
join : nodeSet X nodeRel x nodeSet — nodeRel (join)
X : nodeSet X nodeSet — nodeRel Cartesian product)
atom : Label — nodeSet

atom’ : P(Label) — nodeSet

true, false : 1 — nodeSet

V, A : nodeSet x nodeSet — nodeSet
1,V, div : nodeRel X nodeSet — nodeSet

-, EX,...,AG : nodeSet — nodeSet

label predicate)

label predicate)

all and nothing)

disjunction and conjunction)
source restrictions)

(
(
(
(
(
self, child, . .. ,equiv : 1 — nodeRel (axes and equivalences)
(
(
(
(
(
(

unary set operators)
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(XPath and CTL)

Node set constructors are called filters or qualifiers in the XPath literature.

Examples

Let a,c,d, 22,66 € Label.
EX (true) V d (1)
FG((< 22) v (= 66) 2
(child >> (a A I(descendant,d))) / child / (descendant >> c) (3)

The third term has been taken from [147|, section 2.2, where the expression is phrased
in CoreXPath. Its syntax tree reads as follows:

/
> child >>
child /\ descendant c
a exists

descendant d
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(XPath and CTL)

Semantics of XCTL

Let t € ltr(N, Label). Folding a ground XCTL-term in the following XCTL-algebra A(t)
with carrier A yields a node relation or node set, respectively:

AnodeSet - (d@f( ))
AnodeRel — (d@f( ))def

In the following interpretation of F', we use three w-bi-CPOs, which are derived from ¢:

® Apgeset and C &g P(def (t)?), both equipped with least and greatest elements,
suprema and infima defined for powerset CPOs as usually (see chapter 3),

o A, oicrel, equipped with least and greatest elements, suprema and infima defined for
CPOs consisting of functions into a CPO (here: A, ogese) as usually (see chapter 3).

The arrows of XCTL are then interpreted in A(t) as follows:

For all R, R € Ayoderer, S, 5" € Apodeset, @ € Label, p C Label, w € def (t) and n € N
such that wn € def(t),

(R+ R)(w) = R(w)U R(w),
(R/R)(w) = U{R'(v) | v € R(w)},
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closure(R) = &> (see chapter 3) where
D AnodeRel — AnodeRel
R — R+ R/R,

inv(R)(w) = {v € def(t) | w € R(v)},
(=R)(w) = def(t) \ R(w),
(RAR)Nw) = R(w )ﬂR’(w)
(R >> S)(w) = Rlw)n
join(S,R,S") = RN(S x S’)
self (w) = {w},
child(w) = {wn | n e N} N def(¢),
parent(e) = 0,
parent(wn) = {w},
next(e) = 0,
next(wn) = {w(n+ 1)} N def(t),
prev(e) = 0,
prev(wn) = {w(n — 1)} Ndef(t),

(XPath and CTL)
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descendant

ancestor =
folSib =
preSib =
following =

preceding =

equal

equIv

atom(a)

atom!(p)

(XPath and CTL)

closure(child),
closure(parent) = inv(descendant),
closure(next),
closure(prev) = inv(folSib),
)/ folSib/(self + descendant),
(self + ancestor)/preSib/(self + descendant) = inv(following),
b where &:C — C
~ o {0w) € def (1) ] 1) = t(w),
VneN:ovnedef(t) < wn e def(t),
VneN:un e def(t) = vn ~wn},
b, where ®:C — C
~ = {(v,w) € def (t)* | t(v) = t(w),
Vb € child(v) 3 ¢ € child(w) : b ~ c,
V ¢ € child(w) 3 b € child(v) : b ~ ¢},

(self + ancestor

— {w € def(t) | t(w) = a},
|

{w € def(t) | t{w) € p},
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(XPath and CTL)

def (1),

= 0,

= def(t)\ S,
= SuyY,

= SNy,

{w e def(t) | R(w) NS # 0},

= {w € def(t) | R(w) € 5},

{w e def(t) | S C R(w)},
— 3(child, S),

= VY(child,S) = —EX(-S),
A(self + descendant, S),

= ®*° where

O AnodeSet — AnOdGSGt
S = SV I(AX(S') A EX(true)),
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(XPath and CTL)

EG(S) = & = —AF(=S) where
D Apodeset = Anodeset
S’ — SA(EX(S")V AX(false)),
AG(S) = V(self + descendant,S) = —FF(—=95).

For a complete Haskell implementation of XCTL and its semantics, see the section on
tree logics in Painter.hs, the main program of Painter.tgz.

Painter.hs also provides two functions drawNodeSet und drawNodeRel for the graphical
representation of node sets or relations that result from evaluating XCTL-terms (see

Painter.pdf).
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(XPath and CTL)

Let t € ltr(N, Label).

Subsumption For all ¢, 9 € T'xerr, and
P Ci ) Sy fold" V() C fold V().

Propositions
For all ¢, € Txerr, ¢ Ty ¥ & fold D (p A =) = 0.
For all ¢ € Txorrnodera and ¥ € Txerrodeser, fold D (div(p, ) x ) = fold* V().

A variant of XCTL captures description logics: The respective domain of individuals
replaces def (t). Conceptsand rdles interpret the sorts nodeSet and node Rel, respectively.
Atomic concepts and atomic roles replace the above nodeSet- and nodeRel-constants,
respectively. (R, S) and V(R, S) are written as R.S and VR.S, respectively.
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[ Predicates }

Let A, B be Y-structures. Then a »-homomorphism h : A — B is P-compatible if for
all p: P(e) € P and a € p*, h(a) € pP.

Proposition NEGFREE

For all negation-free ¢ € Fox (V) and Y-homomorphisms h : A — B and g € ¢4,
hoge b

Lemma MUPRED

Let SP = (3, P, AX) be a Horn specification and A be a ¥'-algebra with carrier A that
satisfies AX.

Every >-homomorphism A : C — Aly is a >’-homomorphism from [fp(P) to A.
In particular, if C is initial in Algs, then Ifp(®) is initial in Algsy ax.
Proof. It is sufficient to show that for all p € P,

h(plfp(®)) C pA.
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Predicates

or, equivalently, by Theorem CONSTEP (i) and Theorem kleene0 (1), for all ¢ € N,

h(p® ) € p* 9)

Case 1: i = 0. Since p* = 0, (9) holds true trivially.

Case 2: Let i > 0 and ¢ € p¥ L. Then ¢ = t°(g) for some ¢ = p(t) € AX and
g - SO(I)Z_1<J-)_

By induction hypothesis, i is a ¥’-homomorphism from ®*~1(_L) to A. Hence by Propo-
sition NEGFREE, ho g € ¢*. Since A satisfies p(t) <= ¢, we conclude ho g € p(t)* =
{f e AV | f*(t) € p*} and thus

hic) = h(t(g)) = (ho g)"(t) € p™.
Hence again, (9) holds true. l:l

Lemma NUPRED

Let SP = (3, P, AX) be a co-Horn specification and A be a >'-algebra with carrier A
that satisfies AX.

Every >-homomorphism A : A|xy — C is a >'-homomorphism from A to gfp(P).
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Predicates

In particular, if C is final in Algs, then gfp(P) is final in Algsy 4x.
Proof. It remains to show that for all p: e € P,
h(p*) C p?'?),

or, equivalently, by Theorem CONSTEP (ii) and Theorem kleene0 (2), for all ¢ € N,
hp?) € p™ 7, (10)
Lete=s; X -+ X s,
Case 1: 1= 0. Since p' = C,, (10) holds true trivially.
Case 2: Let ¢ > 0 and ¢ = (¢q,...,¢,) € Ce \p‘bi(T).
Then there are t = (t1,...,t,) € Tx(X)", ax = (p(t) = ¢) € AX and
geCV\ " () (11)

such that ¢ = t¢(g). Let X = {&1,...,2,} be a set of pairwise different variables disjoint
from var(az). Let {z1, ..., zn} = var(az) and ¥ = (Vz1 ... V(o V \i_ 1 # ).

Obviously, az is equivalent to the ¥'-formula ax’ = (p(x1, ..., x,) = V).
W.lo.g. g(x) = g*(t) for all 1 < k < n. It remains to show ¢ & h(p?).
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Predicates

Hence assume that there is a = (ay,...,a,) € p? with ¢ = h(a). Let f € A" be such
that f(xp) = ai for all 1 <k <n. Then for all 1 <k <mn,

h(f(zr)) = hag) = cx = g"(tr) = g(xp). (12)

f(z1,...,2,) = a € p” implies f € p(x1,...,7,)" and thus f € 9 because A | ax
implies A = az’.

By induction hypothesis, h is a ¥'-homomorphism from A to ®~!(T). Hence by Propo-
sition NEGFREE, ho f € v® (T and thus

hofeyw® (M. (13)
Since all variables of var(y) \ X are universally quantified, (12) and (13) imply
g€V \ o)™
k=1
and thus g € ® () because glxy) =g (ty) forall 1 <k <m. g€ ¥ (M) contradicts

(11). Hence ¢ & h(p™). a
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