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[ Abstract }

We present some fundamentals of a uniform approach to specify, implement and reason
about (co)algebraic models in a many-sorted setting that covers constant, polynomial
and collection types. Three kinds of (infinite-)tree models (finite terms, coterms and
continuous trees) yield concrete representations (and Haskell implementations) of initial
resp. final models.

On the axiomatic side, a format for recursive equations, which define either constructors
on a final model or destructors on an initial one, is introduced. We show how iterative
equations, which define continuous trees, can be translated into recursive equations so
that the unique solvability of the latter implies the unique solvability of the former.

As a prototypical example, recursive equations define the Brzozowski automaton whose
states are regular expressions and which accepts regular languages. We show how this
set of equations can be extended by equations representing a non-left-recursive grammar
(G such that it defines an acceptor of the language of G.
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[ Syntax }

Let S be a set of sorts.

An S-sorted set A is a tuple (As)ses of sets.
We also write A for the union of A, over all s € S.

An S-sorted subset B of A, written as B C A, is an S-sorted set with B, C A, for all
ses.

Given S-sorted sets A;, ..., A,, an S-sorted relation » C A; x --- x A, is an S-sorted
set with rg C Ao x ... x A, forall s € S.

The S-sorted binary relation Ay = {A4, | s € S} is called the diagonal of A

Given S-sorted sets A and B, an S-sorted function f : A — B is an S-sorted set such
that for all s € S, f, is a function from Ay to By.

Set” denotes the category of S-sorted sets and S-sorted functions.



Let S and BS be sets of sorts and base sets, respectively.

The set T(S, BS) of types over S and BS

is inductively defined as follows:

e S CT(S, BS).
e BS CT(S,BS).

e Foralln >0 e,...,e, € T(S,BS), e; x--- xe, € T(S,BS).

The nullary product is identified with the base set 1 = {e}.

e forallmn >0,e,...,e, € T(S,BS), e1+---+e, € T(S,BS).

e For all e € T(S, BS), word(e),bag(e), set(e) € T(S, BS).
e For all X € BS and e € T(S, BS), ¢* € T(S, BS).

)
)
(power types over e)
)

(sorts)

(base sets)

(product types)

(sum types

(collection types over e

o For all e, ¢’ € T(S, BS) with ¢ & BS, ¢ € T(S,BS).  (higher-order types over e

A type is first-order if it does not contain higher-order types.
T.(S, BS) denotes the set of first-order types over S and BS.
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A type is flat if it is a sort, a base set or a collection or power type over a sort.

FT(S, BS) denotes the set of flat types over .S and BS.

A signature > = (S, BS, BF, F, P)

consists of

e a finite set S of sorts (symbols for sets),

e a finite set BS of base sets, implicitly including 1 = {¢} and 2 = {0, 1},

e o finite set BF' of base functions f: X — Y with X,Y € BS,

e a finite set F' of operations (symbols for functions) f : e — €' with e, e’ € T(S, BS),

e a finite set P of predicates (symbols for relations) p : e where e is a finite product
of sorts and base sets.

Forall f:e— ¢ € F, dom(f)=eresp. ran(f) =€ is the domain resp. range of f.

For all p:e € P, dom(p) = e is the domain of p.

Given signatures X and X/, > U Y/ denotes the componentwise union of ¥ and Y.



f € F is a constructor if there are flat types eq,...,e, over S and BS such that
dom(f)=e; x --- X e, and ran(f) € 5.

f € F'is a destructor if there are non-power flat types e;,...,e, over S and BS and
X € BS such that dom(f) € S and ran(f) = (e; + -+ +e,)".

Y. 1s constructive resp. destructive if F' consists of constructors resp. destructors.

Constructive signatures

Let X be a set of constants and C'S be a set of nonempty sets of constants.

Nat <® natural numbers
S ={nat}, BS=0, F={ zero:1— nat,

succ : nat — nat }.

List(X) = finite sequences of elements of X

S =A{list}, BS={X}, F={ nml:1— list,
cons : X X list — list }.



Reg(C'S) = regular expressions over C'S and regular languages over X = JCS

S={regt, BS=0, F = { eps:1— reg,
mt: 1 — reg,
par :reqg X reg — reg, (parallel composition)
seq :reg X reg — reg, (sequential Composition)
iter . reg — reg } U (iteration)
{ C:1—=reg|CecCS}

The nullary constructor C stands for a name of the set C.

Destructive signatures

Let X and Y be sets of constants.

coNat < natural numbers with infinity

S ={nat}, BS=0, F={pred:nat— 1+ nat}.



coList(X') = finite or infinite sequences of elements of X (coList(1) = coNat)

S ={list,pair}, BS={X}, F={ split:list — 1+ pair,
first : pair — X,
rest : pair — list }.
DAut(X,Y) e deterministic Moore automata with input from X and output in Y
S = {state}, BS={X,Y}, F=/{ §:state — state”,
B state - Y }.

Ace(X) = DAut(X,2) = deterministic acceptors of subsets of X*
S={regt, BS={X,2}, F={ §:reqg— reg*,
B:reg— 2 }.
Stream(X) = DAut(1, X) = streams over X

S ={list}, BS={X}, F={ head:list - X,
tail : list — list }.



Let V be a T(S, BS)-sorted set of variables.

The T(.S, BS)-sorted set T5,(V') of Y-terms over V

is inductively defined as follows:

e For all e € T(S, BS), V. C Tx(V)..
e For all X € BS, X CTx(V)x.
eftorall f:1—-e€ BFUF, feTxV)..
e Foralln > 1,e,...,e, € T(S,BS), t € Tx(V)e;xxe, and 1 < i <, mit € Tx(V),..
eltoraln>1ey,...,e, € T(S,BS),1<i<nandteTx(V), titcIx(V)ette,
eloralln>1 ey,...,e, € T(S,BS)and t; € Tx(V),, 1 <i<mn,
(T, t) € TV )eyscexen-
eftorall fre—e e BFUFandt e Ty(V), ft € Ts(V)e.
o For all ¢ € {word, bag, set}, e € T(S,BS) and t € Tx(V);, c(t) € Tx(V ) ().
eforalln >0 e,...,e,,e € T(S,BS),z €V, U---UV, and ty,...,t, € Tx(V),,
Av.(ty] .. |t) € Ts(V) sey+ten.
o For all e,e’ € T(S,BS), t € Ix(V ), and u € Tx(V)o, t(u) € Te(V)..

10



e For all e € T(S, BS), t € Tx(V )2 and u,v € Tx(V),, ite(t,u,v) € Ty(V),.
A Y-term t that does not contain variables or ite, then ¢ is called ground.

T%, denotes the set of ground Y-terms.

The set Fox (V) of ¥-formulas over V

is inductively defined as follows:

o True, False € Fox(V).

eftorallp:ec PandteTx(V)., pt € Fog(V). (¥-atoms over V)
o For all e € T(S,BS) and t,u € Tx(V)e, t =. u € Fog(V). (X-equations over V)
e For all ¢ € Fox(V), —=p € Fox(V).

e For all §0,¢€FOE(V), 90/\% 90\/7707 90:>?7D7 90<:¢7 90<:>¢€F02(V)
e Forall z € V and ¢ € Fox(V), Vay, Jdrp € Fox(V).

11



[ Semantics J

0] =ges 0 and for all n > 0, [n] =45 {1,...,n}.

Forall f:A— B, f*: A" — B" is defined as follows:
[*(e) = e and for all n > 0 and (ay,...,a,) € A", f*ar,...,a,) = (fla1), ..., fla,)).

Let A, B be sets and a = (ay,...,am,), 0= (by,...,b,) € A"

a =word b <:>’clef a=b.

a =pag b < def = f : [TL} > [n] : (al, ce ,an) = (bf(1)7 .. .,bf(n)),
i.e., bis a permutation of a.

A —get b <:>def {al, Cee am} = {bl, - ,bn}

Let h: A — B.
Bjin(A) =der A/=pag and Biin(h) = Bjin(A) = Byin(B) maps lal—,,, to [h*(a)]-,,,-
Pin(A) ={C C A||A| <w}and Py, (h) : Pin(A) = Ppin(B) maps C to {f(a) a € C}.

12



Semantics

Predicate lifting
For alle e € T (S, BS), the functor F, : Set® — Set is inductively defined as follows:

For all S-sorted sets A, B, S-sorted functions h : A — B, s € S, X € BS, n > 1 and
e e1,...,e, € T1(S, BY),

Fi(A) = A, Fy(h) = hs, (projection functor)
Fx(A) =X, Fx(h) = idy, (constant functor)
Foreion(A) = Fo(A) 4o+ Fo(A), Fopaon(B) = Foy(B) + -+ F (B),
Foxoxe(A) =Fo (A) x ... X F, (A), Feixoxe,(h) =Fe (h) x ... x F, (h),
Fword(e) A) — FG(A)*7 Fword(e)<h> — e( )*7

Fbag(e)(A> — Bﬁn<F6(A)>v Fbag(e)(h) = Bﬁn(Fe(h))v

Fset(e)(A — Pﬁn(Eﬂ(A))) Fset(e)(h — Pﬁn<Fe(h)>a

F.x(A) = F. (A, F.x(h) = F.(h)*

We mostly write A, instead of F,(A).

13



Semantics

Relation lifting

Given an S-sorted relation R C A x B, R is extended to a T(S, BSS)-sorted relation
inductively as follows:

Let s€ S, eq,...,en,e € Ti(S,BS)and X € BS.

RX - AX;
R61+---+6n - {((a7 7’)7 (b7l)) = (H?zl Aez’) X H?:l Bei | (CL, b) < Reia 1 < U < n}a
Rel><~~~><en = {((al, c ,CLn), (bl, N bn>) c (H?:l Aei) X H?:l Bei
| V1<i<n:(a,b)€ R},
Rword(e) = UHGN{((al, ce ,an), (bl, e ,bn)> < AZ X B
’ Vlgign:(ai,bi)ER@},
gty = Unerd((ar, - an)oy (01, b)) € Bin(Al) X Byul(B,)
| ‘v’lgign:(ai,bi)ERe},
Rset(e) = {(C, D) € Pﬁn(Ae) X Pﬁn<Be) ‘ VeeCddeD: (C, d) € R.,
Vde D3dceC:(cd) e R.},
Rx = {(f,9)|VeeX:(f(x)g(r)) € R}

14



Semantics

Let X = (S, BS, BF, F, P) be a signature.

A Y-algebra A

consists of

e an S-sorted set, called the carrier of A and often also denoted by A,
o for each f: e — € € F, a function f4: A, — Ay,
e for each p: e € P, a subset p? of A,.

Suppose that all function and relation symbols of > have first-order domains and ranges.
Let A, B be X-algebras.

An S-sorted function h : A — B is a Y-homomorphism if for all f : e — ¢ € F,
heo f4= fPoh, andforall p:ec P, h.(p") C p”.

Algy, denotes the category of X-algebras and Y-homomorphisms.
<> A Y-homomorphism A is iso in Algy, iff h is bijective and for all p : e € P, p” C h.(p™).

15



Semantics

Let Ug be the forgetful functor from Algs to Set”.
Forall f:e— ¢ €F, f: F.Us— F.Us with f(A) =4 f* for all A € Algs is a

natural transformation:

fA
A, ——— Ay
he h(z’
( fB (

B.— ' + B,

Given a category K and an endofunctor F on IC,

e an [-algebra or F-dynamics is a C-morphism « : F(A) — A,
e an F-coalgebra or F-codynamics is a K-morphism o« : A — F(A).

Algr and coAlgr denote the categories of F-algebras resp. F-coalgebras where

e an Algp-morphism from « : F(A) — A to f : F(B) — B is a K-morphism
h:A — B with hoa = o F(h),

16



Semantics

e a coAlgp-morphism froma : A: F(A)to S : B — F(B)isaK-morphismh:A — B
with F'(h) o« = 8o h.

A constructive signature ¥ = (S, BS, BF, I, P) induces a functor
Hy : Set® — Set” -
For all A, B € Set®, h € Set®(A,B) and s € S,

HE<A>S - Hf:e—>s€F A,
Hy(h)s = Hf:e—>S€Fh€‘

Algs, and Algp,, are equivalent categories:
Let A € Algy, and o : A — Hyx(A) € Algp,.
The Hy-algebra A" : A — Hy(A) and the Y-algebra o' are defined as follows:

17



Semantics

Forallse€ Sand f:e > s € F,

Examples
Hyat(A)pat = 14 Apar,
Hipox) (At = 1+ (X X Apgr),
1+1+CS + A2

reqg

+ A%eg + Ay

5
[
=
Q
2
AN
F
s

|
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Semantics

h: A — B is a ¥-homomorphism <= h is an Algy,-morphism from a(A) to a(B):

A
A, HE(A)SO‘(—>>AS
h{ hs <= Hx(h)s J/hs
B, v B He(B)., —— B,
Iz BB,

h:a — B is an Algg,-morphism <= h is a X-homomorphism from A(«) to A(S):

g fA(a)
Hy(A)s —— Aq A, —— A,
Hy.(h)s hy <= heJ/ h
Hy(B)s ——— B B,— = B.

B fA®)

19



A destructive signature X = (5, BS, BF, F, P) induces a functor
Hy : Set® — Set” -
For all A, B € Set®, h € Set®(A,B) and s € S,

HE(A>5 - Hf:s—meFA@’
Hz(h>3 - Hf:s%eEF he’

Semantics

Algs, and coAlgg,. are equivalent categories:

Let A € Algy, and o : Hy(A) — A € coAlgp,,.

The Hy(A)-coalgebra A" : Hy(A) — A and the X-algebra o are defined as follows:

Forallse Sand f:s —>e € F,

20



Examples

HcoNat<A)nat = 1+ Anat;
HcoList(X) (A)list = 1+ (X X Alist);
HDAut(X,Y)(A)state - Agate X Y.

Haskell implementation of Algs

Let ¥ = (S, BS,0, F,() be a signature,

Semantics

BS ={Xy,....Xi}, S={s1,....sptand F={fi:e1 —€l,..., fnie,— €}

Each Y-algebra is an element of the following Haskell datatype:

data Sigma x1 ... xk sl ... sm = Sigma {fl :: el -> el’,...,
fn :: en -> en’}
Examples
data Nat nat = Nat {zero :: nat, succ :: nat -> nat}
data List x list = List {nil :: list, cons :: x -> list -> list}

21



Semantics

data Reg cs reg = Reg {eps,mt :: reg, con :: cs -> reg,
par,seq :: reg -> reg -> reg,
iter :: reg -> reg}

data Conat nat = Conat {pred :: nat -> Maybe nat}

data Colist x list = Colist {split :: list -> Maybe (x,list)}
data DAut x y state = DAut {delta :: state -> x -> state,
beta :: state -> y}

Evaluation of terms and formulas

Let V be a T(S, BS)-sorted set of variables, A be a Y-algebra and A" be the set of
valuations of V in A, ie., T(S, BS)-sorted functions from V to A.

Forallge AV, e € T(S,BS),a€ A,z € V,and 2 € V.

a if z =1,

g(z) otherwise.

gla/z|(z) =aer {

22



Semantics

The T(S, BS)-sorted extension ¢* : T,(V) — A of g

is defined as follows:

eftorallz eV, g*(x) = g(x).

e Forallz € X e UBS, g*(z) = .

eforalln>1 e,...,e, € T(S,BS), t=(t1,...,tn) € T2(V)e;x.xe, and 1 <i < n,
g*(mit) = g*(t:).

eforalln>1 e,...,e, € T(S,BS), 1 <i<nandteTx(V), g°(ut) = (g°(t),7).

eforalln e Nandty,...,t, € Tx(V), g°(t1,....t,) = (g"(t1), ..., g"(t,)).

eforal f:e—e € FandtcTs(V), g°(f(t) = fA(g*(1)).

o For all ¢ € {word, bag, set}, c(t) € Tx(V)ce), 9" (c(t)) = lg"(1)]-,.

eforalln >0, ep,...,e,,e € T(S,BS),z €V, U--- UV, t; €Tx(V),, 1 <1i<n,
and (a,7) € Aeytote,,

g Az.(ta] .. - |tn))(a,7) = gla/x]" ().
o Forall e,e’ € T(S, BS), t € Tx(V), and u € Tx(V)or, g"(tH(u)) = g"(£)(g"(u)).

23



Semantics

o Forall e € T(S,BS), t € Tx(V )y and u,v € Ty(V),,

g (ite(t,u,v)) = { g (u) if g*(t) = 1,

g*(v) otherwise.

A Y-term t is first-order if the range of each subterm of ¢ is first-order.

For all e € T(S, BS) and first-order Y-terms ¢, we define:
th. AV = A,
g — g'(t)
t: V' F.Ug with T4 =4 t* for all A € Algs, is a natural transformation:
A
AV —— s A,

hY (1) he
M Y

BY —— B,
tB

24



Semantics

(1) is equivalent to the Substitution Lemma:

For all g € AV, ¥-homomorphisms h : A — B and first-order X-terms ¢,
(hog)(t) = (hog)(t). (2)

A interprets a Y-formula ¢ over V' by the set ¢! C AV of valuations that satisfy ¢ and
is inductively defined as follows:

Foralle € T(S,BS),p:e€ P, t,u € Tx(V)e, o, € Fox(V), s € SUBS and x € Vj,

True? = AV,
False”! = 0,
p(t)* = {gc AV | g*(t) € p*},
(mp)t = AV,
p AP = gl

(
(V) = ptuyd,
(p=v)* = (W<t =(pVi)l



Semantics

W)t = (=) n(p<y),
(Vap)?t = {ge AV |Vae€ A, gla/z] € o},
Fxp)t = {ge AV | Jac A, :gla/z] € p'}.

A satisfies ¢ € Fox(V), written as A |= o, if o = AV,

The Substitution Lemma implies:

For all negation-free ¥-formulas ¢, g € AV and Y-homomorphisms h : A — B,

gep? = hoge P

26



[ Initial and final algebras }

An S-sorted binary relation R on A is a X-congruence on A
if forall f:e—¢€ € Fand (a,b) € R, (f(a), (b)) € Ru.

If > is destructive, then »-congruences are also called X-bisimulations.

An S-sorted subset B of A is a Y-invariant (or ¥-subalgebra of A)
ifforall f:e—¢€ € Fandlac A, f'(a) € Au.

A Y-algebra A satisfies the induction principle if for all S-sorted subsets B of A,
A C B iff B contains a X-invariant.

A is initial in Algy, <= A satisfies the induction principle and for all »-algebras B
there is a »-homomorphism from A to B.

A Y-algebra A satisfies the coinduction principle if for all S-sorted binary relations
Ron A, R C Ay iff R is contained in a Y-congruence.

A is final in Algy, <= A satisfies the coinduction principle and for all ¥-algebras B
there is a 2-homomorphism from B to A.

27



[[n/itml and final (J,lgebms}

Terms for constructive signatures

Let X = (S, BS, BF, F) be a constructive signature.

Ty, is a X-algebra:
Forall f:e—s€ Fandt e Ts,, [2(t) =4 [t

Let ~ be the least FT(S, BSS)-sorted equivalence relation on Ty such that

eforalln>1 ey,...,e, € FT(S, BS) and t;,t; € Ty, 1 <i <n,

]

ty oo YN Nty oot implies (B, .o L) ~epxoxe, (E T,
o foralln > 1, e € FT(S, BS) and t;,t, € Ty, 1 <i < mn,
tp ety A s Aty ~e ty, implies word(ty, ... 1) ~yera(s) word(ty, ..., t,),

~

e foralln >1 eecFT(S,BS), f:[n] = [n|and t;,t; € Ty, 1 <i<mn,

ty e th N Nty ~e t) implies bag(f(t1), ..., f(t,)) ~bag(s) bag(ty, ..., t,),

28



[[nitial and final (J,lgebms}

o for all m,n >0, e e FT(S,BS), t; € Ix,, i € [m], and t, € Ty, 1 <i <,

VIi<i<m3Il<j<n:iti~t) AVIS<j<nIT<i<m:t;~ 1
implies set(ti, ... 1) ~sers) Set(t], ... 1),
eforallse S f:e—se Fandtt €Ty, t~.t implies ft ~, ft,
e forall X € BS, ~x= Ax.

For simplicity, we identify 7% with Ty /~.

T is initial in Algsy.

For all 2-algebras A, the unique Y»-homomorphism
fold* . Ts, — A
is defined inductively as follows:

Forall f:e—seF, tely,, cec{word bag,set}, ¢ € SUBS and t' € T3 ,,

fold(ft) = fA(foldZ(t)),
foldl{u(c(t')) = [foldi(t)]-.

29



[[n,itml and final a,lgebms}

Haskell implementation of 7y, and fold

All collection types are implemented by Haskell’s list type.

Let BS = {Xy,..., Xk}, S={s1,...,5,} and
F={cj:ej—=s|1<i<m,1<j<n},

i.e., Algy, is implemented by the following datatype:

data Sigma x1 ... xk sl ... sm =
Sigma {c11 :: ell -> s1,...,cln_1 :: eln_1 -> sl,

cml :: eml -> sm,...,cmn_m :: emn_m -> sm}
The following datatypes provide the carriers of T¥:

data S1T x1 ... xk

C11 E11T | ... | Cin_1 Eln_1T

data SmT x1 ... xk = Cml1 Em1T | ... | Comn_m Emn_mT

30



[[mtml and final (J,lgebms}

The algebra Tx is then defined as follows:

sigmaT :: Sigma x1 ... xk (S1T x1 ... xk) ... (SmT %1 ... xk)
sigmal = Sigma C11 ... Cin_1 ... Cml ... Cmn_m

Let 1 <7< m.

foldS1i :: Sigma x1 ... xk s1 ... sm -> 51T x1 ... xk -> s1
foldSi alg ti = case ti of Cil t -> cil alg $ foldEil alg t

Cin_i t -> cin_i alg $ foldEin_i alg t

foldWordSi,foldBagSi,foldSetSi :: Sigma x1 ... xk sl ... sm
-> [SiT x1 ... xk] -> [si]

foldWordSi = map . foldSi

foldBagSi = map . foldSi

foldSetS1i = map . folddi

31



[[mtial and final (J,lgebms}

Let 1 < <k.
foldxi :: Sigma x1 ... xk sl ... sm -> xi -> xi
foldxi _ = 1id
foldElx...xEn :: Sigma x1 ... xk sl ... sm -> (E1T,...,EnT)
-> (E1,...,En)
foldElx...xEn alg (t1,...,tn) = (foldEl alg tl1,...,foldEn alg tn)
Examples

data NatT = Zero | Succ NatT

natT :: Nat NatT
natT = Nat Zero Succ

foldNat :: Nat nat -> NatT -> nat
foldNat alg t = case t of Zero -> zero alg
Succ t -> succ alg $ foldNat alg t

32



[[mtml and final a,lgebms}

data ListT x = Nil | Cons x (ListT x)

1istT :: List x (ListT x)
1listT = List Nil Cons

foldList :: List x list -> ListT x -> list
foldList alg t = case t of Nil -> nil alg

Cons x t -> cons alg x $ foldlList alg t

data RegT cs = Eps | Mt | Con cs | Par (RegT cs) (RegT cs) |
Seq (RegT cs) (RegT cs) | Iter (RegT cs)

regT :: Reg cs (RegT cs)
regl cs = Reg Eps Mt Con Var Par Seq Iter

33



[[n,itml and final a,lgebms}

foldReg :: Reg cs reg -> Regl cs -> reg

foldReg alg t = case t of
Eps -> eps alg
Mt -> mt alg
Con ¢ -> con alg c¢
Par t u -> par alg (foldReg alg t) $ foldReg alg u
Seq t u -> seq alg (foldReg alg t) $ foldReg alg u
Iter t -> iter alg $ foldReg alg t

Coterms for destructive signatures

Let X = (S, BS, BF, F) be a destructive signature and
Labs = {(d,x,i) |d:s— (e1+ - +e,) € F,re X, 1<i<n} UN.

Foralld:s—eX a€ Ayand x € X, d'M(a) =45 d*(a)(x).
coTy, denotes the greatest FT(S, BS)-sorted set of prefix closed partial functions
t . Laby, —o— 1+ {word, bag, set} + UBS
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such that the following conditions hold true:

efForallse S, t€colv,,d:s— (eg+--+e,) € Fanda € X, t(e) = € and
there is 1 < ¢ < n such that (d,z,i) € def(t), \w.t((d,z,i)w) € coly .. and for all
(d,x,i),(d,x,j) € def(t), dom(d) = s and i = j.

o Ior all ¢ € {word,bag,set}, s € SUBS and t € coly ), t(€) = c and there is
n € N such that for all 1 <7 < n, \w.t(iw) € cols , and def(t) N Laby = [n].

e For all X € BS, coly, x = X (here identified with the set 1 — X of functions).

The elements of coTy, are called Y-coterms.
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A Y-coterm with destructors fi, ..., fs that map into sum types.
Fach root of a subcoterm is labelled with its sort.

Fach leaf 1s labelled with a base element. Three dots stand for an infinite coterm.
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For all t € coTy, let def,(t) = def(t) N Laby.
Let ~ be the greatest FT(.S, BS)-sorted equivalence relation on coTy, such that

o forall s € S, ¢t ~,t' and d € def,(t), \w.t(dw) ~ Aw.t'(dw),

oforall s € SUBS and t ~ .40 U, D =g defi(t) = def,(t') and for all i € D,
Aw.t(iw) ~s Aw.t (iw),

o forall s € SUBS and ¢~y ) U/, D =4 defy(t) = def (') and there is f : [n] = [n]
such that for all i € D, \w.t(iw) ~¢ Aw.t'( f(i)w),

ofor all s € SUBS, t ~y t' and © € def((t) there is j € defi(t') such that
Aw.t(iw) ~s Aw.t' (jw),

for all s € SUBS, 1~y 1 and j € defi(t') there is i € def)(t) such that
Aw.t(iw) ~g Aw.t' (jw),
o for all X € BS, ~x= Ayx.

For simplicity, we identify coTy, with coTy/~.
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coTy, is a X-algebra:

FOI"&HSGS,tECOTZ,S,d28—>(61—|—°°'+€n)XGF,ZEGX&Hd”LUGLCLb%,
(d,,i) € def(t) = d™(t)(z)(w) = t((d, i, z)w).

Example 1

Let L = {(d,2) | v € X}. coTpay(xy) consists of all functions from L* + L*B to 1 + Y,
that for all w € L* map w to € and wp to an element of Y:

COTDAut(X,Y) = 1 XY B =Y B = Y&

Hence colpay(x vy is DAut(X,Y )-isomorphic to the DAut(X,Y )-algebra Beh(X,Y) of
behavior functions that is defined as follows:

Beh(X,Y )gpae = Y.
Forall f: X*—=Y, x € X und w e X*,
SPME(f)(x)(w) = flzw) and  BEPEVI(F) = f(e).
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) 6\
O e R0
& oo d B
:

A DAut({z,y, z},Y)-coterm of sort state

coTy is final in Algs,.

For all S-algebras A, the unique Y-homomorphism unfold” : A — coTy is defined as
follows: For all s € FT(S, BS), a € A, (d,z,i) € Laby, w € Lab} and k € N,
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unfold?(a)(e) = e,
( unfoldé(b)(w) ifd:s—(eg+--+e,)* €F

unfold?(a)((d, z,i)w) = ¢ and d(a)(x) = (b, 1),
| undefined otherwise,
(unfold?(a;)(w) if 3 ¢ € {word, bag, set}, e € SUBS
ldA k _ 826(6)7 a = [(a’la"’7a’n)]:c
unfoldg(a)(kw) = 4 and 1<k <n.
undefined otherwise.

\

Example 2

Let A be a DAut(X,Y )-algebra, £ : Beh(X,Y) — coTpa,xy) be the isomorphism of
Example 1 and unfold B : A — Beh(X,Y) be defined as follows:

For all a € Agpe, © € X and w € X,

unfold B*(a)(e) = p%(a),
unfold B4 (a)(zw) = unfold B*(6(a)(x))(w).
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Since unfold B is DAut(X,Y )-homomorphic,
unfold” = € o unfold B,

Haskell implementation of coTy, and unfold

Again, all collection types are implemented by Haskell’s list type.

Let BS ={X1,..., X}, S={s1,...,s,} and
F:{dijzsiéeij\lgigm, 1§]§nz},

i.e., Algy, is implemented by the following datatype:

data Sigma x1 ... xk sl ... sm =
Sigma {d11 :: s1 -> ell,...,dIn_1 :: sl -> eln_1,

dml :: sm -> eml,...,dnn_m :: sm -> emn_m}
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The following datatypes provide the carriers of cols:

data S1C x1 ... xk = S1C {d11C :: E11C | ... | din_1C :: Eln_1C}

data SmC x1 ... xk = SmC {dmiC :: EmiC | ... | dmn_mC :: Emn_mC}
The algebra coTy, is then defined as follows:

sigmaC :: Sigma x1 ... xk (S1C x1 ... xk) ... (SmC x1 ... xk)
sigmaC = Sigma d11C ... din_1C ... dmlC ... dmn_mC

Let 1 <7 <m.

unfoldSi :: Sigma x1 ... xk sl ... sm -> si1 -> 5iC x1 ... xk
unfoldSi alg ai = SiC (unfoldEil alg $ dil alg ai)

(unfoldEin_i alg $ din_i alg ai)

unfoldWordSi,foldBagSi,foldSetsSi :: Sigma x1 ... xk sl ... sm
-> [si] -> [SiT x1 ... xk]
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unfoldWordSi = map . unfoldSi1
unfoldBagSi = map . unfoldSi
unfoldSetSi = map . unfoldSi

et 1 << kandn>1.

unfoldxi :: Sigma x1 ... xk sl ... sm -> xi -> xi
unfoldxi _ = 1d
unfoldE~xi :: Sigma x1 ... xk sl ... sm -> (xi -> E) -> xi -> EC

unfoldE"x1 alg f = unfoldE alg . £

data Sum n el ... en=S1el | ... | Sn en
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Let 1 <11 <n.

unfoldEl+...+En :: Sigma x1 ... xk sl ... sm -> Sum_n E1 ... En
-> Sum_n EI1C ... EnC

unfoldEl+...+En alg a = case a of 51 a -> unfoldEl alg a

on a -> unfoldEn alg a

Examples

data ConatC = ConatC {predC :: Maybe ConatC}

conatC :: Conat ConatC
conatC = Conat predC

unfoldConat :: Conat nat -> nat -> ConatC

unfoldConat alg nat = ConatC $ do nat <- pred alg nat
Just $ unfoldConat alg nat
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data ColistC x = ColistC {splitC :: Maybe (x,ColistC x)}

colistC :: Colist x (ColistC x)
colistC = Colist splitC

unfoldColist :: Colist x list -> list -> ColistC x
unfoldColist alg list = ColistC $ do (x,list) <- split alg list
Just (x,unfoldColist alg list)

data StateC x y = StateC {deltaC :: x -> StateC x y, betaC :: y}

dAutC :: DAut x y (StateC x y)
dAutCot = DAut deltaC betaC

unfoldDAut :: DAut x y state -> state -> StateC x y
unfoldDAut alg state = StateC (unfoldDAut alg . delta alg state)
(beta alg state)
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Realization of elements of final algebras
Given a X-algebra A, a final X-algebra Fin, a € A and f € Fin,
(A, a) realizes f iff unfold™(a) = f.

Example 3
Let A be the following Acc(Z)-algebra:

eo :: DAut Int Bool Bool
eo = DAut (\state -> if state then even else not . even) id

and
f: 7 — 2 g: 7" — 2
(T1, ...y @p) — D0 x; is even (21, .. .yxp) — Do x;is odd
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unfoldeo(1 )
@TBH@

5,x|even x 5,x|odd x

unfold®°(1) unfold®°(0)
Gﬁ p—> p——>(0)

5,x|even x 5,x|odd x

) unfold®°(0) \Jnfoldeoﬂ )
(F—8—(0) 8

Since h : A — Beh(Z,2) with h(1) = f and h(0) = g is Acc(Z)-homomorphic,
h = unfold”.
Hence (A, 1) realizes f and (A, 0) realizes g.
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[ Recursive equations J

Given a constructive signature C'Y = (S, BS, BF, C) and a destructive signature
DY = (S,BS",BF',D), V = (CX, DY) is called a bisignature.

Let ¥ =CX U DXY. A set
E = {dc(zy,...,xn,) =t | cierx---xe,, »s€C, d:s—eec D}

of Y-equations is a system of recursive V-equations if the following conditions hold
true:

eftorallde D and c € C, freeVars(ty.) C{x1,...,Tn,}

e (U is the union of disjoint sets C7 and Cs.

e foralld € D, ¢ € () and subterms du of 4., u is a variable and ¢4 is a term without
elements of (5.
= no nesting of destructors, but possible nestings of constructors of C}

e For all d € D, c € (5, subterms du of ¢, and paths p of (the tree representation of)
td.c, w consists of destructors and a variable and p contains at most one occurrence of
an element of CY.
= no nesting of constructors of C, but possible nestings of destructors
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Let E be a system of recursive W-equations and A be a CX-algebra. An inductive
solution of F in A is a Y-algebra B with B|cy = A that satisfies F.

(1) If O is empty, then E has a unique inductive solution in every initial C>-algebra.

Let E be a system of recursive W-equations and A be a DX-algebra. A coinductive
solution of E in A is a Y-algebra B with B|py = A that satisfies E.

(2) F has a unique coinductive solution in every final D3-algebra.
Moreover, Ty, € Algpy, colps, € Alges, and foldCOTDZ — unfoldTCE.

unfold!c>
Tes ) . > col'py
mc mec
id TCZ((,:()TDZ) — id
Y B unfold C=eTps) Y
Teys > col'py
fold ' px
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Example 4

Let
CY. = ({list}, 0,0, {evens, odds, exchange, exchange' : list — list}),
U = (C%, Stream(X)) and s € V. The equations
head(evens(s)) = head(s), tail(evens(s)) = evens(tail(tail(s))),
head(odds(s)) = head(tail(s)), tail(odds(s)) = odds(tail(tail(s))),

(
head(exchange(s)) = head(tail(s)), tail(exchange(s)) = exchange'(s),
head(exchange'(s)) = head(s), tail(exchange'(s)) = exchange(tail(tail(s)))

form a system E of recursive W-equations.

evens(s) und odds(s) list the elements of s at even resp. odd positions.
exchange(s) exchanges the elements at even positions with those at odd positions.

(2) = E has a unique coinductive solution in the final Stream(X)-algebra.
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Example 5
Let C'S be a set of nonempty sets of constants, X = [ JC'9,

DY = ({reg}, {2, X},
{max,x:2x2—=2}U{ €C:X —=2]|CeCS},
{6 :reg — reg™, B:reg — 2}),

U = (Reg(CS), DY), C € CS and t,u € V. The equations

d(eps) = Ax.mt,
d(mt) = Ax.mt,
6(C) = Ma.ite(x(C)(x), eps, mt)

d(par(t,u)) = Az.par(5(t)(x),d(u)(x)),

0(seq(t,u)) = Ax.ite(S(t), par(seq(6(t)(z),u), 0(u)(x))

seq(0(t)(x),u)),
d(iter(t)) = Az.seq(d(t)(x),iter(t)),

Bleps) = 1,
p(mt) =0,
B(C) = 0,



{Recumiwe equatéons}

Blpar(t,u)) = maz{f(t), B(u)},
Blseq(t,u)) = B(t) * B(u),
B(iter(t)) = 1.

form the system BRE of recursive W-equations.

(1) == BRE has a unique inductive solution A in the initial Reg(CS)-algebra T, ).

Bro(CS) =ger Al ace(x) is called the Brzozowski automaton.

(2) = BRE has a unique coinductive solution B in the final Acc(X))-algebra Pow(X),

which is defined as follows:
Forall L C X* and z € X,

Pow(X)State = P(X*),
§Pov XN (LY(z) = {w e X* | 2w € L},

grouX)(L) {O falls € € L,

1 sonst.
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Lang(X) = B|peg(cs) is defined as follows:
Forall L,/ C X* and C € CS,

6pSLcmg(X) _ {E},
0

thang(X) = 0,
6Lcmg(X) _C
partmyX)\([ L)Y = LUL,
SeqLang(X)(L7 L/> — I . L/,
iter m9(X) (L) L*.

(2) = fold""™) = unfold””\“) : Tpeycs) = P(X7)

= For all t € Tgeycs), (Bro(CS),t) realizes the characteristic function
of the language foldL“”g(X>(t) of ¢.
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Bro(C'S) can be optimized to Norm/(C'S) by simplifying its states with respect to semiring
axioms between each two transition steps:

For all t € TReg(C’S); 5]\/’07'771/(05)(15) = def reduce o 6370(6’8)(75)' ]

Let U = (C%, DY) be a bisignature, CY¥ = (S, BS, BF,C), DX = (S,BS’, BF', D),
A be a (CYX U DX)-algebra and ~ be an S-sorted relation on A.

The C-equivalence closure ~ of ~ is the least S-sorted equivalence relation on A that
contains ~ and satisfies the following condition: For all c: e — s € C and a,b € A,,

a~cb implies ¢*(a) ~c c(b).
~ is a DY-congruence up to C'ifforalld:s —e € D and a,b € A,
a~b implies d*(a) ~c d}(b).

Alps, is final in Algps,
~ is a D>-congruence up to C, —> ~¢ is a DY-congruence. (3)
there is a system of recursive W-equations
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Example 6
Let W be as in Example 5 and V' = {x,y, z},

~={(g"(seq(x, par(y, 2))), g"(par(seq(x,y), seq(x, 2))) | g : Thegics)(V) = Pow(X)}
is an Acc(X)-congruence up to C.
= Since Pow(X) is final in Alga..(x), (3) implies that ~¢ is Acc(X)-congruence.

= Since Pow(X) satisfies the coinduction principle, ~ C Ap,,(x) and thus

Pow(X)  seq(z,par(y,z)) = par(seq(z,y), seq(z, 2)).

Given a bisignature W, we have seen that a system E of recursive W-equations defines

e destructors on constructors inductively or

e constructors on destructors coinductively.

Similarly,

Ut
t
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e the rules of a structural operational semantics (SOS) or a transition system
specification

e or a distributive law )\ : T'D — D'T" of an endofunctor T over an endofunctor D
provide both

e an inductive definition of a semantics (destructors; D) of the syntax (constructors;
T') of some language and

e a coinductive definition of the constructors on the language’s behavioral model, given
by the destructors.

Can A be derived from W such that (C3 U DY))-algebras satisfying E correspond to -
bialgebras?

With regard to their domain and range types, functions that come as inductive or coin-
ductive solutions of systems of recursive W-equations are destructors or constructors,
respectively.
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Recursion schemas that define functions with more general domain or range types have
been studied mainly in category-theoretical settings like distributive laws or adjunctions.
For instance, in Ralf Hinze, Adjoint Folds and Unfolds, functions are defined as adjoint
(co)extensions of folds or unfolds.

We think that most examples investigated in category-theoretical settings can be pre-
sented as systems of recursive W-equations. Maybe, in some cases, the syntactic conditions
given here must be weakened, but in many cases, they will already be weak enough — due
to our powerful term language that involves polynomial as well as power and collection

types.

Here are some modeling formalisms where coinductive definability has already been stud-
ied in detail:

e basic process algebra
> Rutten, Processes as Terms: Non-well-founded Models for Bisimulation

e stream expressions and infinite sequences
c» Rutten, A Coinductive Calculus of Streams

e tree expressions and infinite trees
c» Silva, Rutten, A Coinductive Calculus of Binary Trees



{Recumi@e equatz’ons}

e arithmetic expressions and valuations, CCS and transition trees
> Hutton, Fold and Unfold for Program Semantics

e stream function expressions and causal stream functions
<> Hansen, Rutten, Symbolic Synthesis of Mealy Machines from Arithmetic Bitstream
Functions



[ Iterative equations }

Let X = (S, BS, BF, F') be a constructive signature and V' be an S-sorted set.

An S-sorted function

E:V = Tx(V)
with img(FE) NV = () is called a system of iterative Y-equations.
Let A be a Y-algebra and A" be the set of S-sorted functions from V to A.
ge AV solves Ein Aif g o F = g.

[terative equations are uniquely solvable in the following tree model:

C'Ty; denotes the greatest FT(S, BSS)-sorted set of prefix closed partial functions
t:N* —— F'+ {word, bag, set} + UBS
such that

efor all s € S and t € CTy there are n > 0 and eq,...,e, € FT(S, BS) with
tle) 1 ex x -~ xe, = s € F, def(t) NN = [n] and \w.t(iw) € CTy,, for all
1 <1 <n,



U terative equatz’ons}

o for all ¢ € {word,bag,set}, s € SUBS and t € CTy . there is n, € N with
t(e) = ¢, def (t) NN = [ny] and \w.t(iw) € CTy for all 1 < i < ny,
o for all X € BS, C'Ty, y = X (again identified with the set 1 — X of functions).

Let ~ be the greatest FT(S, BS)-sorted equivalence relation on CTy, such that

o forall s € S and t ~,t' t(e) =t'(e) and for all i € N, \w.t(iw) ~ Aw.t'(iw),

o for all s € SUBS and 1 ~y,q(5) ', ny = nyp and for all ¢ € [ny],
Aw.t(iw) ~g Aw.t (1w),

o forall s € SUBS, t ~y5) t' and f 1 [0y — [ny], ny = ny and for all i € [ny],
Aw.t(f(i)w) ~s Aw.t (iw),

o forall s € SUBS, t ~ . t', 1 € [0y and j € [ny] there are k € [ny] and [ € [n]
such that A\w.t(iw) ~s Aw.t'(kw) and Aw.t(lw) ~s Aw.t'(jw),

o for all X € BS, ~x= Ayx.

For simplicity, we identify CTy, with C'Ty/~.

The elements of C'Ty, are called Y-trees.
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C'Tx. is a Y-algebra;
Forall f:e—se F t=(t,...,t,) € CIy, and w € N¥,

f if w=e,
ti(v) if3ie N:iv=w,

fCTZ(t)(w) —def {
fET2(t) is also written as ft and f7%(e) as f.

Let ¥, =(S,BS,BF, FU{Ll;:1—s|se&S})and < be the least reflexive, transitive
and X-congruent S-sorted relation on C'Iy, such that for all s € S and t € CTy 4,
1. <t

Kleene’s fixpoint theorem =

C'Ty,, is initial in CAlgy,,

the category of w-continuous -algebras as objects and strict and w-continuous X-homo-
morphisms.
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Elgot’s Theorem (see Goguen et al., Initial Algebra Semantics and Continuous Algebras)

Each system of iterative X-equations has a unique solution in C'T¥;.

> induces the destructive signature co).: with Hx, = H.x:

coX = (S, BS,BF, {ds:s— ]l sere|s€S}HU

{mierx - xXe, = e |n>1 e,... e, € FT(S, BS),
1 <i<n})
Here each product type e; x --- X ¢, is regarded as an additional sort. The projections
miier X - xe, — e, 1 <1 <n, provide its destructors.

C'Tx. is a coX-algebra:

For all s € S and t € CTx ; such that t(e) is n-ary,
AT (t) =4 (Aw.t(1w), ..., dw.t(nw)), t(e)).
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C'Tx is final in Alg.oy.

For all coX-algebras A, the unique X-homomorphism unfoldA - A — C'T%; is defined as
follows: For all s € S, a € Ay, 1 € Nand w € N*,

unfold”(a)(e) =,
unfold® (a)(iw) = {

unfold® (a;)(w) if m(dX(a)) = (a1, ...,an) A1 <i<n,

undefined otherwise.

C Tg = COTCOE.
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dsO’ 0
v
m /C>\1'r2
o —
ds1,f1 dsZ fZ
| |
™ /C>\T[2 Q

¢ LI M2
e \
Ay e o
| Q/ \ o s% 8
an dg7:f7 /Q\

A coX-coterm
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~ and the corresponding S-tree:
LN
SRR
X 7.
O NOMO
®

Let E:V — Tx(V) be a system of iterative Y-equations.

The coX-algebra T

is defined as follows: Foralls € S, f:e—>se F, t € Tx(V), and x € Vi,
TE = Ts(V)s,

I = (& f)
" (x) = dI"(B(x)).
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unfOZdTE oincy : V — CTy solves E in C'Tx. (4)
gV — CTy solves E in CTy; iff ¢* : T'" — C'T is coX-homomorphic. (5)

(4) A (b) = Each system of iterative 3-equations has a unique solution in CTx.

An alternative proof of this result is given in Example 8 below.

Example 7 ¥ = (X, coX)
For all e € T(S, BS), let x. be a variable that is not contained in V.
DC = {ds(f(x)) =14(x) | s€ S, f:e—>seF}

is a system of recursive W-equations.

(2) = DC has a unique coinductive solution in C'T. (6)
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[ Context-free grammars with base sets J

A context-free grammar G = (5, BS, R)

consists of

e a set S of sorts (also called nonterminals),

e a set BS of nonempty base sets whose singletons are called terminals and are
identified with their respective unique element,

e a set R of rules s — w with s € S and w € (S U BS)*.

Let Z be the set of terminals of G. The following function typ : (S U BS)" — T (S, BS)
removes all elements of Z from words over S U BS and translates the latter into the
corresponding product types:

o typ(e) = 1.
e foralls € SUBS\ Z and w € (SU BS)*, typ(sw) = s x typ(w).
e Forall x € Z and w € (SU BS)*, typ(xw) = typ(w).
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[Context—free grammars with base 56755}

The constructive signature
Y(G) = (S, BS, {fssw : typ(w) = s | s > w € R})
is called the abstract syntax of G of G.

Finite ground Y(G)-terms are called syntax trees of G.

Let X =JBS.
The ¥(G)-word algebra Word((7) recovers the concrete from the abstract syntax:

e Forall s € S, Word(G)s =40 X

o Forallwe Z* and r = (s — w) € R, j}WOTd(G)(e) =ef W.

e Foralln >0, wy...w, € Z* e,...,e, € SUBS\ Z,
r= (s — wyeyw; ...e,w,) € Rand (vy,...,v,) € (X*)",

Word(G
I ( ><U1, ey Un) =def WULWY - . . UpWy,.

The language L(G) of G is the set of words over X that result from folding syntax
trees in Word(G):
L(G) =qef fOZdWWd(G)<T2(G))-
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According to [2|, generic compilers for G' can be formulated in category-theoretic terms
as follows:

Let (M : Set” — Set”,n,¢) be a monad that encapsulates the compiler output or, in
the case of incorrect input, returns error messages, P : Set” — Set” be the (S-sorted)
powerset functor, M x M = x oAo M,

S MxM—- M and set: M — P
be natural transformations and
E = {m €img(M) | set(m) =0}

such that for all sets A, B, m,m/,m" € M(A),ee E, f: A— M(B), h: A — B and
a € A,
(m @ m/) @ m// — m @ (m/ @ m//)’

M(h)(e) = e,
M(h)(m ©m') = M(h)(m) @ M(h)(m'),
seta(m @ m') = seta(m)U seta(m'),
seta(nala)) = {a},
setp(m >=f) = U{setp(f(a)) | a € set4(m)}.
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[Context—free grammars with base S@tSJ

Let const(X™) be the functor that maps each object and morphism of Algs ) to the
S-sorted set (X*)ses and the S-sorted function (idx+)ses, respectively, U be the forgetful
functor from Algs g to Set® and W = Word(G).

A natural transformation
compilec : const(X™) — MU

is a generic compiler for G if sety o compile, is the following coproduct extension:

incL(G) incX*\L(G)

- X" =

L(G) X"\ L(G)

(7)  setyolcompileyy
Aw.{w} Aw. )
P(X™)
Such a compiler is generic because it has two parameters: a »(G)-algebra A that rep-

resents a target language and the monad M (together with & and set) that determines
which target objects and error messages, respectively, are to be returned.
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Ty Q)
G .

Let parsec = compile ' and unparsec =4er fold Word(

Since compileq is a natural transformation and for all 3(G)-algebras A,
fOldA ) TE(G) — A
is X(G)-homomorphic,

M@)A)

compilesy = X*"5 M (Tsq)) M(A). (8)

Hence the restriction of parseq to L(G) is a right inverse of unparseg:

setyy o M(unparsec) o parseq o incrq) = sety o M(foldW) o parseg © iNCrq)

il sety o compilel o incpq) D Aw.{w}.

Following the classical notion of compiler correctness |1, 3|, we call compz’le“él correct
w.r.t. a source model Sem and a target model Mach (“abstract machine”) if there
are functions execute : A — Mach and encode : Sem — Mach such that the following
diagram commutes:
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fold™
TE(G) - A
fold %™ (9) evaluate
Y
Sem —— > Mach
encode

evaluate runs a “target program” a € A on the abstract machine Mach, while encode
expresses the source model in terms of the target model.

The initiality of Ty allows us to reduce the proof that (9) commutes to the extension
of encode and evaluate to X(G)-homomorphisms. For this purpose, Mach must be
extended to a 3(G)-algebra. This can often be done by establishing a target signature ¥/
such that Tsy concides with A, each constructor of ¥(G) corresponds to a X'-term, Sem
is a X-algebra and evaluate folds X'-terms in Sem. The mapping of X(G)-constructors
to X-terms may then determine a definition encode such that both encode and evaluate
become ¥(G)-homomorphic. In this way, |3| shows the correctness of a compiler that
translates imperative programs into data flow graphs.
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In the sequel, we regard the constructors par and seq of Reg(CS) as operations of

mutable arity and thus write

e par(ty,...,t,) instead of par(ty, par(ts, ... par(t, 1,t,)...)) and

o seq(ty, ..., t,) instead of seq(ty, seq(ts, ..., seq(t,—1,t,).

par(t) and seq(t) stand for t.

G induces an iterative system of Reg(C'S)-equations:
Eg:S — TReg(C’S)(S)
s+ par(Wwi, ..., W)

where {wy,...,w;} ={w e (SUCS)* | s > w € R}
and for alln > 1, e1,...,e, € SUCS and s € S,

€l1...€6, — SGQ(G_L"'?%)’
S = 8.

E¢ is called the system of equations for G.

).

73



[Context-ﬂ’ee grammars with base Setsj

The function solg @ S — P(X*) with solg(s) = L(G), for all s € S solves Fg in
Lang(X). (10)

solg is the least solution of Eg in Lang(X), i.e., for all solutions g of Eg in Lang(X)
and all s € S, solg(s) C g(s).
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[ Constructing recursive from iterative equations }

Let U = (CY, DY), OX = (S,BS,BF,C), > =CXUDY. and V € Set”.
CYy = (S,BSU{V,|se S}, BE,CU{ins:Vy; = s|seS}),
Uy = (C%y, DY),
S, = Oy UDY.

Let E :V — Tex(V) be a system of iterative CY-equations, rec(F) be a system of
recursive Wy -equations and A be a Y-algebra.

rec(E) simulates E in A if for all solutions g : V' — A of E, the Xy-algebra A, with
Ayjls = A and inl? = g, for all s € S satisfies rec(E).

Suppose that rec(E) simulates E' in A and A is final in Algpy. Then E has a unique
solution in A. (11)

Proof. Let g,h : V — A solve E in A. We extend A to Xy-algebras A;, Ay by defining
int = g, and in2 = h, for all s € S. By assumption, both A; and A, satisfy rec(E).
Since Al|py is final in Algpy, (2) implies that the coinductive solution of rec(F) in A|py
is unique. Hence Ay = Ay and thus for all s € .5, g, = mfl = inf2 = h,. |
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[Constmctz’ng recursive from iterative equatz’ons}

oy V' — Ty, denotes the substitution with oy (z) = in.z for all z € Vy und s € S. For
all Yy -algebras A,
(in)* = fold? o ot - T5 (V) — A, (12)

where in! = (inl 1V, = A,).cs.

Example 8 U = (C%, coCY)

Let CY = (S, BS, BF,C) be a constructive signature, DY = coX and E : V — Tex(V)
be a system of iterative C'X-equations.

rec(E) = {d(ins(x)) = t(o},(t)) | s € S, x € Vi, E(x) = ct}
is a system of recursive Wy -equations.

By (6), the system DC' of recursive 1-equations has a unique coinductive solution A in

CTes.

Let g : V — A be a solution of F'in A. For all s € S, x € V; with E(x) = ct,
ins’(x) = g(z) = g"(E(x)) = g*(ct) = (g*(t)), (13)
and thus for all S-sorted sets V' of variables and h: V' — A,

76



[Constmctz’ng recursive from iterative equatz’ons}

B*(dy(inge)) = 42 (ins?(2)) 2 d (A (g* (1)) 2 1elg* (1)) = el (in) (1))
B (fold s (03,(1)) = 1 (W (a5 (1)) = W (1o (1))

Hence A, satisfies rec(E), i.e.,

~—

rec(F) simulates E in A.
Since A is final in Algey, (4) and (11) imply that E has a unique solution in A. W

Example 9 WV = (Reg(CS), DY)

Let G = (5, BS, Z, R) be a non-left-recursive context-free grammar (i.e., there are no

derivations of the form s —»¢ sw), C'S = BSU{{z} | z € Z} and reduce be a function
that simplifies regular expressions by applying semiring axioms.

Then for all s € S there are kg,ny; > 0, Csq,...,C5,, € CS and Reg(CS)-terms
ts1,-..,tsn, over S such that

(reduce o Ef)¥s(s) = par(seq(Cs1,ts1), - - -, 5¢q(Cs s ton,)) (14)

or
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[Constmctz’ng recursive from iterative equatz’ons}

(reduce o E})"(s) = par(seq(Cy1,ts1), ..., 5¢q(Cyn,rtsn,), eps). (15)
Seps denotes the set of all s € S such that case (15) holds true.

Let Reg(C'S)" be the extension of Reg(C'S) by the S of sorts of G as a further base set
and the constructor n =g in,., : S — reg as a further operation.

Let DY be defined as in Example 5, Vg = (Reg(CS)’, DY) and > = Reg(C'S)" U DX

Using the notations of (14) and (15), we obtain the following system of recursive Wg-
equations:

rec(FEq) = {d(in(s)) = Av.os(par(ite(x(Cs1)(x), ts1, mt), ...,
ite(x(Csn, ) (@), tsn,,mt))) | s € S} U
{B(in(s)) =1 s € Sepst U
{B8(in(s)) = 0| s €5\ Seps}

Let X = JCS. By Example 5, the system BRE of recursive W-equations has a unique
coinductive solution A in Pow(X).
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[Constmctz’ng recursive from iterative equatz’ons}

Let g : S — A be a solution of Fg in A. For all n € N,
g" = g" o (reduce o E*)". (16)

Let h: V — A,. Hence for all s € S,

B (in(s)) = in*(s) = g(s) = g°(s) = g"((reduce o E5)"(s)) (17)

By (12),
g* = (in9)* = fold" o o : They(cs)(S) — A. (18)
Hence for all s € S\ Seps,

B (8(in(s))) = 5 (h*(in(s))) ‘= 64(g*(reduce o Eg)(s))) = ...
= 5A£U 1(Ci - g"(Es4))) = Az 5A(U 1(Csi - g7 (ts4))) ()
P Nefw e X* | zw e U™, (Chy - g*(tsi))} = . ..
= g"(Ax.par(ite(x(Cs1)(x), tsq, mt), o ate(X(Cs g ) (@), tsn,, mt)))
L fold® (o (Apar(ite(x(Co 1) (@), tor, mi), .. ite(x(Cyn,) (), tons, mt))))
= h*(o&(Ax.par(ite(x(Cs1)(x), ts1, mt), . .. ,zte( (Csn,) (@), tspn,,mt))))
and
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[Constmctz’ng recursive from iterative equatz’ons}

_7

B (Blin(s)) = AR (in(s))) ‘= BA(g"((reduce o Ef)is(s))) = ...
= AU (o g (k) P 0 = 7 (0),
and for all s € Ses,
B*(5(in(s))) = 63(h*(in(s))) ‘= 54(g"((reduce o E)¥s(s))) =
= 0N U (Csi - g7 () U {e}) = A0 (U2, (i - g (tsz))u{e})( )

L e € X | ow € Uy (Ca - 07 (1)) U e}

_Ax{weX*’waUz (Cyi - g™ (ts ))}:
= g*(Az.par(ite(X(Cs1)(2), ts1, mb), ..., ite(x ( n ) (@), sy, mit)))

! foldAg(a;(xx.par(z'teu(crs,g(a;),ts,l,mt> zte( (Con ) (@), tomsmit))))
= h*(o&(Ax.par(ite(x(Cs1)(x), ts1, mt), . .. zte( (Csn) (@), tsn,mt))))
and
R(B(in(s)) = B0 (in(s))) = BA(g" ((reduce o Be(s) = ...
= AU (Cus - g7 (k) U {el) "7 1 = hr (1),
Hence A, satisfies rec(Eq), i.e.,

rec(Eq) simulates Fg in A. (19)
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[Constmctz’ng recursive from iterative equatz’ons}

(10) A (11) A (19) = solg is the only solution of Eg in A.

rec(E¢q) suggests the following extension of Bro(C'S) to a Reg(C'S)'-Algebra Bro(C'S)"
For all s € S,

5B7’0(C’S)/<Z~n<5)> — )\SCO-Z'(pCLT(Zt@(-T c 05717 ts./ly mt>7 S ,’L't€<SC € C&ns? ts,nsa mt>>>’
BECS) (in(s)) = if 5 € Seps then 1 else 0.

Let Lang(X) = Asolg|regcsy and ¥ = Reg(CS) U DX.

Bro(CS)" agrees with the ¥-algebra Tr. gy (see (2)). Hence
fold™ ™ X = unfoldPr@S) . Bro(CS) — Pow(X)

and thus fold ™)' i Acc( X )-homomorphic. Hence for all s € S,

unfoldBm(CS),(m(S)) = foldL“”g(X)/(in(s)) = inLang(X)/(s)
— inlc(s) = solg(s) = L(G),,

i.e., (Bro(CS) in(s)) realizes the characteristic function of the language L(G)s of words
over X that are derivable from s via the rules of G.
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{ (Co-)Horn Logic }

(Co-)Horn clauses

Let ¥ = (S,BS,BF,F,P) and ¥/ = (S, BS, BF, F, P U P’) be signatures and C' be a
Y-algebra.

Algsy o denotes the full subcategory of Algs, consisting of all ¥'-algebras A with Aly, = C.
Algsy ¢ is a complete lattice: For all A, B € Algyy ¢,

A< B &4y Vpe P ptChpf
For all A C Algsycandp:e € P

pt=0, pT=A, pM={]p" and p™M ="
AecA AeA

82



[(Co—)Hm'n L()gz'c}

A Y-formula ¢ is negation-free w.r.t. X if ¢ does not contain =, < or < and all
subformulas of ¢ with a leading negation symbol belong to Fox (V).

A Horn clause for P’ is a ¥-formula p(t) <= ¢ such that p € P" and ¢ is negation-free
w.r.t. 2.

Let AX be a set of Horn clauses for P’
The AX-step function ¢ : Algsy o — Algsy ¢ is defined as follows:
For all A € Algsy ¢ and p € P/,

p" =gy g7 (1) | p(t) <= v € AX, g € ¢},
® is monotone and thus by the Fixpoint Theorem of Knaster and Tarski, ® has the least
fixpoint
Ifp(®) = M{A€ Algyc | B(A) < A}
Consequently,

fo(¢) E pla)e \/ Svarlte):(@=try)

p(t)<=peAX
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[(Co—)Hm'n L()gic}

A co-Horn clause for P’ is a ¥'-formula p(t) = ¢ such that p € P" and ¢ is negation-
free w.r.t. 2.

Let AX be a set of co-Horn clauses for P’.
The AX-step function © : Algsy o — Algsy o is defined as follows:
For all A € Algsvc and p:e € P/,

p" Y =iy CNg* () | pt = ¢ € AX, g€ CV\p"}.

® is monotone and thus by the Fixpoint Theorem of Knaster and Tarski, ¢ has the
greatest fixpoint
9fp(®) = U{A€ Algyc | A< O(A)}.

Consequently,
afp(¢) E pla)e N Vwear(te):(z £tV )

p(t)=peAX

*** to be continued ***
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