Dialgebraic Specification and Modeling

Peter Padawitz
http://padawitz.de
University of Dortmund, Germany
January 12, 2024

corecursive COALGEBRA state
functions model

constructors destructors
data recursive
model functions

reachable
hidden observablel hidden
abstraction restriction
congruences invariants
visible visible

abstraction ALGEBRA restriction



CONTENTS

Abstract

Dialgebraic specifications combine algebraic with coalgebraic ones. We present a uniform syntax, se-
mantics and proof system for chains of signatures and axioms such that presentations of wvisible data types
may alternate with those of hidden state types. Each element in the chain matches a design pattern that
reflects some least/initial or greatest/final model construction over the respective predecessor in the chain.
We sort out twelve such design patterns. Six of them lead to least models, the other six to greatest models.
Each construction of the first group has its dual in the second group. All categories used in this approach
are classes of structures with many-sorted carrier sets. The model constructions could be generalized to
other categories, but this is not a goal of our approach. On the contrary, we aim at applications in software
(and, maybe, also hardware) design and will show that for describing and solving problems in this area one
need not go beyond categories of sets. Consequently, a fairly simple, though sufficiently powerful, syntax of
dialgebraic specifications that builds upon classical algebraic notations as much as possible is crucial here. It
captures the main constructions of both universal (co)algebra and relational fixpoint semantics and thereby
extends ”Lawvere-style” algebraic theories from product to arbitrary polynomial types and modal logics
from one- to many-sorted Kripke frames.
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1 Introduction

77?7 Swinging types provide a one-tiered approach to the axiomatic specification of systems: static and dynamic
components as well as structural and behavioral aspects are treated within the same (many-sorted) logic. A
swinging type (ST) as defined in [89] is non-hierarchical. Standard hidden constructors are the tupling operators
for product sorts and injections for sum sorts. In this paper, we drop the implicit assumption of [89] that only
countable, term-generated data domains are specified in terms of swinging types.

The elements of the standard models are easy to conceive: those of the Herbrand SP-model are the ground
Y-terms. If SP is functional, the initial SP-model is isomorphic to the normal form model NF(SP) whose
elements are the ground -normal forms, i.e., the X-terms consisting of constructors. The final SP-model is
isomorphic to the quotient of NF(SP) that identifies behaviorally equivalent normal forms.

If SP is the domain completion of a coalgebraic swinging type (see Section 4.2), most nullary constructors
are (names of) elements of a final coalgebra and thus each of them denotes the “behavior” of an object in a
certain state (see Section 4.1). In this case, non-nullary constructors describe state modifiers, in object-oriented

terminology: methods. In other cases, they just build up static data structures.

Hence a normal form may represent

the static structure of an object or
the history of an object or

a set of attribute values or

a composition of substates or
possible actions on an object or

an “infinite” data structure or

Y YV VY VY VY

an element of another uncountable domain.

The most common hidden constructors are injections into sum sorts. Sum sorts are crucial for integrating
coalgebraic specifications into STs because are based on destructors and the most interesting destructors map
into sum sorts (see Sections 4 and 5). Hidden constructors can be regarded as the algebraic counterpart to
destructors whose nature is coalgebraic. As injections into sum sorts are implicit constructors, so are projections
into the factors of a product sort implicit destructors. Other common destructors are the apply operators that
occur implicitly in axioms for higher-order defined functions (cf., e.g., Example 14.2).

Section 3 summarizes the crucial notions and results from category theory and universal algebra that justify
the initial algebra/final coalgebra semantics of data types. We focus on the category Set® of S-sorted sets.
Some connections to swinging types are already drawn in this section. The new approach, however, is presented
in Sections 4 and 5 and can be followed even if one has not read all details of Section 3.

Section 4 introduces notions of coalgebraic signatures and specifications, called cosignatures and cospecifica-
tions, respectively. A cosignature A starts out from a swinging signature visY as the syntactical basis for hidden
sorts and destructors for them. Given a visX-structure C, a (A, C')-coalgebra is merely a A-algebra whose vis3-
reduct agrees with C. A induces coterms and contezts. Each element of the final (A, C)-coalgebra is a sequence
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of functions each of which interprets a context. A cospecification C'SP adds to A and C auziliary functions,
cofunctions, copredicates, inductive axiomatizations for the auxiliary functions, coinductive axiomatizations for
the cofunctions, co-Horn axioms for the copredicates and assertions. The final C'SP-model , Fin(CSP), is the
subcoalgebra of the final (A, C)-coalgebra consisting of all data satisfying the assertions.those elements that

In Section 5, swinging types are combined with cospecifications. A swinging type SP becomes dialgebraic
if SP is extended by a cospecification C'SP such that SP and C'SP have the same visible subsignature, the
same hidden sorts, the same destructors for these sorts and the same axioms for the auxiliary functions and
copredicates of C'SP. Hence cofunctions and assertions are the only actual contributions of a cospecification to
a dialgebraic ST. Semantically, however, there is a difference between a dialgebraic type C'ST and an algebraic
one even if the cospecification C'SP that is part of C'ST lacks assertions and cofunctions. While the standard
model of an algebraic ST is an—always countable—quotient of a Herbrand model, the standard model of C'ST
should be given by Fin(CSP) and thus may have uncountable carriers (see above). Fortunately, the main
result of Section 5 (Thm. 18.5) tells us that, under certain weak conditions, Fin(CSP) is isomorphic to the
standard model of an algebraic ST, called the domain completion of C'ST. By replacing C'ST with its domain
completion, we may keep to the hierarchical notion of a swinging type, both syntactically and semantically.

2 Set-theoretical preliminaries

At first, we recall some basic notions of set theory and relation algebra. Let S be a set. idg : S — S denotes
the identity on S.

Given a product A = [[,.; Ai =aef {(as)ier | Vi €1 :a; € A;} and i € I, a; denotes the i-th component of
a € A and 1; : A — Ay denotes the i-th projection from A, i.e., for all m;(a) = a;. Moreover, for all a,b € A,

(a,0) € [T A7 =aer (i bi)icr.
iel
If I is a singleton, say I = {k}, we write k instead of I and Ay instead of A. A function f : C — A is
well-defined iff for all 7 € I, m; o f is well-defined. Given functions f; : C — A;, i € I, the product extension
(fidier : C — Aof {fi | i € I} is defined as follows: For all ¢ € C, (fi)icr(c) = (fi(c))ier-

Relational update. Let RC A=][,.; A, k€l,ac Aand b € Ay alb/k] € A and R[b/k] C A are defined
as follows:
b ifi=k
alb/k i =
(alb/K]) { a; otherwise
Rb/k] = {a[b/k] | a € R}.

Analogously, let R € A = [[;c; Ai, k € I, (a,i) € Aand b € Ay. (a,9)[b/k] € A, i € I and R[b/k] C A are
defined as follows:
) (b,i) ifi=k
((a,0)[b/k]) = . ,
(a,i) otherwise

Rb/k] = {a[b/k]|ac R).

Relational product. Let R C ], ; A; and R C [, ; A; such that I'N.J = .

iel

Rx R =4 {(a;)ier € H Ai | (a:)ier € R, (a;)ics € R'}.
i€IuJg

Given a sum or coproduct A = [[;.; Ai =4ef {(a,i) |i €I, a € A;} and i € I, ¢; : A; — A denotes the
i-th injection into A, i.e., ¢;(a) = (a,7). If I is a singleton, say I = {k}, we write k instead of I and Ay, instead
of A. A function f: A — C is well-defined iff for all ¢ € I, f o; is well-defined. Given functions f; : A; — C,
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i € I, the sum extension [f;|,er : A — C of {f; | i € I} is defined as follows: For all i € I and a € A,,
[filie1(a) = fi(a).
Forall f:]][;c;Ai = A keland g: B — Ay, for g =ae fo(9i)icr : [lic; Bi = A where

{g ifi=k {B ifi=k
gi = B; =

m; otherwise A; otherwise

Forall f: A—],c;Ai, k€l and g: Ay — B, 9ok f =des [gilicro f: A— [L;c; Bi where

{g ifi=k {B ifi=k
gi = B; =

t; otherwise A; otherwise [

For all functions f; : A; — B;, 1 € I,

[Lic: fi =daer (fiomi)ier : [1,er Ai = [Lics Bs,
[icr fi =aer [tio filier : 1licr Ai = 1lics B

For all sets or functions Ay, ..., Ay, []/, 4; and [[}_, A; are also written as Ay x---x A, and Ay +---+ A4,
respectively. Some notations used above will re-appear in the following syntax of types, terms and formulas.

3 Types, terms and formulas, and their interpretations

Definition 3.1 (types) Let S be a finite set of sorts (type constants) and X be a finite set of type variables.
The set Tg(X) of (polynomial) types over S and X are the sets of expressions generated by the following rules:

Ts(X)

sorts and type variables

- 1 — X
. se Su{l} . x €

product and sum

€1,...,€n €1,...,€n
e X - Xey e+ ---+te,
powers
e
ses
s—e

constructive and destructive types over Y C X

I, H;:1 €ij

V1i<i<n:s5€ SAVI<j<n;:e; € SUY

[Ti= (si = LI5%, esy)

recursive and corecursive types

€1,...,€En .
LR €1,...,en are constructive over {z1,...,z,} C X
HT1 . Tp(E1, . )
€1,...,€n .
AR/ €1,-..,en are destructive over {z1,...,z,} C X
vey ... xp(e1, ... en)

x and + are regarded as associative operators. X binds stronger than +, + stronger than —.
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var(e) denotes the set of free type variables of e. Given e, € Tg(X), expressions of the form e — ¢
are called (first-order) functional types over S and X. Fg(X) denotes the set of functional types over
S. A (functional) type is ground or monomorphic if it does not contain type variables. The set of ground
(functional) types over S is denoted by Tg and Fg, respectively.

e is a subtype of ¢’ if e = €’ or there are types eq,...,e,, s such that

e c=e¢; X+ Xe, and e; is a subtype of €/, or
e ¢c=¢; and e + -+ + e, is a subtype of €/, or

e e=s5—e1, € =s— ey and e; is a subtype of es. |

If there is s € T(S) such that s; = s for all 1 <i<n, e; X --- X e, is also written as s™.

Sum types are particularly useful for specifying partial functions, exceptions and inheritance. In contrast to
subsorting approaches [30] sum typing keeps to the syntax and semantics of many-sorted logic. Sum typing is
also a way of avoiding the classical theory of complete partial orders (cpos) for modeling recursive functions,
similarly to partially-additive semantics [70] that also uses sums terms. The coalgebraic interpretation of -
definable functions [39] is another way of handling recursive functions without employing cpos.

Definition 3.2 (sorted sets and functions) Let Set be the category of (small) sets and functions between
sets. Let S be a set. Then Set” denotes the category of S-sorted sets A = {s* | s € S} and S-sorted
functions f: A — B={s/ : s = s8 | s € 5}.

Given s € S, A4 denotes the diagonal relation on s4, i.e., A2 = {(a,a) | @ € s*}. An S-sorted set B is
an S-sorted subset of A, written as B C A, if for all s € S, sP is a subset of s4. Consequently, A and B are

equal iff A and B are sortwise equal:

A=B <4y VseS:st=sP. 0

Definition 3.3 (interpretation of types by functors) Each type e € Tg(X) and each S-sorted set A
yield a functor F, 4 : Set — Set that is defined as follows: Let B,C € SetX and f: B — C be an X-sorted
function.

e For all s € S, Fs 4(B) = s and Fy a(f) = ida.

o F1.4(B) = {0} and Fy,a(f) = id{(-

e Forall z € X, F, o(B) =28 and F, A(f) =

® FoixxenA(B)="Fe a(B) X ... X F, A(B) and Fe, x...xce,,a(f) = Fe, a(f

® Feititen,a(B)=Fe, a(B)+ -+ Fe, a(B) and Fe, 1...qe,,a(f) = Fe, a(f

o Fusen(B) =[5 = Foa(B)] and for all g : 54 — Fu(B), Fase a()(9) = Foa(f) 0 g 5% = F a(C).

o Let Y = {x,...,2,} and F : SetY — Set¥ be defined by xf(D) = D) for all 1 < i < n and
D€ Set”. Then Fp, o (er...on).a(B) = Ini(Algr), Fuz, . (e1.. en)A( )= idni(Algr)
Fog,..an(eren),A(B) = Fin(Coalgr) and Fou, . 2, (ey,....en), A(f) = idpin(Coalgr)- a

A straightforward structural induction shows that F. is indeed a functor, i.e., the follwing diagram (x)
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commutes:
Fe
° By A, B’ °
f Fe,A(f)
' Fe A i
gof| = Cr—""—0C (%) Fea(gof)
g Fe,A(g)
Y F Y
° > D} A LD °

Definition 3.4 (substitution of type variables by types) Let X be a finite set of type variables. A
function o : X — Tg(X) extends to a function o* : Tg(X) — Tg(X) as follows:

e Forall z € X, 0*(x) = o(x).
e Forall s € SU{1}, o*(s) = s.
e Forall eq,...,e, € Tg(X),
o*(e1 X -+ Xey,)=0"(e1) X...x0%(en) and c*(e1 + -+ €,) =0c*(e1) + -+ + 0" (en).
e Foralls€ Sand e e Tg(X), 0*(s —>e)=s5— o*(e).
o o*(uxy ... xp.(e1,...,en) = pux1...2n.(1*(€1),...,7*(ey)) where 7 : X — Tg(X) is defined by
T; ifx =x; forsome 1 <i<n

m(z) =
o(x) otherwise. a

Given e € Tg(X) and A € Set®, the functor property of F, 4 implies the following

Proposition 3.5 Let e be a type over S and X, 0: X — Tg, A € Set® and B € SetX. Then
Fo(e),a(B) = Fe a(0(B))

Fo2),a(B) if x € var(e),

where for all v € X, x7B) =def { B
x

otherwise. |

Definition 3.6 (signatures, structures and homomorphisms) Let X be a set of type variables. A signature
¥ = (S,0p, Rel) over X consists of a set S of sorts, an S?-sorted set Op of function symbols and an S*-sorted
set Rel of relation symbols. We write f : s; — so € X instead of f € (s1,52)°? and r : w € ¥ instead of
r € wlel. dom(f) = s; and ran(f) = sy are called the domain resp. range of f.

For all s € S, Rel implicitly includes the s-equality =,: ss and the s-membership €,: s. A relation is
logical if it is neither a membership nor an equality.

A signature X' = (5, 0p’, Rel’) is a subsignature of X if S’ C S, Op’ C Op and Rel’ C Rel.

A Y-structure A consists of an S-sorted set, the carrier of A, also denoted by A, for all f:s7 — s9 € 3,
a function f4 : s{' — s4' and for all  : s € X, a relation 74 C 5. A is a ¥-structure with equality if for all

s€ S, == AZ. Ais a U-structure with membership if for all s € S, €= s4.

Given Y-structures A and B, an S-sorted function h : A — B is a ¥-homomorphism if for all f : s; — s5 €
¥, shofA = fBosh. If, in addition, f is surjective or injective, f is a ¥-epimorphism or a ¥-monomorphism,
respectively. A ¥-homomorphism h : A — B is a Y-isomorphism if there is a ¥-homomorphism g : B — A
such that goh =id4 and ho g = idg. Then we write A = B and say that A and B are Y-isomorphic.

Mod(X) denotes the category of X-structures and X-homomorphisms. Modgys(X) denotes the full subcat-
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egory of Mod(X) whose objects are X-structures with equality and membership.!

Given a subsignature X' = (S’ Op’, Rel’) of ¥ and a X'-structure A, Mod(X, A) denotes the category of all
Y-structures over A, i.e., all ¥-structures B and ¥-homomorphisms A such that for all s € §’, s% = s4 and
sh =idga. MOdEM(E,A) =def Mod(E,A)ﬁModEM(E). a

A Y-homomorphism is a Y-isomorphism iff it is bijective.

Definition 3.7 (terms) Let ¥ = (S, Op, Rel) be a signature over X. Ids(X) =gef {ide | e € Tg(X)}. The
Fg(X)-sorted set Tx(X) of X-terms over X is the set of expressions generated by following rules:

Ts(X)

functions of ¥ and identities

— op€0 — e Tg(X
op: S1 — S P p ide 1 e — e s(X)
product and sum
t1:e—el,...,th 16— €y ti:ep —e,....th 1€, > €
(t1,...,ty) e — e X+ Xep [t1,...,tn] i1+ 4+e,—e
projections and injections
1<i<n
Tiie1 X Xe, e lite—~>er+---+ey
rooting and branching
t:e—ep, t1:e1—e th:e—ep, t:eg—e t1 € OpU XU Xjoin,
1, U1t €1 2 2 15 1 2 t ¢ Idg(X), 1 p J
tiot:e —eg toty:e — eq to € Op U X7 U Xfork
sub- and supertyping
t:eq —e t:e—e;
tXeg:ep Xey—e t4+es:e—e +ey

left and right distribution

distp, cex (e1 4+ +e,) vexer+--+exe,

distp :(e1+--++ep) xe—eg Xet+--+e, Xe
abstraction and application

tieg X ...xXe, —e s,e; €8,

Nidiep X...Xe_1Xey1...Xe, — (€, —>e€) $:(s—=e)xs—e 1<i<n

fork and join

p:e p:e
fork(p):e—e+e join(p):exe—e

¢ € Forms(X) (see Def. 3.12)

¥, Y, XSfork and Yjoin denote the sets of projections, injections, forks and joins, respectively. A term is
ground or monomorphic if it does not contain type variables. The set of ground X-terms is denoted by T%.
If Tg(X) is restricted to either products or sums, T is an algebraic theory in the sense of [(4, , 23, ].

Given a X-term ¢ : e — €/, dom(t) =gqe5 e and ran(t) =g € are called the domain resp. range of ¢.

We sometimes omit o and write t(t1,...,t,) and [t1,...,t,]t instead of t o (t1,...,%,) and [t1,...,t,] o ¢,
respectively. If dom(t) is a binary product, t{u, v) is sometimes written as u ¢ v.

LA subcategory D of a category C is full if all C-morphisms between D-objects are also D-morphisms.
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Given termsty : e3 — €},...,ty 1 €y —> €}, t1 X+ - Xt, and t; +- - -+%,, denote the product (tyomy, ..., t,o0my,)
and sum [t] 01, ..., Ly Oty], respectively.

u € Tx(X) is a subterm of ¢t € Tx,(X) if t = u or there are f € Op, t1,...,t, € Tx(X) and 1 <i < n such
that

= fo(ty,...,tn) and u is a subterm of ¢; or

=[t1,...,tn] o fy u=[u1,...,up] o f, u; is a subterm of ¢; and uy = t, for all 1 <k <n with k # .

u € Tx(X) is a superterm of ¢t € T (X) if ¢ = w or there are f € F, t1,...,t, € Tx(X) and 1 < i < n such
that

e t =[t1,...,ty]) 0 f and u is a superterm of ¢; or

o t=fol(ty,....tn), u= foluy,...,un), u; is a superterm of ¢; and uy = t; for all 1 < k < n with k # 4.0

It is easy to see that for each S-term ¢ : e — eg X- - - Xe, there are t1,...,t, € Tx(X) such that t = (t1,...,t,),
while for each X-term ¢ : e; 4+ - -+ + e, — e there are t1,...,t, € Ts(X) such that t = [t1,...,t,].

Terms built up of products or sums can be visualized as trees growing downwards or upwards, respectively:

€ €
A AR
| 4 /| \
! ' 3 \
¢ 10
< C2 C C4 >
6> 1 <C7 dy
\ Koo ﬂ A
N ; //I ;
€ €1

Figure 1. Tree representations of the terms cy{ca(cs, ce), 3, ca{cr,c8)) 1 €1 — €3
and [[d5,d6]d2, d37 [d7, dg]d4]d1 te1 — €g.

As types denote functors (see Def. 3.2), terms denote natural transformations:

Definition 3.8 (interpretation of terms by natural transformations) Each ¢ : e; — es € T (X) and
each A € Mod(X) yield a natural transformation T 4 : Fe, a4 — Fe, 4, i.€., a set

{T; A(B) : F., A(B) = F., A(B) | B € Set™}

of functions such that for all B, C' € SetX and X-sorted functions f : B — C, the following diagram commutes:

FoaB) 2ABL b B
F€1,A(f) FezyA(f)
Tt A(C)

F€1,A(C) — F€2,A(C)
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Ty, 4 is defined as follows: Let B,C € SetX and f : B — C be an X-sorted function. The set-theoretical
operators on the right-hand sides of the following equations are defined in section 2.

e For all op : 51 — 89 € %, T, a(B) = op™.
e For all e € Ts(X), Tia, a(B) = idp, ,(B)-
e Forallty:e—eq,...,th: e = e, € Tx(X),
Tiey,en),a(B) = (Tey,a(B), ..., Te, a(B)) and Tje, . e,,4(B) = [Tey,a(B), ..., Te, . a(B)].

o Foralley,...,e, € Tg(X)and 1 <i<n, Tp, a(B)=m; and T,, a(B) = ¢,.
o Forall 1 : eq — ea,t2 : €2 — €3, Tiyo1,,4(B) =Ty, a(B) 0o Ty, a(B).
o Forallt:e— e, ea € Tg(X) and (¢,d) € Fexe,, a(B), Tixe,,a(B)(c,d) =Ty, a(B)(c).
e Forallt:e— ey, ex € Tg(X) and ¢ € Fe 4(B), Tite,,a(B)(c) =Tt a(B)(c).
e Foralle,ey,...,e, € Tg(X), 1 <i<nand(c,ti(d)) € Fox(ey4-ten),A(B), Taist,, a(B)(c,ti(d)) = ti(c,d).
e Foralle,ey,...,e, € Tg(X),1<i<nand ((c),d) € Fox(ey4ten),aA(B), Taistr,a(B)(Li(c), d) = 1i(c,d).
eTorallt:e x...xe, > ewithe €8, f:el = (Foix. xeiixersroxen,a(B) = Fea(B)) and

(c1,---y¢n) € Feyx..xen,aA(B)y Thit,a(B)(c1y- ., €Cim1,Cit1s - -y n)(ci) = Ty a(B)(e1, ..., cn).
e Forallse S, e € Tg(X), f: 5 — F. a(B) and a € s, T 4(B)(f,a) = f(a).
e Forall ¢ : e € Formy and a € Fo A(B), Tiork(e),a(B)(a) = { (a,1) ?f a€v’,

(a,2) ifag et
e For all ¢ : e € Formy, and (a,b) € Feoxe A(B), Tjoin(e),a(B)(a,b) = { @ ?f acp?
b ifad et O

Definition 3.9 Let 3 = (5, Op, Rel) be a signature over X and Y = {x1,...,x,}.

Foralll <i<mn,lete = H;c:l ei; be a constructive type over Y and C; = {v;j 1 ;5 = e; | 1 < j < k;} be
the set of injections into e;. Then the signature

¥ = (SUY,0pUCiU---UC,, Rel)

over X \ 'Y is called a constructor signature with base signature X.

Forall1 <i¢<mn,lete = Hf:l ei; be a destructive type over Y and D; = {m;; : e; = €;; | 1 < j < k;} be
the set of projections from e;. Then the signature

¥ = (SUY,0puUDyU---UD,, Rel)

over X \ 'Y is called a destructor signature with base signature X. a
77?7 ¥ is algebraic if for all f:e — ¢’ € Op and 7 : e € Rel, e and ¢’ are products of sorts.

Definition 3.10 (term composition) Let ¥ = (S, Op, Rel) be a signature over X. The term category
T=(X) has all types over S and X as objects and all X-terms over X as morphisms. The composition @ of
Ts(X)-morphisms is defined inductively on the structure of X-terms:

e Forallt:eg — e € Tn(X), ide, ©t =t ®id,, = t.

For all (t1,...,t,) € Tx(X) and 1 <i<n, m; © (t1,...,tn) = t;.

For all [t1,...,t,] € Ts(X) and 1 <i < n, [t1,...,tn] @ ; = t;.

Forallt:e — e € Ts(X)\ Ids(X) and t; : e = e2 € OpU XU Xjoin, t; Ot =ty ot.

For allty: e — e € OpUXmUXfork and ¢t : e3 — ex € T(X) \ Ids(X), t © ta =t ots.
Forallt:eg v e€Tx(X), e € Tg(X)and t/ :e —» e3 € T (X), t' © (t X e2) = (' O t) X es.
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e Forallt:e v e €Tn(X), e € Tg(X)and t' e e €Tx, (t+e2) Ot = (tO) + es.
e Forallt:e—e; € Tx(X) and (t1,...,t,) €1 = e2 € Tn(X), (t1,...,tn) Ot = {t1 Ot, ... t, Ot).

e Forall [t1,...,tp]:e— e €Ts(X)andt: e = es €TS(X), t O [t1,...,tu] = [t Ot1,..., Tt Oty].
skskokoskoskosk sk

e Forallt:s— s €Ty and ¢ : s € Formy, fork(p) ©t = (t+1t) © fork(e ©@t) (see Def. 3.12).
e Forall p:s€ Formy and t: s — s € Ty, t © join(p) = join(t © ¢) @ (¢t x t) (see Def. 3.12).

Forallt:[[,c;8i »s€Ts,ke€landu:s — s, € Tx, t O u =gef t © (ui)icr : [[;¢; 57 — s where

el 1
wuom ifi=k , s ifi=k
u; = . 8 = .
™ otherwise s; otherwise
Forallt:s —[[,c;si€Tx, k€l and u: s, — s € Tx, uekt =def [Uilier ©t: 5 = [],c; 87 where
L oOu ifi=k , s ifi=k
u; = . 8 = .
L otherwise s; otherwise O

Since the indices of projections replace the logical variables used in applicative logical syntax, we sometimes
write 4 instead of ;. Conversely, a term ¢ in applicative syntax can be turned into a (purely functional) X-term
by regarding the set X of variables occurring in ¢ as a set of indices and replacing each z : s, € X with
the projection 7, : [[;c;si — s.. For instance, let I = {x : s,y : 8,2 : s.}. Then the applicative term
flz,9(y,x), 2) : s becomes the Y-term

fo(me,go(my, ma), M) & Sz X Sy X 5, — 5.

Ts. covers both applicative terms and substitutions into such terms. For instance, the substitution o =
{tz/z,t,/y,t./2} that maps variables z,y,z to terms ¢ : dom, — sy, u : domy, — s,,v : dom, — s, re-
spectively, represents the X-term # = ¢ x u x v. Hence the instance f(t, g(u,t),v) of f(z,g(y,z), z) by o becomes
the composition f(x,g(y,z),z) ®{ that represents a single term of type dom, x domy x dom, — s:

—

flz,9(y,2),2) 0t =

(folmu,go(my,m:), )y Ol = fo(m, @t go(my,m) Ot,m, OF)
= f(t,go(myolimy o), v) = f(t,g0 (u,t),v) =

g
[t g(u,t),v).

To sum up this translation, let Ts be the set of applicative terms of sort s and T' = {Ts}scs. The following
function comp : T — Tx turns each applicative term ¢ with variables z1 : s1,...,Zm : S;m and constants
€1 :8),...,cn 8, into a X-term comp(t) : 51 X -+ X 8, X 1 = s

e For all 1 <1i < m, comp(x;) = ;.

e For all 1 <4 <mn, comp(c;) = ¢; 0 Mptq.

o Forall k>0,1<i <k, functions f:s; X --- X s, > s € X andt; €Ty,

comp(f(t1,...,tx)) = f o {comp(t1),...,comp(ts)).

Definition 3.11 (substitution of sorts by terms) Let ¥ = (Sp, S, F, R) be a signature. A function sub: S —
Ty, extends to a function sub* : Tg — T%; as follows:

e For all s € S, sub*(s) = sub(s).
o For all {s;}ier € Ts, sub™([1;c; 5:) = [Lic (sub*(s:)) and sub*([1;c; si) = [l (sub*(s:))-

As terms represent functions, formulas represent relations:
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Definition 3.12 (formulas) Let X = (S, S, F, R) be a signature and I, J be nonempty sets. The Tg-sorted
set Formy of ¥-formulas is the least set of typed expressions ¢ generated by the following rules:

relations of ¥ and truth values

— r:s€ER
TS True:[],cq5 False : [[,cq5

Y-atoms and -coatoms

t:s— s t:s = s

r:s eR, teTy\{ids}

rot:s tor:s

negation, conjunction and disjunction

p:s p:s, Y:s prs, Y:s

P s pAY s pV:s
quantification

¢ [Liersi ¢ [Liersi Lel

Vi : [1ier si ke [lier s

sub- and supertyping

¥ S P S
© X 82181 X S2 @+ 852:81+ 82
We sometimes omit o and write r{(ty,...,t,) and [t1,...,t,]q instead of r o (t1,...,t,) and [t1,...,t,] 0 q,

respectively. If dom,. is a binary product, (¢, u) may be written as ¢ r u. Moreover, ¢ = 1 and ¥ < ¢ stand
for ¢ V1) and ¢ < ¢ stands for (¢ = V) A (P = p).

Given a X-formula ¢ : s, dom, =4¢r s is called the domain of ¢. ¢ is a ground formula if s = 1.

The component formulas ¢; of a conjunction ¢ = @1 A --- A ¢, or disjunction ¥ = 1 V -+ V @, are called
factors resp. summands of .

Given a X-atom p, p and —p are called a X-literals. If r is logical, then p is logical. A Y-formula = o(t, u)
is called a Y-equation and usually written as ¢t = u. A X-formula allot is called a Y-membership and usually
written as all(t).

Given a Y-atom p : s and a Y-formula ¢ : s, p < ¢ and p = ¢ are called a Horn resp. co-Horn clause
over ¥.2 Given terms t : s and u : 5, a Horn clause t = u < ¢ is also called a conditional equation.

A Y-formula ¢ is normalized if ¢ consists of literals, quantifiers and conjunction or disjunction symbols.
Given a set R’ of relations, a normalized X-formula ¢ is R-positive if for all literals —r ot of ¢, r ¢ R. A Horn
clause p < ¢ and a co-Horn clause p = ¢ is R-positive if ¢ is R-positive.

rot < @ orrot= ¢ is called a Horn resp. co-Horn clause for r and all sets of relations that include r.
Given a constructur f, fot = u < ¢ is called a Horn clause for f and all sets of functions that include f.
Given a destructur f, to f = u < ¢ is called a Horn clause for f and all sets of functions that include f.

A Y-formula ¢ is restricted if

o for all subformulas V& of ¢, s, € Sy or —all,, o is a summand of ¥,

o for all subformulas 3k of ¢, s, € Sy or alls, o my is a factor of .

2Since ¢ is not confined to finite conjunctions of atoms, our notion of a Horn clause deviates from the classical one. It also
does not coincide with the notion of a hereditary Harrop formula [30]. Premises with universal quantifiers, which do not occur
in classical Horn clauses, are allowed both in Harrop formulas and in Horn clauses as defined here. But Harrop formulas impose
further restrictions on their premises.
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A Y-formula ¢ is implicational if ¢ can be constructed by applying the above rules except for negation,
disjunction and existential quantification and by the following additional rule:

simple implication
Yis, prs

. 1 is a conjunction of universally quantified atoms
p:s

A Horn clause p < Trueg is identified with p. A co-Horn clause p = Fulse, is identified with —p.

Definition 3.13 (term rewriting) Let ¥ = (Sp, S, F, R) be a signature and F be a set of 3¥-equations. —g
denotes the least binary relation on 7% such that

forallt=u€e E, t —g u,
for all and v : [],¢;
for all and t,u : []

for all and v: s = []

s; >seTs,kelandt,u:s — s, €Ts, t —g uimplies v O t —g v O u.

ielsi—>s€Tg,ke]andv:s'—>skETE,t—)Euimpliestka—n;u@kv.

si€Ts, kelandt,u: s, — s €Tx, t —g uimplies t ©F v —g © OF v.

iel
o for all andt,u:s—>]_[ielsi €Ts, keTandv:s, — s €Ty, t —guimplies v OF t —g v OF w.
—2sp and <> denote the reflexive-transitive resp. equivalence closure of —g. |

Definition 3.14 (signature morphism) Let ¥ = (So, S, F,R) and ¥’ = (S}, S, F', R') be signatures. A
signature morphism o : ¥ — ¥’ consists of a function from S to Tg: and S-sorted functions {os : Fs —
Ts.0(s)}ses and {os : Ry — Forms, ,5(s)}scs. The domain of o, dom(o), is the set of symbols of ¥ such that

o(s) # s.
It is obvious how o extends to a function from Tg to Ts: and Tgs-sorted functions {05 : T s — Ts o (s) }seTs
and {0 : Formys s — Forms (s }sers- Given a ¥-term or -formula ¢, o(t) is also witten as t[o(s)/s|s € dom(o)].

For all s € SUF, 0*(s) =aer 0(s) and for all 7 € R, 0*(r) =gef V;en o' (7). a

Definition 3.15 (formula-term composition) Let the assumptions of Def. 3.12 hold true. Formula-term
composition is a function ® : Formy, X Ty, — Formy, that extends the composition of morphisms in Tg (see Def.
3.10) inductively on the structure of ¥-formulas:

e Forallt:s— s €Ty \{ids}andr:s € R,r©t=rot.

e Forallr:s e Randt:s —»seTx\{ids},tOr=tor.

e Forallt:s— s t':s =" €Tx and p: 5" € Formy, (pot) 0t =p O (tOt).

e Forall p:s€ Formgandt:s— s t':s =" €T, ! 0tOp)={F Ot)© .

e Forall p:s€ Formy and t:s' = s €Ty, () Ot =—(pOt).

e Forall p:s,9:s5€ Formg and t:s — seTs,
(pAY)Ot=(pOt)A (Y Ot)and (VYY) Ot=(pOt)V (Y Ot).

e Forall p:5,1):s€ Formy and t:s — s € Ty,
tO(PAY) =[O AtOY)and tO (Vi) =(tO @)V (tOY).

e Forallt:s— s €Ty, p:s € Formy and k € I such that m;, does not occur in t,
(Vkp) @t =Vk(p ©t) and (Fkp) @t = Fk(p O F).

e Forall p:s € Formy,t:s— s €Ts and k € I such that 5, does not occur in ¢,
tOVke =Vk(t© @) and t © Fkp = Tk(t © ¢).

e Forallt:sgy 5> s€Tx, s2€Tgand ¢:s€ Formy, 9 Ot X s2=(pOt) X sa.

e Forallt:s— s €Txs,s0€Tgand p:s€ Forms, t+s0p=(tO )+ ss.
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For all ¢ : [[;c;si € Forms, k€ T and t:s — s, € Tx, 0 Ot =gef 0 © (ti)ier : [[;c; 8 — s where

, tom ifi=k , s ifi=k
i = S; = .
e otherwise s; otherwise
For all o : [[,c;si € Formg, k€ I and t:sp = s € Ty, t OF o =gef [tilicr © ¢ : [;c; si where
; Ot ifi=k , s ifi=k
i = Si = .
L otherwise s; otherwise
For all  : [[;c;si € Formsg, k€ I and t:s — s, € Ty, 0 Ot =gef 0 © (t Oy idy).
For all ¢ : [[;c;si € Formsg, k€ I and t: s, — s € T, tOF @ =ger (tOFid) © . Qa

For all s € S, let F' be the set of usual first-order formulas over ¥. The function comp : T' — Tx given in
section 2 extends to a function comp : F' — Formy that turns each first-order formula ¢ with free variables
X1 : 81y, &y ¢ Sy into a Y-formula comp(p) : s1 X -+ X 8, X 1:

o comp(True) = True and comp(False) = False.

e Forall k> 0,1 <7<k, relationsr:s; X -+ x s, € ¥ andt; €T,
comp(r(ty,...,tx)) = ro(comp(ty),...,comp(t)).

e For all ¢ € F, comp(—yp) = —comp(y).

e For all o, 1) € F, comp(p A1) = comp(p) A comp(v)).

e For all p € F and 1 < i < n, comp(Vz;p) = Vi comp(p).

4 Semantics of specifications

Definition 4.1 (generator, observer, complete aziomatization) Let ¥ = (Sy, S, F, R) be a signature and S; =
S\ So. The S-sorted sets Geny, of Y-generators and Obsy, of Y-observers are defined as follows (see Def.
3.7):

e For all s € Sy, Gens, s = Obsxy, s = {ids}.

e For all s € S, Geny s consists of all ¥-terms ¢ : dom — s built up of S;-constructors and variables, i.e.,
Y-projections occurring in leaves of the tree representation of t.

e For all s € S;, Obsy s consists of all X-terms ¢ : s — ran built up of S;-destructors and covariables, i.e.,
>-injections that occur only in leaves of the tree representation of ¢.

t € Geny is a maximal generator if dom; € Tg,. t € Obsy, is a maximal observer if ran, € Ts,. MGenx
and M Obsy, denote the S-sorted sets of maximal ¥-generators and Y-observers, respectively. a

Since generators do not involve sums [t;];c; of terms and observers do not involve products (¢;);cr of terms,
the domain of each subterm of a generator agrees with generator’s domain, while the range of each superterm of
an observer agrees with the observer’s range. Still, generators may involve sum types as observers may involve
product types. For instance, some proper (!) subtype of a constructor’s domains may be a sum, or some proper
subtype of a destructor’s range may be a product—and often has to be (see Example 15.2).

As products of terms are crucial for building up generators, so are sums of terms for building up observers.
In many previous papers on coalgebraic specification, sums do not play the prominent role they seem to have
here. The simple reason is that the sample signatures used in those papers lack destructors with sum ranges.
However, in practice, such destructors emerge as quickly as constructors with product domains do (see, e.g.,
Examples 14.2 and 15.2). Ounly Corina Cirstea [15] pays the special attention to sums of terms that they deserve.
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Her notion of a coterm almost agrees with our notion of an observer. As we compile variables of applicative

terms into projections, so, dually, Cirstea calls the injections at the leaves of observers covariables.

CoCASL [83] does not allow sums in the range of destructors. For instance, CoCASL would replace the

clist(s) — 1+ s x clist(s) of COLIST (see Example 15.2) by two partial (!) destructors

destructor ht :
However, it is well-known that the

head : clist(s) — s and tail : clist(s) — clist(s) (see [33], Fig. 4).
involvement of partial functions makes most algebraic and logic reasoning very complicated. Sum types are a

better choice: they cover partiality and stay within usual algebraic frameworks.

Since generators lack sums and observers lack products, these two kinds of terms admit a simple graphical
representation (see Figs. 1 and 2). Signatures all of whose functions involving non-primitive sorts are either
constructors or destructors admit initial resp. final models (see Section 5). They are called algebraic resp.

coalgebraic. The term “dialgebraic” is usually associated with functions that are neither constructors nor

destructors, i.e., both their domains and their ranges are complex types. They do not initial or final models

]) and thus cannot be treated inductively or coinductively. Besides this proof-theoretical drawback the

(see [
The

question is whether purely dialgebraic functions are needed in a framework for specifying data types.
motivating example of [99] is hardly convincing: the function split that takes a list L of numbers and a number
n and returns the lists of elements of L that are smaller resp. greater than n framework is simply the product
(f,g) of a function f that returns the smaller elements and a function g that returns the greater elements.

Dually, a function of type [[,.;s;i — s is the sum of functions f; : s; — s, @ € I. The third kind of purely
t. To make them algebraic (or coalgebraic) one may

dialgebraic functions has types of the form [[,.; s; = [1;¢; si-
introduce a new sort s for [[,.;s; (or [[;c; s;) with the injections ¢;, i € I, as constructors or the projections

m;, © € I, as destructors.

. 1+s
list(s) - TTAN
A e \
: LY
: a |
‘\ \\ T
\ | / 1
\ \
< > \ ht

by

-
[ P
'y g
oy -7
1y -
[

X h
A

—

colist(s)

Figure 2. The LIST-generator : o{my,: o{(mg : o(ms, [ om4))) : 8 X § X s X 1 — list(s)
that represents lists with exactly three elements (see Example 14.2)
and the COLIST-observer [i1,[t1, [t1,t2 0 1] 0 ht o ) o ht o wa] o ht : clist(s) = 1+ s
that, given a colist L, returns 1 if |L| < 3 and the third element of L otherwise (see Example 15.2).
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Proposition 4.2 Let ¥ = (S, S, F, R) be a signature, A be an Sp-sorted set and B be an S-sorted set such
that As = By for all s € Sy.

o [f forall s € S,
sB = H dom™, (1)

t:dom—s€Gensy,

then (1) holds true for all s € Tg as well.
o [f forall s € S,

sB = H ran?t, (2)

t:s—ranc€Obsy

then (2) holds true for all s € Tg as well.
Proof. Let {s; |i €I} CTg.

Suppose that (1) holds true for all s € S. Then by induction on the structure of s = [, ; si,

B __ B __ A A _
5T = HiEI S = HiEI Ht:dom—wieGeng dom* = H{ti:domiﬁsiEGenz | iel} HiEI domi -

A _ A
HHieI ti:(Hiel dom;)—s€Genx (HiEI domi) - Ht:dom—)sEGenE dom™.

Moreover, by induction on the structure of s = [],; si,

B _ B _ A _ A _
5T = HiEI S = HiEI Ht:dom—wiEGenz dom* = HiEI HLiot:dom—wEGenz dom* =

A _ A
H{Liot:dom%seGeng | iel} dom” = Ht:dom—mEGenz dom?.

Suppose that (2) holds true for all s € S. Then by induction on the structure of s = [[,; si,

B B A A
(S = HiEI S = HiEI Ht:si—)ranEObsz ran” = Hiel Htmrus—WanEObsE ranT =

A_ A
H{tom:s—>ra7LEOng | iel} ranT = Ht:s—)ranEOsz ran-.
Moreover, by induction on the structure of s =[]

iel Si»

B B __ A A _
7= HiEI S = Hie] Ht:si—wanEObsz ran— = H{t,i:siﬁraniEObsz | teT} HiEI ran; =

A _ A
HLLE] ti:sHHiel ran; EObss (HiEI Tani) - Ht:s—)ranEObS): ran-. a

N NN
ANA

o> <%

Figure 3. Thick edges in the term resp. coterm of Fig. 1 denote possible flows of data when it is evaluated. In
a term, each function (= node label) collects its arguments from a product domain. In a coterm, each

function selects a summand of a sum range where it passes the resulting value to.

Definition 4.3 (interpretation of terms and formulas; models) Let ¥ = (Sp, S, F, R) be a signature and A
be a Y-structure. The interpretation of a X-term ¢ : s; — s in A is a function ¢4 : 51 — s4' whose definition
extends the interpretation of F in A inductively on the structure of 3-terms (see Def. 3.7):

The interpretation of a X-formula ¢ : s in A is a subset of s that is defined inductively on the structure of
> -formulas:
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e Forallt:s = s €Tgandr:s € R, (rot)? = (t4)~1(r4).

eForallr:sc€ Randt:s — s €Tx, (tor)d =tA(r4).

o True? =[], .qs* and False® = 0.

e For all ¢ : s € Formy, ()4 = s\ pA.

e Forall p:s,9:5€ Forms, (p A)? = oA NepA and (p V)4 =t UyA.

e Forall p:s€ Forms and k € I, (Vkp)? = N{p?[b/k] | b € s} and (Fkp)? = U{p?[b/k] | b € i}
e For all ¢ : s; € Formy, and sy € Tg, ¢ x 54 = o2 x 58 and ¢ + 54 = .

a € s” satisfies ¢ : s if a € pA. A satisfies ¢ : s, written as A |= ¢, if s4 C 4.3 A satisfies a set F of
Y-formula, written as A |= F, if for all p € F', A |= .

Let SP = (X, AX) be a specification. A is an SP-model if A satisfies AX. Mod(SP) denotes the full
subcategory of Mod(X) whose objects are SP-models. Modgy (SP) denotes the full subcategory of Modgy (%)
whose objects are S P-models.

Given S1 C S and an Si-sorted set A, Mod(SP, A) =qef Mod(2,A) N Mod(SP) and Modgy (SP, A) =gef
Proposition 4.4 Let X = (Sy, S, F, R) be a signature, sub: S — Tx, A be a X-structure and h : A — B be
an S-sorted function such that for all s € S, hy = sub(s)d. Then for all dom € Ts, hgom = sub*(dom). a

Definition 4.5 (reduct) Let ¥ = (So, 5, F, R), ¥ = (5,5, F', R) be signatures and A be a X'-structure.
Given a signature morphism o : ¥ — X/, the o-reduct of A, Al;, is the ¥-structure defined by (Als)s = Ag(s)
for all s € Tg and fAlo = o(f)4 for all FUR.

Given a ¥'-homomorphism h : A — B, h|, : A|, — B|, denotes the ¥’-homomorphism defined by h|,(a) =
h(a) for all a € Al,.

If ¥ C ¥/ and o is the inclusion, then we write Aly instead of A|, and call Aly, the X-reduct of A. Qa
Proposition 4.6 Let ¥ = (S,F,R) and ¥ = (S',F', R') be signatures, A be a X-structure and B be a
Y/ -structure.

(1) For all S-terms or -coterms t : s — s/, : s' —= 5", (' © )4 = (¢')A o t4.

(2) For all signature morphisms o : ¥ — %' and N-terms t, tPle = o (t)P.

(8) For all ©-homomorphisms h: A — B and S-terms t : s — 8, hy ot =tB o hy.

(4) For all X-homomorphisms h: A — B, s € S and t € MGensy g, hs o t* = t5.

(5) For all ®-homomorphisms h: A — B, s € S andt € MObsy. 5, tP o hy = tA. Qa

Proposition 4.6(1) tells us that each ¥-structure A provides a functor from the term category Ts. to Set”

3The inverse inclusion is always valid.
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(see section 2):

A
. S —> 5 °
t t4
\ A
t'ot = §— () = ' ®t)4
t/ (tl)A
A
° _ S// | *A . (S”)A °

By Proposition 4.6(3), each Y-term ¢ : s — s’ yields a natural transformation from the functor _s to the
functor _y (see section 2) in the case that these functors are restricted from Set® to the subcategory Mod(Y)
of ¥-structure and -homomorphisms (see above):

tA
A, Ay
he = hy
tB
B, By

Proposition 4.7 Let ¥ = (Sy, S, F, R) and ¥ = (S}, S’, F', R') be signatures, A be a X-structure and B be
a X/ -structure.

(1) Forallt:s— s €Ts and ¢ : s € Formy, (p @ t)4 = (t) 71 (p4).
(2) Forall p:s¢€ Forms andt:s— s € Ts, (t©® )4 =t4(p?).
(8) For all signature morphisms o : ¥ — X/ and X-formulas ¢, Bl, = ¢ iff B = o(y).
If for all s € Tg, o(s) = s, then pPle = a(p)B.
(4) For all S-formulas ¢ : s and ¢ : s, A = (¢ = ) iff * C 4.
(5) Let A be a B-structure with equality. For all ¥-terms t,u:s — &,
(t=u)t ={acs? |t a) = ut(a)}.
(Vko)? ={a € [Lic; s | Vb€ si - a[b/k] € o},
(@)t = {a € [y 52 | b s alb/h] € oA},
(7) Let A be a X-structure with equality. For all -terms t : s — s, and X-formulas ¢ : sy,
AE oot iff AkE JyleXsaAmy=t0m,).

(6) For all o :[];c;s: € Forms and k € I,

Proof. (1) to (6) are easy to show. The proof of (7) is also straightforward. We present it here in detail
for illustrating how logical equivalences known from applicative first-order logic carry over to our variable-free
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logic.

Abpot = (pont=st &b (1) 1(ph) = s

= {acs?|tYa) € pl} =58 — {aesﬁ|El1)65;;‘:bEQOA/\b:tA(CL)}:sgc4
«— {a€s?|Ibe sﬁ b€ A Amy(a,b) = tA(m.(a, b))} = s2

JON {acs|Tbess:(ab) €5 xp? A(ab) € (my =tom)?} = sz

— {aesi|Ibes):(ab) €pxstAlab) e (my=tom,)?} =si

— {aesi|Ibes):(a,b)€(pxss Amy=tom)?} =5

— {(a,c)est xs)|Tbes): (ab) €(pxs, Amy=tomy)t}t =5 xsi)

= {(a,c)est xs)|Ibes): (a,0)b/yl € (pxsu Amy=tom)?} =si x s
L, (e x se Amy=tom))d =st xs) <= AEIy(pxs,Amy=toOm,). O

If t : s — s’ represents an “action” transforming “states” of type s to states of type s’, then Proposition
4.7(1) reflects the forward-reasoning semantics of nexttime modal-; temporal- or coalgebraic-logic operators
[17, 55, 60]: ¢ ® ¢ holds true in state st iff ¢ holds true in state t(st). Conversely, Proposition 4.7(2) reflects
the backward-reasoning of lasttime temporal-logic operators (see [55], section 4.3.1): t ® ¢ holds true in state
t(st) iff  holds true in state st.

Proposition 4.8 Let A and B be isomorphic Y-structures and ¢ be a X-formula. A satisfies ¢ iff B satisfies

o(p). N
Proposition 4.9 Let o : ¥ — ¥/ be a signature morphism, A be a ¥'-structure and ¢ be a X-formula. Al,
satisfies ¢ iff A satisfies o(p). a

Definition 4.10 (special structures, kernel, image and product) Let ¥ = (Sp, S, F, R) be a signature. A is
a Y-structure with equality if for all s € S, == A%, A is a Y-structure with universe if for all s € S,

all? = s*. Given a relation 7 : s € R, a relation 7 : s € R is called the A-complement of 7 if 74 = s4 \ r4.

The kernel of h, ker(h), is the S-sorted binary relation
{{(a,b) € s* x s | hy(a) = hs(b)} | s € S}.

Let h: A — B be an S-sorted function. The image of h, img(h) (or h(A)), is the S-sorted set {h(s?) | s € S}.
Let h be Y-homomorphic. Then img(h) can be extended to a Y-structure:

o forall s €S, s™IN) = h(s4) =4; {b€ B|3Facs?:hla)=b)},
e forall f:s— s € Fandbe s fimgh)(p) = fB(p),
e for all 7 € R, r™9(W) = p(r4).

Let ¥ be algebraic and A, B be Y-structures. The following interpretation of ¥ extends A x B to a X-
structure:

o forall s € S, s4%B = 54 x 5B,

eforall f:s—s €F,acs?andbe sB fA%B((a,b)) = (fA(a), fA(D)),

o forallr:se R, B ={{a,b) | a € r?, berB}. a

Definition 21.7 (free and cofree structures) Let ¥ = (Sp, S, F, R) be a signature, A be an Sp-sorted set and
S1 =5\ So.

Suppose that for all f:s— s € F, s,8' € Tg, or s’ € S;. The free Y-structure over A, Free(X, A), is
the X-structure B with equality and universe that is defined as follows:

e for all s € Sy, s = s4,
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B A
o for all s € 51, 5% = [1;.q0mssecmGeny dOM”,

e forall fe Fandac dom}g,

(b, fot) if domy € S and a = (b, t),
fPa) =< ((bi)ier, fo [Lic;ts) if domy =]];c; s and a = (b, ti)ser,
(b,fou0t) if domy = [[;c; s and a = ((b,1),1).

Suppose that for all f:s— s € F, 5,8’ € Tg, or s € S;. The set Beh™# of Y-behaviours is the greatest
S-sorted subset? of all a € [Lissranerronss ran® such that

(1) for all s € Sy, Beh>4 = s4,

(2) forall f:s— ][,c;si € F thereisiq s € I such that for all T =[], t; € [[;c; MObss s,, aros € rani: o
(3) forall f:s— s €F, (at)teMObszﬁs/ € BehSE,’A implies (atof)teMObszqs, € Beh>A.

The cofree X-structure over A, Cofree(X, A), is the X-structure B with equality and universe that is defined
as follows:
o for all s € S, s = Beh>4,
e forall f€ Fandaé€ dom?7
(atof)t:ranfﬁseMObsz if rany € S,
fB(a) = ((a’tioﬂ'iof)tieMObSE,S,y )iEI if rang = HiEI si, M

((aTof)TELLEI MOsz,si’iavf) if rany = [1,¢; 5.0

Hence, roughly said, the free X-structure is a sum over the set of maximal Y-generators, while the cofree

Y-structure is a product over the set of maximal Y-observers.

By Proposition 4.2, for all types s over S, Free(X, A)s = [1;.qom—sscrrGens dom® and Cofree(%, A), C
ILisosranc MObs(3,8) ran”. This is needed for the implicit assumption about the structure of the domain of

fEree(3:4) and the range of feofree(3,4)

[dg d3 dg] dig
ds [dn\ dg] [dg dy dgl dy ldg d]
dg gl

1 \|/
/N U N
S N

S
A [dy  dgl [dy dgl

<cC Cg> <C; Cg>

AN I -
. ! -
N i ,/’/
—

Figure 6.1. Two elements of a free structure (left) and a cofree structure (right), respectively.

At the first sight, one might define s® for s € S; as the entire product P that represents, for each s-object

a, the set of all possible tuples of observations of a. However, a closer look at such a tuple reveals that some of

4The existence of this subset follows from Theorem 8.3(1).
5iq, s refers to (2).
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its components depend on each other whenever their indices (generators), say ¢ and ¢/, have a common prefix
into a coproduct, say u : dom — [[;c;si. Then t and ¢’ also map to coproducts, say ran; = [[,c; ran; and
rany | [;c;ran;. Since t and t' observe the same object a, the resulting observations belong to two summands
of rany resp. ran} with the same index, which is determined by the branch that—intuitively speaking—a takes
when passing u. The actual definition of s? selects exactly those tuples from P that take into account this

B

dependency between observers into coproducts. If F' does not include destructors into coproducts, s* coincides

with the entire product.

Given a sets S of sorts and an S-sorted set A, an S-sorted relation ~C A? and an S-sorted set B C A extend

to Tg-sorted sets as follows: Let {s;}ier C Tg.

va —def ViEIZaiNsibi.
ic1 "

e Forall a,b € [];c; st a I
e Foralli€l, acsiandbe A, (a,i) L s (b,j) <=>der i=jANar~sb
’ ier "

e Foralla € [[,.;sf a€ ([Tic;8)® <aey Viel:a; €sP.

e Foralliel, acsf, (a,i) € (Il;c;5)® < aey acsP.
Extending ~ and B to products or sums is called relation resp. predicate lifting (see [55], §3.1 resp. 4.1). If
liftings are regarded as mere extensions, the usual difference between a congruence and a bisimulation becomes
obsolete. The former stands for compatibility with constructors, the latter for compatibility with destructors
(see [55], Def. 3.1.2). Hence we subsume bisimulations under congruences. In contrast to binary ones, a notional

difference between the two kinds of compatibility has never been made in the case of unary relations: both are
called invariants (see [55], Def. 4.2.1).

Definition 4.12 (congruences and invariants) Let ¥ = (Sy, S, F, R) be a signature, F; C F and A be an
S-sorted set.

An S-sorted binary relation on A is a family ~= {~,C s4 x s | s € S} of binary relations. ~ is
Fi-compatible if for all f:s — s € [} and a,b € s4, a ~, b implies f4(a) ~y fA(b). ~ is ¥-congruent or
a Y-congruence if ~ is F-compatible and for all s € Sy, ~s= Af. ~ is R-compatible if for all 7 : s € R and
a,be st aer®and a~bimply b e ri.

Given an S-sorted binary relation ~ on A, the least equivalence relation including ~ is called the equivalence
closure of ~ and denoted by ~¢?. If ~ is ¥-congruent, then the ~-quotient of A, A/~ is the X-structure
that is defined as follows: For all a € A, [a] =4¢; {b € A | a ~°7 b} is the equivalence class of a.

e Forall se€ S, (A/~)s = {[a] | a € s},

e forall f:s = s € Fandacs?, fA(d]) = [f*(a)],

e forallr:se R, 1 ={ce (A/~), | cnrt #0}.

The function nat : A — A/~ that maps a € A to its equivalence class [a] w.r.t. ~ is called a natural mapping.

An S-sorted subset inv of A is Fi-compatible if for all f: s — s’ € F and a € invs, f4(a) € invg. inv
is a Y-invariant (on A) if inv is F-compatible and for all s € Sy, inv, = s4. If inv is Y-invariant, then the

inv-substructure of A, Alinv, is the X-structure that is defined as follows:

e For all s € S, (Alinv)s = invs,
e forall f:s— s € Fand a € (A]inv),, fA"(a) = f4(a),
o for all 7 : s € R, rAl" = 4 N inu,.
The function inc : Alinv — A that maps a € inv to itself is called an inclusion mapping.

A quotient resp. substructure B of A is a proper quotient resp. proper substructure of A if A and B
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are not isomorphic. a

Proposition 4.13 Given a X-homomorphism h : A — B, the image of h is a X-invariant and the kernel of h
is a X-congruence. If ¥ is algebraic, then a 3X-congruence on A is a X-invariant on A X A and thus extends to a
Y-structure. The equivalence closure of a %-congruence is X-congruent. Natural mappings, inclusion mappings
and the projections on the components of a product are X-homomorphic. a

Proposition 4.14 Let ¥ be a signature, A, B be X-structures, ~ be a X-congruence on A and inv be a
Y-invariant on A.

e Forallt:s— s €Ts and a € s*, t*([a]) = [t*(a)].
e Forallt:s— s €Tx and a € inv,, tY1"(a) = t(a).
o If Y is algebraic, then for all products s,s' of sorts, t:s — s’ € Ts;, a € s and b € s5,

B = {{a,) [ a e s, be P} and 9P ((a,b) = (H4(a),14(0)). -

Proposition 4.15 Let A be an SP-model that interprets = as a X-congruence. Then for all Horn or co-Horn
clauses @ there is a normalized Horn resp. co-Horn clause ¥ such that A satisfies ¢ iff A satisfies .

Proof. Let ¢ = (rot < 0), [[;c;s: be the type of r and [[,.; s; be the type of ¢. W.lo.g. I and J are
disjoint. The conjecture holds true for ¢» = (r <= 3J : (7)icg =t A0')) where 0’ is constructed from 6 by driving
all negation symbols innermost until they directly precede atomic formulas. If ¢ = (r = ), then the conjecture
holds true for ) = (rot = VI: (=(ms =t) V). Q

The congruence property of = is essential for the validity of Proposition 4.15.

Lemma 4.16 (homomorphism criteria) Let h : A — C be a ¥-homomorphism.

(1) Let g : A — B be a X-epimorphism and b’ : B — C be a function such that h = h' o g. Then h' is a
S -homomorphism and the only one satisfying h = h' o g.

2) Let g : B — C be a X-monomorphism and h' : A — B be a function such that h = go h’. Then h’ is a
g g
S -homomorphism and the only one satisfying h = goh'.

Proof. (1) k' is homomorphic: Let f: s — s’ € F. Then
fool og=fCoh=hofA=Hogoft=IofBag
and thus f¢ o b’ = h’' o fB because g is surjective. Suppose that h” o g = h for some ¥-homomorphism
h":B — C. Then h' o g = h = h' o g and thus h” = I/ because g is surjective.

(2) k' is homomorphic: Let f:s — s’ € F. Then
gohofA=hofA=fch=fcgoh’=gofBokl

and thus h/o f4 = fBoh/ because g is injective. Suppose that goh” = h for some ¥-homomorphism A" : A — B.
Then go h” = h = go h' and thus h” = h’ because g is injective. a

Theorem 4.17 (homomorphism theorems) Let h : A — C be a X-homomorphism.

(1) Let nat: A — A/ker(h) be the corresponding natural mapping. Then there is a unique X-homomorphism
B : A/ker(h) — C such that h' o nat = h. Moreover, C is (isomorphic to) a quotient of A iff there is a
Y-epimorphism from A to C.

(2) Let inc: img(h) — C be the corresponding inclusion mapping. Then there is a unique X-homomorphism
B i A —img(h) such that h = incoh'. Moreover, A is (isomorphic to) a substructure of C iff there is a
Y-monomorphism from A to C.
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Proof.

RN
nat h

A;ker(h)

(1) nat is a Y-epimorphism. By the definition of ker(h), the function b’ : A/ker(h) — C sending [a] €
A/ker(h) to h(a) is well-defined and injective. Hence h = h’ o nat and thus by Lemma 4.16(1), A’ is a X-
homomorphism and the only one with h = h' o nat.

If h is surjective, then I’ is also surjective and thus bijective, i.e., A/ker(h) and C are isomorphic. Conversely,
let ~ be a Y-congruence on A and b’ : A/ker(h) — C be a Y-isomorphism. Define h : A — C by h = b/ o nat.

Since nat and h' are ¥-epimorphisms, h is a Y-epimorphism, too.

A - C

inc
img(h)

(2) inc is a X-monomorphism. By the definition of img(h), the function A’ : A — img(h) sending a € A to
h(a) is well-defined and surjective. Hence h = inc o h’ and thus by Lemma 4.16(2), A’ is a Y-homomorphism

and the only one with h = inco h'.

If h is injective, then R’ is also injective and thus bijective, i.e., A and img(h) are isomorphic. Conversely,
let C’ be a Y-substructure of C' and ' : A — A’ be a X-isomorphism. Define h: A — C by h = inco h’. Since

inc and h' are Y-monomorphisms, h is a Y-monomorphism, too. a

5 Swinging types

Definition 5.1 (specification, swinging type) Given a signature ¥ and a set AX of Horn or co-Horn clauses
over X, called axioms, the pair SP = (X, AX) is a specification if each relation r € X is a predicate or a
copredicate, i.e., occurs only in the heads of Horn clauses or only in the heads of co-Horn clauses.

Given signatures ¥ = (Sp, S, F, R) and ¥/ = (S(, S, F', R'), a specification SP’ = (X', AX’) is a swinging
type (ST) with base type SP = (¥, AX) and primitive sort set S if SP is a swinging type and either
SP"=SP = (0,0) or one of the following conditions (1) to (8) holds true.

Let S; = 5"\ S, equals = {=; | s € S1} and univs = {all, | s € S1}.

(1) Data model. S) =Tg, R = Rand AX’' = AX. F'\ F is a set of Si-constructors (see Def. 3.6). The sorts
of S; are called visible sorts of SP’.

(2) State model. S{ =Tg, R' = Rand AX' = AX. F'\ F is a set of Si-destructors (see Def. 3.6). The sorts
of S; are called hidden sorts of SP’.

(3) Recursive functions. SP satisfies (1). X'\ ¥ is a set of Si-destructors, called recursive functions.
Define the S’-sorted set rec and the substitutions sub; : 8" — T and suby : S’ — T as follows: For all
s € 8, rec(s) = {ids}, for all s € Sq, rec(s) = {f € F'\ F | domy = s}, and for all s € S’, subi(s) =
[ cree(s) ranys and suba(s) = (rec(s)). For all f € X'\ ¥ and all Si-constructors ¢ : dom — domy there
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is a Y-term

tyc: subj(dom) — rany

such that AX’'\ AX contains the equation
foc=ty.® subs(dom).

These are the only axioms of AX’\ AX.6

Corecursive functions. SP satisfies (2). X'\ X is a set of Sy-constructors, called corecursive functions.
Define the S’-sorted set cor and the substitutions sub; : S’ — Tg and suby : S’ — Ty as follows:
For all s € S, cor(s) = {ids}, for all s € Sy, cor(s) = {f € F/'\ F | rany = s}, and for all s € ',
sub1(s) = [ tecor(s) domy and subs(s) = [cor(s)]. For all f € X'\ ¥ and all X-destructors d : rany — ran
there is a 3-term

tya: domy — subi(ran)

such that AX’\ AX contains the equation
do f = subs(ran) © tyq.

These are the only axioms of AX’\ AX.”

Visible abstraction. SP is visible. X'\ X is a set of Sj-constructors and logical relations. AX’\ AX
consists of (R U equals)-positive Horn clauses for R’ \ R U equals and includes CONH (see Def. 10.1).
Hidden abstraction. X'\ ¥ is a set of logical relations. AX’\ AX consists of (R Uequals)-positive co-Horn
clauses for R\ RU equals and includes CONC (see Def. 10.1).

Visible restriction. X'\ ¥ is a set of logical relations. AX’\ AX consists of (Ry U univs)-positive and
restricted Horn clauses for R’ \ R U univs and includes INVH (see Def. 10.1).

Hidden restriction. SP is hidden. X'\ ¥ is a set of Sy-destructors and logical relations. AX’\ AX consists
of (Ry U univs)-positive and restricted co-Horn clauses for R’ \ R U univs and includes INVC (see Def.
10.1).

In cases (5) and (6), SP’ is an abstraction. In cases (7) and (8), SP’ is a restriction. In cases (1), (3),
(5) and (7), SP’ is visible. In cases (2), (4), (6) and (8), SP’ is hidden.

A predecessor of SP’ is a swinging type SP, such that there are swinging types SPi,...,SP, = SP’
and for all 1 < i < n, SP;_; is the base type of SP;. The sort-building predecessor of SP’ is the least®
predecessor SP of SP’ such that both specifications have the same set of sorts. a

The sort-building predecessor of SP’ always satisfies 5.1(1) or (2).

Example 5.2 A visible type of Boolean arithmetic reads as follows.

BOOL

vissorts bool

constructs true, false : 1 — bool

defuncts not : bool — bool

and, or, eq : bool x bool — bool

preds _% _: bool x bool
vars C : D00

b, ¢ : bool
axioms not o true = false true and b=10
6Tor the category-theoretic presentation of recursion, see, e.g., [65], Section 5.
"For the category-theoretic presentation of corecursion, see, e.g., [2], §85.11-5.14.

8with respect to set inclusion
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not o false = true false and b = false
or o (true,id) = true eq(true,b) =b
false or b=10 eq(false,b) = not(b)
true £ false false # true
Several swinging types given later have BOOL as a visible subtype. a

Definition 5.3 (model-based specification, parameterized type) Let SP = (X, AX) be a specification, ¥ =
(S0, S, F,R), ¥; C ¥ and A be a ¥y-structure. The pair SP(A) = (X(A4), AX(A)) with

Y(A) = ZU{a:1—s]acs?),
AX(A) = AXU{foa=fAa)|f:s—s €F acs’}U{roa|reR, acr?}

is the specification based on (SP, A).

A parameter type PAR = (PX, PAX)[SP,...,SPg] consists of a set PY of signature elements, a set PAX
of formulas and k > 0 swinging types SP; = (¥;, AX;), 1 < i < k, called constant subtypes of PAR, such
that

k
Y(PAR) =4 PXU U ¥,
i=1
is a signature and
k
AX(PAR) =4 PAX U|]JAX;
i=1
is a set of X(PAR)-formulas. A parameterized (swinging) type PSP = (X, AX)[PAR;, ..., PAR,] consists of
a set X of signature elements, a set AX of Horn or co-Horn clauses and n > 0 parameter types PARy, ..., PAR,

such that .
S(PSP) =4y LU | JB(PAR;)

i=1

is the signature and AX is the set of axioms of a swinging type.

Given a parameter type PAR = (PX, PAX)[SPy,...,SPs], a X(PAR)-structure A with equality is a pa-
rameter model of PAR if A satisfies AX(PAR) and for all 1 <i <k, Alysp,) = Ini(SP;).

Given a parameterized type PSP = (3, AX)[PAR;, ..., PAR,] and parameter models Ay, ..., A, of PARy,..., PAR,,
respectively, the actualization of PSP by (Aj,...,A,) is the swinging type

(5, AX)[A1, .. Ay =aep (S(A1) U~ US(An), AX (A1) U---UAX(A,)). @

Example 5.4 The simplest parameter type consists of a single sort with equality and inequality:

NEQ(s)
sorts s
preds _FE_18XS
axioms rZy & -(x=y)

Since s is a type variable, s may be instantiated by any other type. For example, NEQ(bool) is the parameter
type that agrees with NEQ(s) except for the replacement of all occurrences of s in NEQ(s) by bool. Here is a
parameterized type using NEQ(s) as parameter:

STACK[NEQ(s)] where STACK =

primsorts s
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vissorts stack(s)
constructs empty : 1 — stack(s)
push : s x stack — stack(s)
defuncts pop : stack(s) — stack(s)
top : stack(s) — 1+ s
preds _#£ _: stack(s) x stack(s)
vars x,y:s L,L': stack(s)
axioms top o empty = 11

top o push = 19 0 m

pop o empty = empty

pop o push = mo

empty # push(z, L)

push(x, L) # empty

push(z, L) # push(z,L') < L# L

Finally, we extend NEQ(s) to a parameter type with a constant subtype:®

TRIV(s)[BOOL] where TRIV(s) = NEQ(s) and
functs eq,neq : s X s — bool
axioms eq(z,y) =true < z=y

eq(z,y) = false <« z £y
neq(z,y) =true < z £y
neq(z,y) = false < z=y a

hidden abstraction ***** final algebra semantics [109, 57, 78]

Labelled transition systems may be integrated into swinging types by declaring them as ternary relations.
Although Def. 5.1 excludes the specification of alternating fixpoints [34], it is sufficient for axiomatizing all
common modal- or temporal-logic operators in terms of swinging types (see also [39], Example 2.7). General
results that have been drawn from the incorporation of modal into many-sorted logic and that may be fruitful
for modal logic itself deal with bisimulation invariant formulas and their syntactic characterization (see [39],
Theorems 3.8 and 7.9).

6 Data and states

Definition 6.1 (initial, final) Let ¥ be a signature and C be a class of X-structures.

Ini € Mod(Y) is initial in C or the initial object of C if Ini € C and for all B € C there is a unique
Y’-homomorphism from Ini to B.

Fin € Mod(X) is final in C or the final object of C if Fin € C and for all B € C there is a unique

Y'-homomorphism from B to Fin. a
Lemma 6.2 Let X be a signature and C be a class of X-structures.
(1) All initial objects of C are L-isomorphic.

(2) All final objects of C are ¥-isomorphic.

(8) Initial objects of C do not have proper substructures in C.
Consequently, for all initial objects A € C and L-invariants inv on A, inv? = A.

9The operator and denotes the componentwise union of its arguments. It is adopted from the algebraic specification language

CASL [12].
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(4) Final objects of C do not have proper quotients in C.
Consequently, for all final objects A € C and S-congruences ~ on A, ~4= A4,

(5) Let Ini be initial in C. Then for all A € C, the image of the unique X-homomorphism h : Ini — A is the
least Y-invariant of A that belongs to C.

(6) Let Fin be final in C. Then for all A € C, the kernel of the unique X-homomorphism h : A — Fin is the
greatest ¥-congruence ~ on A such that A/~€ C.

Proof. (1) Let A, B be initial in C. Then there are X-homomorphisms g : A — B and h : B — A. Hence
ho g and id* are ¥-homomorphisms from A to A, and g o h and id? are ¥-homomorphisms from B to B. By
uniqueness, h o g = id* and g o h = id".

(2) Analogously.

(3) Let Ini be initial in C, A be a substructure of Ini, h be the unique ¥-homomorphism from Ini to A and
inc be the ¥-homomorphic inclusion mapping from A to Ini. By (1), inco h = id!™. Hence inc is surjective
and thus bijective, i.e., A and Ini are X-isomorphic.

(4) Let Fin be final in C, A be a quotient of F'in, h be the unique ¥-homomorphism from A to Fin and nat
be the ¥-homomorphic natural mapping from Fin to A. By (2), h o nat = id?"". Hence nat is injective and
thus bijective, i.e., A and F'in are X-isomorphic.

(5) Of course, h(Ini) is a E-invariant of A. Let inv be a X-invariant of A such that inv € C. Then there is
a >-homomorphism ¢ : Ini — inv. Moreover, the inclusion mapping inc : inv — A is ¥-homomorphic. Hence
by uniqueness, h = inco g and thus for all b € Ini, h(b) = inc(g(b)) = g(b) € inv, i.e., h(Ini) C inv.

(6) Of course, ker(h) is a Y-congruence on A. Let ~ be a X-congruence on A such that A/~€ C. Then
there is a X-homomorphism g : A/~— Fin. Moreover, the natural mapping nat : A — A/~ is ¥-homomorphic.
Hence by uniqueness, h = gonat and thus for all (a,b) € A2, a ~ b implies h(a) = g(nat(a)) = g(nat(b)) = h(b),
ie., ~C ker(h). a

Theorem 6.3 Let ¥ = (S, S, F,R) be a signature, A be an Sy-sorted set and S; = S\ So. Suppose that
forall f:s — s €F, s s €Tg, ors’ € S;. The free L-structure Ini over A is initial in Modgy (2, A).
Moreover, for all t € MGensy, tFree(A4) —

Proof. Let C € Modgy (X, A) and h : Ini — C be the S-sorted function defined by hy = id, for all s € Sy
and
hg ot =t° (1)

for all s € S; and t : dom — s € MGeny. First we show by induction on the structure of s that (1) holds
true for all s € Tg. Let t : dom — s € MGeny. If s is a product, say s = Hiel si, then for all i € I there is
t; : dom; — s; € MGensys such that t = Hiel t;. Hence for all a € dom™ and i € I,

milha(e(@) = mlhpp (@) = by (miCee(@))) = b (riCepp (@) = by, (@) 2 4 (@) =

mi((t (mi(a))ier) = mi([Tie; () = mi(t9(a)).

If s is a sum, say s = [ [, $i, then there are i € I and u : dom — s; € MGenys such that t = ¢; o u and thus,

iel
by the isomorphism in the proof of Proposition 4.2(1), t; = ¢; o t,,. Hence for all a € dom?,

(i(ta(@)) = tihs, (1u(@)) 2 13(uC (@) = (10 w) (@) = t(a).

i

ho(uala)) = by,

Next we show that h is ¥-homomorphic, i.e., for all f : s — ran € F’, hyqn o fI™ = f€ o h,. Let s € S’ and
a € s' If ran € Tg, then f € F and thus by Proposition 4.6(4),

hmn(flm(a)) = hmn(fA(a)) = fA(a) = fA(hs(a)) = fc(hs(a)).
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Otherwise f € '\ F and ran € S’ \ S. If s € §’, then for all a = (b,t) € sI™,

(1)

ran(F17(@)) = Bran (b, fot) = hyan(gor(0)) Z (Fo)E(0) = 1O (1)) € 1€ (ha(u(®)) = £ (ha(b,1) = € (hala)).

If s = [1,c; si, then for all a = (b;, t;)ier € [1;c; sI™,

Pran(F7 (@) = hran(O)ier, £ o Tier ) = hranlopoy o (0dien) © (F o Thier ) (bidier) =
FE(Mier t)C (bi)ier)) = FOE bi))ier) 2 £ (s, (06))ier) = FE(hs(bisti))icr) = FC (hs(a)).

If s = [1,c; si, then for all a = ((b,1),4) € [[;c; si™,

—~
—

hran(f17(@)) = hran (b, f o ti 0 1) = hya (Lfoblot(b)) E(Fouon®b) = M) &
FE(ilhs (ue(0))) = € (ui(ha(b,1))) = F€(h(1i(b, 1)) = € (hs((b,1), 1)) = F (hs(a))-

A suitable re-arrangement of the equations in this proof leads to a proof that h is the only X-homomorphism
from Ini to C. In particular, if C = Ini, then h = id'™ and thus (1) implies t7¢¢(*4) = 4, for all t € MGens.
d

Theorem 6.4 Let ¥ = (S, S, F, R) be a signature, A be an Sp-sorted set and S1 = S\ So. Suppose that for
alf:s—s €F,ss €Tg, ors e S1. The cofree E-structure Ini over A is final in Modgy (X, A). Moreover,
for allt € MObsy, tCofree(£,4) — .

Proof. Let C € Modgy(X,A) and h : C — Fin be the S-sorted function defined by hs = ids for all s € Sy
and
mohg =t¢ (2)

for all s € Sq and t : s — ran € MObsy. First we show by induction on the structure of s that (2) holds
true for all s € Tg. Let t : s — ran € MObsy. If s is a product, say s = Hiel s;, then there are ¢ € I and
u:s; — ran € MObsy, such that ¢ = w o m; and thus, by the isomorphism in the proof of Proposition 4.2(2),

7 = 7y © ;. Hence for all a € s,

mi(hs(a)) = mu(mi(hs(a))) = mu(mi(hyy (@) = mulhs, (7i(a))) 2wl (mi(a) = (wo )% (a) = 1°(a).

ier %t

If s is a sum, say s = [[,.; Si, then for all 7 € I there is ¢; : s; — ran; € MObsy, such that t =[] . Hence

for all i € I and a € s;

i€l ZEI

Fln

Tl es(@)) = mhpp (@) = 7o @) = [, (il (@) = 71, (s, (@) "2 40 (a) =

(Lier 1) (i(a)) = t9(2i(a)).

Next we show that h is ¥-homomorphic, i.e., for all f : dom — s € F', hyo fc FF™ o hgom. Let s € S
and a € s©. If dom € Tg, then f € F and thus by Proposition 4.6(5),

hs(£€(a)) = hs(f4(a)) = £4(a) = " (haom(a)) = 7" (haom ().

Otherwise f € F'\ F and dom € S"\ S. If s € §’, then for all a € dom® and t : s — ran € MObsy,

7 (hs(£€(a))) 21 (F (@) = (0 £)%(a) 2 Tros (haom (@) = haom(@)ior = T (fF™ (haom (a)).

If s = Hie[ si, then for all a € domc, i€l and t; : s; = ran; € MObsy,

71, (i (R (F€()))) = 0, (B (s (£€(0)))) 2 4 (ms(F€ (@) = (ts 0 i 0 F)C(0) D Trromios (haom(a)) =
hdom(CL)tiomof = T, (ﬂ-i(fFin(thm (a))))
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If s = ]],c; s, then for all a € dom® and T = [ic;(ti : si = ran;) € [1,c; MObss,
wr(hs(£€(a))) € TC(f () = (T'0 £)° () 2 mros (haom(@) = haom(@)ros = 70 (FF™ (haom(a))).

A suitable re-arrangement of the equations in this proof leads to a proof that h is the only ¥’-homomorphism
from C' to Fin. In particular, if C = Fin, then h = id"" and thus (2) implies t€°f7¢¢(»4) = 7, for all
t € MObss,. |

If SP’ satisfies Def. 5.1(1), then the sum of all constructors of SP’\ SP is an isomorphism:

Theorem 6.5 Let SP' = (X', AX') be a swinging type with base type SP = (3, AX) such that SP’ satisfies
5.1(1). There is a X'-isomorphism h from the initial object Ini of Modgy(SP’') to the ¥'-structure B with
equality and universe that is defined as follows: Let Sy = S\ S and for all s € S1, C(s) = {c € F'\F | s. = s}.

o B|2 = Ini‘g,
o forallsc Sy, sP = [eecs dom!™

c

e forallc:dom,— s € F'\F, c® =1.0dom.[[C(s)™)/s | s € Sy].

Moreover, for all s € Sy and s-constructors ¢ : dom — s, ¢!™ = h= o ,.

Proof. Since SP satisfies 5.1(1), B € Modgy (SP’) and thus there is a unique %’-homomorphism h : Ini — B.
= id!™" for all s € S and g, = [C(s)1™) o hy for all s € Sy is a
>’-homomorphism: For all ¢ : dom. — s € F'\ F,

First we show that g : Ini — Ini defined by g;

gs © cIni — [C(S)Inz) ° hs ° cIni — [C(S)Inz) ° CB ° hdomc
= [C(5)"%) 0 1. 0 dom.[[C(s)I™) /s | s € S1] © haom,
= cI" o dom. [[C(5)I") o hy/s | s € S1] = c!™ o domc[gs/s | s € S1] = ™ o gaom.

Since Ini is initial in Modgy (SP'), there is only one >'-homomorphism from Ini to Ini. Hence g = id!™.

Next we show that A’ : B — Ini defined by A/, = id™ for all s € S and bl = [C(s)I") for all s € Sy is an

inverse of h. For all s € S, b/, is an inverse of h because hy = idﬁmlz. Let s € S1. Then

b, ohy =[C(s)™) o hy = g, = id ™.
Moreover, for all s-constructors ¢ : dom. — s,

hsohlot.=hso[C(s)") o1, = hsoc!™ =cPohyom,
= 1. odom.[[C(s)I™) /s | s € S1] © haom, = te 0 dom [[C(s)I™) o hs/s | s € 1]

= 1codomegs/s | s € S1] = tc o dom[id{" /s | s € S1] = tc 0 idl, = 1.

and thus hg o b, = id!™. This finishes the proof that h is an isomorphism with inverse h’.
For all ¢ : dom — s € F'\ F, ¢! = [C(s)") o1, =h.ot.=h"1oy,. (W
If SP’ satisfies Def. 5.1(2), then the product of all destructors of SP’\ SP is an isomorphism:

Theorem 6.6 Let SP' = (X', AX') be a swinging type with base type SP = (3, AX) such that SP’ satisfies
5.1(2). There is a ¥'-isomorphism h from the ¥'-structure B with equality and universe to the final object Fin
of Modgy (SP') that is defined as follows: Let S1 = S5"\ S and for all s € S1, D(s) ={d € F/'\ F | sq = s}.

L] B|E = Fin|g,

o foralls€ Sy, s = [Taenes) ranf™,

o foralld:s—rang € F'\ F, d® = rany(D(s)f'™)/s | s € S1] o m4.
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Moreover, for alld: s — ran € F'\ F, d" ™ =n40h™1.

Proof. Since SP satisfies 5.1(2), B € Modgy (SP) and thus there is a unique ¥’-homomorphism h : B — Fin.
The statement of the lemma follows by dualizing the proof of Theorem 6.5. a

7 Recursion and corecursion

Theorem 7.1 Let SP' = (X', AX’) be a swinging type with base type SP = (X, AX) such that SP' satisfies
5.1(3). The initial object of Modgy (SP) can be extended to the initial object of Modgy (SP’).

Proof. Let A € Modgy(SP) and f € F'\ F. Using the notations of Def. 5.1(3) we define a X-structure A’
as follows:

e forall s € Sy, s = Hiereces rcm?(z suby (s)4),

e for all s € Sy and constructors ¢ : dom — s, ¢ = <t}4’c>ferec(s),

e for all other symbols s € 3, s = ¢4,

Let Ini be initial in Modgy (SP). Since SP satifies 5.1(1), Ini’ € Modgy(SP). Since Ini is initial in
Modgy(SP), there is a unique X-homomorphism h : Ini — Ini’. Hence for all s € S; and constructors
c:dom — s,

hso CIni = Clni © Ndom = <t§jlgi>f6rec(s) °© Ndom.- (]-)

Let s € S1. f: s — ran € rec(s) can be interpreted in Ini as the composition s/ hy gIni’ T4 ran'™, ie.,
fImt = 7y o hs. Consequently,
hs = <f1nl>f€rec(s) = <7"€C(S)>Im (2)

and thus by Proposition 4.4, for all constructors ¢ : dom — s,

W

fInZ o Clnl =TfoO hs o CIT“ Tf© <t5{lcz>f€7‘ec(s) © hdom = t)If:nCZ o hdom (:) tJICTLcZ © SUb#(dom)Ima

i.e., Ini satisfies the equation
foc=ts.® sub? (dom) (3)

of AX'\ AX (see Def. 5.1(3)). To sum up, we have concluded the validity of AX'\ AX in Ini from the fact
that A is ¥-homomorphic.

It remains to show that Ini is initial in Modgy (SP’). So let B € Modgy (SP') and A = B|y. Conversely
to the preceding proof step, let us now conclude from the validity of AX’\ AX in B that A’ : A — A’, defined
by mfohl, = fB for all s € S, is X-homomorphic. Let s € S and ¢ : dom — s be a constructor. Then

A:fBOCB(3)

mrohloc = t?c o sub?(dom)B =750 (t;{c>f@ec(s) ) subjﬁ(dom)B =70 Ao Ryom

and thus b/ o c? = Aol i.e., I/ is ¥-homomorphic.

dom’

Since A € Modgy(SP), there is a unique X-homomorphism ¢ : Ini — A. Define ¢’ : Ini’ — A’ by
Tf O Gy = Gran, © 7y for all s € Sy and f € rec(s) and by g, = g for all s € Sp. Let s € Sy and ¢ : dom — s
be a constructor. Since t;. : sub? (dom) — rany is a Y-term, g is $-homomorphic and g/, = terects) 9rany =
Gsub, (s), Proposition 3.5 implies

Ini A A
Irang © tf,nCz = tf@ °© gsub# (dom) = tf’c © gt/iom (4)
and thus
y - @ /
Tf og; Oclnl = Grany OTf O <t5‘jlcz>f€rec(s) = Grany Otff?cl = tA,c ogélom =TfoO <t?,c>f€rec(s) Ongom =T7f OCA Og(/iom'
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4 / . . .
Hence g, o c!™ = ¢4 ogl . ie. g is ¥-homomorphic.

Consequently, there are two Y-homomorphisms from Ini to A’: h’ o g and ¢’ o h. Since Ini is initial in
Modgy (SP), they are equal. Hence for all s € Sy and f € rec(s),

fBOgs:T‘-fohfgogs:ﬂ-fog\/gohs:grcmfoﬂ'fohs:grcmfOflniv

i.e., g extends to a ¥'-homomorphism from Ini to B. Since each Y’-homomorphism from Ini to B reduces to
a Y-homomorphism from Ini to A, Ini is initial in Modgy (SP) and S’ = S, g is the only ¥’-homomorphism
from Ini to B. We conclude that Ini is initial in Modgy (SP’). (W

Theorem 7.2 Let SP' = (X', AX') be a swinging type with base type SP = (3, AX) such that SP’ satisfies
5.1(4). The final object of Modgy (SP) can be extended to the final object of Modgy (SP’).

Proof. Let A € Modgy(SP). Using the notations of Def. 5.1(4) we define a X-structure A’ as follows:

e forallse Sy, s*' = yecorcs) dom?(: suby (s)4),

o for all s € Sy and destructors d : s — ran, d4 = [tﬁd]fecor(s),

e for all other symbols s € 3, s =4,

Let Fin be final in Modgy(SP). Since SP satifies 5.1(2), Fin’ € Modgy(SP). Since Fin is final in
Modgy (SP), there is a unique X-homomorphism h : Fin’ — Fin. Hence for all s € S; and destructors

d:s— ran,

dfm o hs = Ryran © arm = hran © [tiiin]fECOT(s)- (1)
Let s € Sy. f: dom — s € cor(s) can be interpreted in Fin as the composition dom?n 2 sFin’ he gFin .,
fFim = hg o1y, Consequently,
hs = [szn]fECor(s) = [COT(S))FVH (2)
and thus by Proposition 4.4, for all destructors d : s — ran,
. . . 1 . . (2 . .
47 0 FP = 0 0 0 1 Y R o [ ecarte) 0 1 = By o £33 2 sub(ran) " o 17
i.e., Fin satisfies the equation
do f = suby(ran) ®tsq (3)

of AX'\ AX (see Def. 5.1(4)). To sum up, we have concluded the validity of AX’\ AX in Fin from the fact
that h is X-homomorphic.

It remains to show that Fin is final in Modgy (SP’). So let B € Modgy (SP') and A = Bl|s. Conversely to
the preceding proof step, let us now conclude from the validity of AX’\ AX in B that b’/ : A’ — A, defined by
hloup = fB for all s € S, is ¥-homomorphic. Let s € S; and d : s — ran be a destructor. Then

d* o, oup =dP o 17 2 subs(ran)® ot} = subj(ran)® o (] secors) © 5 = Mg 0 d¥ 015

and thus d o b, = b, od?, ie., b is B-homomorphic.

ran
Since A € Modgy(SP), there is a unique Y-homomorphism g : A — Fin. Define ¢’ : A’ — Fin’ by
giolf = LfOGdom, for all s € Sy and f € cor(s) and by g, = g, for all s € Sy. Let s € Sy and d : s — ran be a
destructor. Sincety g : domy — subj(ran)is a X-term, g is ¥-homomorphic and g}, = ercor(s) Gdom; = Jsuby (s)>
Proposition 3.5 implies
tildn © 9doms = Ysubi(ran) © t?,d = gvl"an o tﬁd (4)
and thus

@

.y . ; A A A’
szn © g; olf = [t?,fin]f&:or(s) Olf O Gdom; = t?jin ©Gdoms = g;an © tf,d = g;an © [tf,d]fECOT(S) Oly = g;an od” o Lf-
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Hence d¥™ o g/ =g/, od? ie., g’ is ¥-homomorphic.
Consequently, there are two Y-homomorphisms from A’ to Fin: go h’ and ho ¢’. Since Fin is final in
Modgy (SP), they are equal. Hence for all s € S; and f € cor(s),
gsofB :gsoh;OLf = hsog;OLf :hsolffogdomf :meogdomf7

i.e., g extends to a ¥’-homomorphism from B to Fiin. Since each ¥’-homomorphism from B to F'in reduces to
a Y-homomorphism from A to Fin, Fin is final in Modgy(SP) and S’ = S, g is the only ¥’-homomorphism
from B to Fin. We conclude that Fin is final in Modgy (SP’). EI

8 Relations

Definition 8.1 (u- and v-extensions) Let ¥’ = (S, S, F’, R') be a signature, ¥ = (Sp, S, F, R) be a subsignature
of ¥, SP = (3,AX), SP’" = (¥, AX") be specifications with AX C AX’ such that AX; =4, AX’\ AX consists
of

1) Ry-positive Horn clauses for Ry =g (R'\ R)U{=s | s € S1} or

3
4

1)

(2) restricted Ry-positive Horn clauses for Ry =g (R’ \ R) U {alls | s € S1} or
(3) restricted Ri-positive co-Horn clauses for Ry =g4¢f (R’ \ R) U{alls | s € S1} or
(4)

Ry-positive co-Horn clauses for Ry =g (R'\ R)U{=, | s € S1}

where S1 = S\Sp. Rj is called the set of relations defined by AX;. In cases (1) and (2), SP’ is a y-extension
of SP and thus R; is a set of predicates. In cases (3) and (4), SP’ is a v-extension of SP and thus R; is a
set of copredicates (see Def. 5.1). a

Proposition 8.2 Let SP' = (X', AX') be a swinging type with base type SP = (X, AX).

If SP' is an abstraction, then SP’ is a u-extension of SP.

If SP' is a restriction, then SP' is a v-extension of SP. a
We recapitulate the classical fixpoint theorems for monotone resp. continuous functions for complete lattices:

Definition and Theorem 8.3 (fizpoints, continuity) Let L be a complete lattice with partial order <, least
element | and greatest element T. Given a set A, the lattice structure of L induces a lattice structure on the
function space L* as usual.

Let F': L — L be a function. F* =g4f UienF* and F, =def MienF*.

a € Lis F-closed if F(a) < a. ais F-dense if a < F(a). a is a fixpoint of F if a is F-closed and F-dense.
F is monotone if for all a,b € L, a < b implies F(a) < F(b). F is continuous if for all increasing chains
ag < a; <ay < ... of elements of L, F(Ujena;) < UjenF(a;). F is cocontinuous if for all decreasing chains
ag > ap > ag > ... of elements of L, MienF(a;) < F(Miena;).

Let F' be monotone.

(1) (Knaster-Tarski) ifp(F) = M{a € L | F(a) < a} is the least firpoint of F' and a superset of F*(L).
afp(F)={a€ L |a<F(a)} is the greatest fizpoint of F and a subset of Fi(T).

(2) (Kleene) If F is continuous, then F(F*(L)) < F*(L) and thus by (1), Iifp(F) = F*(L). If F is
cocontinuous, then Fi.(T) < F(F.(T)) and thus by (1), gfp(F) = Fu(T). a

The following lemma is fundamental for the most important proof rules for reasoning about extensions by
predicates or copredicates, respectively (see Theorem 8.15).
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Theorem 8.4 Let L be a complete lattice, F,G : L — L be monotone functions and a € L.

(1) Induction. Ifp(F) < a if F"(a) < a for some n > 0.

(2) Strong induction. Ifp(F) < a if F™*(a M ifp(F)) < a for some n > 0.

(3) Coinduction. a < gfp(F) if a < F™(a) for some n > 0.

(4) Strong coinduction. a < gfp(F) if a < F™(a U gfp(F)) for some n > 0.

(5) Extended strong coinduction. Suppose that all b € L are G-dense and for all b € L and n > 0,

b < F"(G*(b)) implies G*(b) < F"(G*(D)). (5.1)
a < gfp(F)if (5.2) a < F*"(G*(a U gfp(F))) for some n > 0.
Proof. (1) Let F™(a) < a for some n > 0, i.e., a is F"-closed. Let b =g4¢f Mi»0F*(a). Then
b< F'(a) <a=Fa). (%)

Moreover, by the definition of b, b < F'(a) for all i > 0. Hence for all i > 0, b < F*~1(a) and thus F(b) < Fi(a)
because F' is monotone. We conclude that F(b) is a lower bound of {F?(a) | i > 0}. Hence F(b) < b, i.e., b is
F-closed. By Theorem 8.3(1), ifp(F') ={c € L | F(c) < ¢} and thus lfp(F) < b < a by (x) and because Ifp(F')
is the least F'-closed element of L.

(2) Let F™*(aNifp(F)) < a for some n > 0. Then

Fr(an ifp(F)) = F™(an ifp(F)) N P (a1 fp(F))

< F"(aNifp(F)) N EF™(Ifp(F)) (since F™ is monotone)
<anF*(fp(F)) (by assumption)
(

<aNlfp(F). (since lfp(F) is F- and thus F™-closed because F' is monotone)

Hence a M ifp(F) is F™-closed. Let b =g4ef M=o F*(a M ifp(F)). Then
b< F"(anifp(F)) < am fp(F) = Fan ifp(F)). (%)

Moreover, by the definition of b, b < Fi(aMifp(F)) for all i > 0. Hence for all i > 0, b < F*~1(aMifp(F)) and thus
F(b) < Fi(anlfp(F)) because F is monotone. We conclude that F(b) is a lower bound of {F(aMifp(F)) | i > 0}.
Hence F'(b) < b, i.e. bis F-closed. By Theorem 8.3(1), ifp(F) =M{c € L | F(c) < ¢} and thus Ifp(F) < b <
aMlfp(F) < a by (x) and because Ifp(F') is the least F-closed element of L.

(3) Let a < F"(a) for some n > 0, i.e., a is F"-dense. Let b =4.f U;»0F"(a). Then
b>F"(a) >a=F'a). (%)

Moreover, by the definition of b, b > F(a) for all i > 0. Hence for all i > 0, b > F*~1(a) and thus F(b) > F(a)
because F' is monotone. We conclude that F(b) is an upper bound of {F?(a) | i > 0}. Hence b < F(b), i.e. b
is F-dense. By Theorem 8.3(1), gfp(F) = W{c € L | F(c) > ¢} and thus gfp(F') > b > a by (x) and because
gfp(F) is the greatest F-dense element of L.

(4) Let a < F™(a U gfp(F)) < a for some n > 0. Then

F*(aUgfp(F)) = F"(aU gfp(F)) U F"(a U gfp(F))

> F"(aUgfp(F)) U F™(gfp(F)) (since F™ is monotone)
>alU F"(gfp(F)) (by assumption)
(

>aUgfp(F). (since gfp(F) is F- and thus F"-dense because F' is monotone)
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Hence a Ul gfp(F) is F"-dense. Let b =g4¢5 Li~oF*(a U gfp(F)). Then
b> F'(aUgfp(F)) > all gfp(F) = F*(aU gfp(F)). (%)

Moreover, by the definition of b, b > F*(allgfp(F)) for alli > 0. Hence for alli > 0, b > F*~!(allgfp(F)) and thus
F(b) > Fi(aUgfp(F)) because F is monotone. We conclude that F'(b) is an upper bound of {F*(alUllfp(F)) | i >
0}. Hence b < F(b), i.e. b is F-dense. By Theorem 8.3(1), gfp(F) = U{c € L | ¢ < F(c)} and thus
afp(F) > b > algfp(F) > a by (x) and because gfp(F) is the greatest F-dense element of L.

(5) Let a < F™"(G*(a U gfp(F))) < a for some n > 0. Then

F(G*(aU gfp(F))) = F™(G"(a U gfp(F))) U F™(G*(a U gfp(F)))

> F*"(G*(aU gfp(F)))UF™(alU gfp(F)) (since aU gfp(F) < G*(aU gfp(F)) and F™ is monotone)
> F"(G*(aU gfp(F))) U F™(gfp(F)) (since F™ is monotone)

> al F"(gfp(F))

>algfp(F). (since gfp(F) is F- and thus F™-dense because F is monotone)

~— —

(by assumption 5.2)

By assumption 5.2, we conclude that G*(a U gfp(F)) is F"-dense. Let b =gef LisoF*(G*(a U gfp(F))). Then
b > F"(G*(aUgfp(F))) > G*(a U gfp(F)) = F*(G"(aU gfp(F))).  (*)

Moreover, by the definition of b, b > F*(G*(a U gfp(F))) for all i > 0. Hence for all i > 0, b > F'"=}(G*(a U
gfp(F))) and thus F(b) > F'(G*(a U gfp(F))) because F is monotone. We conclude that F(b) is an upper
bound of {F*(G*(a U Ifp(F))) | i > 0}. Hence b < F(b), i.e. b is F-dense. By Theorem 8.3(1), gfp(F) = U{c €
L|c< F(c)} and thus gfp(F) > b > G*(aUgfp(F)) > al gfp(F) > a by (x) and because gfp(F) is the greatest
F-dense element of L. O

Lemma 8.5 (not used) Let L be a complete lattice and F,G : L — L be monotone functions.

(1) Ifp(F) < Up(F UG).

(2) 9fp(FNG) < gfp(F).

(3) If ifp(F) N ifp(G) is F-closed, then lfp(F) < lfp(G).

(4) If gfp(F) Ulfp(G) is F-dense, then gfp(G) < gfp(F).

(5) If G(lfp(F o G)) is F-closed and G < id, then Ifp(F') < ifp(F o G).

(6) If G(gfp(F o @) is F-dense and id < G, then gfp(F o G) < gfp(F).

Proof. (1) We show that Ifp is a monotone function from the lattice [ — L] of monotone functions on L to

L. < and U are lifted as usually from L to [L — L]. Let F',G’ € [L — L] such that F’ < G’. By Theorem

8.3(1),
Ifp(F)={a€ L | F'(a) <a}<THae L |G (a) <a}=Ifp(G).

Hence in particular, Ifp(F) < lfp(F U G).

(2) We show that gfp is a monotone function from the lattice [L — L] of monotone functions on L to L. <
and M are lifted as usually from L to [L — L]. Let F',G’ € [L — L] such that F' < G'. By Theorem 8.3(1),

afp(F')={a€eL|a<F'(a)} <U{a€L|a<G'(a)}=gfp(G).
Hence in particular, gfp(F M G) < gfp(F).
(3) If Ifp(F) N Ifp(G) is F-closed, then Ifp(F) = Ma € L | F(a) < a} < Ifp(F) N ifp(G) < Ifp(G).
(4) If gfp(F) U lfp(G) is F-dense, then gfp(G) < gfp(F)Ulfp(G) < U{a € L | F(a) < a} = gfp(F).
(5) If G(Ifp(F o G)) is F-closed and G < id, Ifp(F) ={a € L | F(a) < a} < G(lfp(F o G)) < Ifp(F o Q).
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(6) If G(gfp(F 0 G)) is F-dense and id < G, gfp(F o G) < G(gfp(F o G)) < W{a € L | F(a) < a} = gfp(F).

Given the assumptions of Def. 8.1 and an (SP U F’)-model A, the class Mod(¥’, A) of ¥'-structures over
A forms a complete lattice: The partial order < and the corresponding least element L, greatest element T,
suprema and infima are defined as follows. For all B,C € Mod(¥', A),

B<(C <= VreR :r®cr°.

Forall7:s € Ry and BC Mod(X, A), r- =0,r" = s* 8 =Jzpr? and r® = Nz 5. Moreover, if Ry

is an S-sorted set of binary relations rs : s X s, then for all B,C € Mod(¥', A), B-C € Mod(¥', A) is defined

B-C _ [.B . C(

as follows: For all r € Ry, r Y (see Section 1).

The monotone function on Mod(X', A) we are interested in here is the functor _|, induced by the signature
morphism o that maps each r € R; to the AX;-definition of r (see Definition 4.5):

Definition and Proposition 8.6 (AX-definition) Let 3 = (Sy, S, F, R) be a signature, AX be a finite set
of either only Horn or only co-Horn clauses over X, A be a ¥-structure and r : s € R.

(1) Let AX, = {(rot; < ¢;) : s;}7; be the set of Horn clauses for r among the clauses of AX. The ¥-formula
Orax (@)  =def \/ Ji(z=t;() ANp;) s
i=1

is called the AX-definition of r. A satisfies AX, iff A satisfies r(x) < @ ax ().
(2) Let AX, = {(rot; = ¢;) : s;}4 be the set of co-Horn clauses for r among the clauses of AX. The

Y-formula

Orax(T)  =def /\ Vi(—z =t;(4) V ;) : s
i=1
is called the AX-definition of r. A satisfies AX, iff A satisfies r(z) = or ax(z).

Proof. Proposition 4.7 and a couple of simple logical transformations. a

Definition 8.7 (step functor) Let the assumptions of Def. 8.1 hold true. The signature morphism o : ¥ — ¥/
that is the identity on ¥ and maps each relation r defined by SP’ wrt SP to ¢, ax, is called the relation
transformer defined by AX’'\ AX.

Let 1 = (S0, 5, F',R) and A be a Xj-structure. The (4, 0)-step functor maps each B € Mod(YX', A) to
Blo. 0

Proposition 8.8 Let the assumptions of Def. 8.7 hold true and F' be the (A,o)-step functor.

(1) For all B € Mod(X',A), ¢ € Formy: andi € N, r¥'(B) = 5i(r)B and v7"(B) = g*(r)B.
(2) Let SP' be a p-extension of SP. B € Mod(X', A) satisfies AX; iff for all r € Ry, B satisfies r < o(r),
iff B is F-closed.

(3) Let SP’ be a v-extension of SP B € Mod(X', A) satisfies AXy iff for all v € Ry, B satisfies r = o(r), iff
B is F-dense.

(4) Let SP’' be a u- or v-extension of SP. B is a fizpoint of F iff for allT € Ry, B € Mod(¥', A) satisfies
r < o(r), iff for all ¥'-formulas ¢, B satisfies ¢ < o(p).
Proof. (1) follows by induction on i: Assume that for all B € Mod(X', A) and ¢ € Forms:, r¥ B = gi(r)B.

Then TFM(B) _ T.F(Fi(B)) — TFZ'(B)|<,) — O.(T)F'i(B) — O.i(o.(,r))B _ Ui+1(r)B_

(2) follows from Propositions 8.6 and 4.7(4). (3) follows from Propositions 8.6 and 4.7(4). (4) follows from
Proposition 4.7(4). Q
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Moreover, given a fixpoint B of ® 4 ,, 78 is the B-complement of B if the AX-definition of 7 is the negation
of the AX;-definition of r:

Proposition 8.9 Let the assumptions of Def. 8.7 hold true, F be the (A, c)-step functor and B be a fizpoint
of F. Suppose that for each relation v : s defined by SP’ wrt SP there is a relation T : s defined by AXy such
that B satisfies o(F) < —o(r). Then TP is the B-complement of r® (see Def. 3.6).

Proof. Let r : s be a relation defined by AX;. Since B is a fixpoint of F', we obtain
= o®)? = (no(r)® = sP\o()® = 7\
by Proposition 8.8(4) and the assumption. a

Example 8.10 The parameter type TRIV(s)[BOOL] (see Example 5.4) is extended by binary relations on

ORD(s)[BOOL] where ORD(s) = TRIV(s) and

preds <>, <, > Fs XS

vars T,Y:S

axioms r<yYy << y><x
Ty &< —T>Yy
T2y &= <y
TEyYy <= x=y

The following swinging type extends LIST[ORD(s)[BOOL]] (see Example 14.2) by the relations sorted and

€ for list membership and their complements unsorted and ¢:

COMPL[ORD(s)[BOOL]] where COMPL = LIST and
preds €,¢&: s x list(s)
sorted, unsorted : list(s)

vars x,y:s L,L :list(s)
axioms rey:L <« x=yVaxelL
sorted(][])

sorted(z : [])

sorted(z:y: L) < x<yAsorted(y:L)
xrdy:L = xZyAhxé¢lL

unsorted(]]) = False

unsorted(z : [|) = False

unsorted(z :y: L) = x>yVunsorted(y: L)

Let o be the relation transformer defined by the axioms for COMPL\LIST. In fact, o(unsorted) and o(¢)
are the negations of o(sorted) and o(€), respectively (see Def. 8.6). Hence for all LIST[TRIV(s)[BOOL]]-models
A and fixpoints B of ®4 ,, unsorted® and ¢P are the B-complements of sorted® and €5, respectively. a

Definition 8.11 (monotone, (co)compact formula) Given the assumptions of Def. 8.7, a ¥/-formula ¢ is
Y/-monotone over A if for all B,C' € Mod(¥', A),

B < C implies P C°. (1)
¢ is X'-compact over A if for all increasing chains By < By < By < ... of Mod(¥/, A),

LpUiENBi C U @Bi. (2)
€N
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p is ¥'-cocompact over A if for all decreasing chains By > By > By > ... of Mod(¥', A),

m (pBi C SomieNBi. Q (3)
1€N

Proposition 8.12 Let the assumptions of Def. 8.7 hold true. ® 4 , is monotone iff the premises of all Horn
clauses and the conclusions of all co-Horn clauses of AX1 are X'-monotone over A. ® 4, is continuous over A
iff the premises of all Horn clauses AX, are ¥'-compact over A. ® 4 , is cocontinuous over A iff the conclusions

of all co-Horn clauses AX; are ¥'-cocompact over A. a

Theorems 8.13 and 9.1 given below are shown by transfinite induction on ordinal numbers. Remember the
principle of transfinite induction: A property P holds true for all ordinals if for all ordinals 3, if P(8) can be
concluded from the assumption that P holds true for all ordinals @ < 8. The correctness of transfinite induction
rule follows from the fact that ordinal numbers form a well-ordered set O, i.e., O is a totally ordered set such
that each nonempty subset M of O has a least element (see [106], §13). The least element of the entire set O
is denoted by 0. An ordinal is either 0, a successor ordinal 3, i.e., 5 has an immediate predecessor a w.r.t. <,
or a limit ordinal denoted by sup(M) where M is the set of all predecessors of sup(M) w.r.t. <.'°

For proving Theorems 8.13 and 9.1 by transfinite induction, we use the following O-sorted set M of pairs
(¢, a) consisting of an R;-positive ¥'-formula ¢ : s and some a € s*: Let I be a nonempty set.

e For all Z-atoms ¢ : s and a € s4, (p,a) € My.

o Let (p,a) € M, and § be the least ordinal that is greater than «. Then (—¢,a) € Mg.

e Let a € [Ticuqs,)jen sf, for all j € J, (p; : [Lics, si71,(a)) € Ma, and 8 be the least ordinal that is
greater than «;, j € J. Then (A ¢;,a), (V ¢;,a) € Mg.

e letkel ac Hiel\{k} s, for all b € st, (¢ [I;c;si,a#x b) € M, and 3 be the least ordinal that is
greater than all ay, b € sit. Then (Vke,a), (3ky,a) € Mg.

Theorem 8.13 Given the assumptions of Def. 8.7, Ry-positive X' -formulas are ¥'-monotone over A.

Proof. Let B,C € Mod(¥X', A) with B < C. We show 8.11(1) for all R;-positive X'-formulas . Let
(p,a) € My, a € o and I be a nonempty set.

o Let ¢ = r(t) be a X'-atom. If r € R, then ¢ is a ¥-formula and thus a € ? = p4 = 9. If r € Ry, then
a € ¢B implies t4(a) € P C r® because B < C. Hence a € °.

o Let ¢ = ) for some Y-atom v : s. Hence 9? = 4 =4 and thus a € pf = 54\ B = 54\ Y = °.

o Let o = p A9 (resp. ¢ = ¢ V¥). Then there are 8 < a and v < « such that (¢, 77(a)) € Mg and
(¢,m5(a)) € M. a € o8B implies m7(a) € %P and (resp. or) m;(a) € ¥B. Hence by induction hypothesis,
mr(a) € %Y and 7;(a) € Y€ and thus a € p°.

e Let p = Vkt (resp. ¢ = Jkip) for some k € I. Then for all b € si! there is i, < B such that (1, axb) € M,,.
a € ¢ implies a x, b € ¥? for all (resp. some) b € s,‘?. Hence by induction hypothesis, a %3 b € ¢ and
thus a € p°. a

Proposition 8.8 and Theorems 8.13 and 8.3 (Knaster-Tarski) immediately imply:

Theorem 8.14 (fizpoint semantics of u- and v-extensions) Let the assumptions of Def. 8.7 hold true and
F be the (A,o)-step functor.

e If SP' is a p-extension of SP, then F has a least fixpoint, which agrees with the least SP’'-model over A
(with respect to <).

100, B8 and sup(M) are usually interpreted as follows: 0 = ), 8 = a U {a} and sup(M) = UM. Consequently, < is strict set
inclusion and thus O is well-ordered.
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e If SP’ is a v-extension of SP, then F has a greatest fizpoint, which agrees with the greatest SP'-model
over A. a

Let us reformulate Theorem 8.4 in terms of a - or v-extension SP’ = (X', AX’) and the lattice Mod(¥/, A):

Theorem 8.15 Let the assumptions of Def. 8.7 hold true, SP' be a ji- or v-extension of SP, o be the relation
transformer defined by AX'\ AX and F be the (A, o)-step functor. Moreover, let 7,71, 72 : ¥/ — ¥ be signature
morphisms such that for all v € 3, 7(r) = r, and for allv € Ry, i (r) = 7(r) Ar and 72(r) = 7(r) V r.

(1) Induction. Ifp(F) satisfies A\ cp (r = 7(r)) if ifp(F) satisfies A\ .y (7(c™(r)) = 7(r)) for some n > 0.
(2) Strong induction.
Ufp(F) satisfies A\ g (r = 7(r)) if ifp(F) satisfies \,.cg, (11(0" (7)) = 7(r)) for some n > 0.
(3) Coinduction.
gfp(F) satisfies A, .cp (7(r) = r) if gfp(F) satisfies A\ . (7(r) = 7(c"(r))) for some n > 0.
(4) Strong coinduction.
gfp(F) satisfies \,.cp (7(r) = r) if gfp(F) satisfies A\ (7(r) = 72(c"(r))) for some n > 0.
(5) Extended strong coinduction. Let v : ¥ — X/ be a further signature morphism!® such that for all
r € X1, ¥(r) = r or r is binary and

vy(r)y = rV = V ro(me,m) V 33(ro(m,w3) Aro(mws,m)).

9fp(F) satisfies \ .cp (7(r) = 1) if gfp(F') satisfies \,.cp (7(r) = 7*(m2(c™(7)))) for some n > 0.

Proof. (1) Suppose that for some n > 0 and all 7 € Ry, Ifp(F) satisfies 7(6™(r)) = 7(r), i.e., 7(c™(r))?(F) C
7(r)¥?(F) . Let B be the 7-reduct of Ifp(F). By the definition of F' and Proposition 4.7(3), " (B) = yBlon =
o™ (r)B = 1(a"(r))rE) C 7(r)P(F) = yB Hence F*(B) < B. By Theorem 8.4(1), Ifp(F) < B and thus
rie(F) C B = 7 (r)#P(F) e Ifp(F) satisfies r = 7(r).

(2) Suppose that for some n > 0 and all » € Ry, Ifp(F) satisfies 71 (6™(r)) = 7(r), i.e., 71 (o (r))PUF) C
7(r)¥?(F) Let B be the 7-reduct of Ifp(F). By the definition of F' and Proposition 4.7(3), rf" (BN¥p(F) —
r(BOUP(E)lon — oo (p)BOYR(E) — 57 (1) B 0o (r) P (F) = (g™ (r)) 2 () N o (1) (F) = (7(a™(r)) A o™ (r))P(F) =
71 (o (r)PEF) C 7(r)P(F) = B Hence F™(B M Iifp(F)) < B. By Theorem 8.4(2), Ifp(F) < B and thus
rie(F) C B = 7(r)¥P(F) e, Ifp(F) satisfies r = 7(r).

(3) Suppose that for some n > 0 and all » € Ry, gfp(F) satisfies 7(r) = 71(c"(r)), i.e., 7(r)9PF)
7(o™(r))9?(F). Let B be the r-reduct of gfp(F). By Proposition 4.7(3), rZ = 7(r)9P(F) C 7(o"(r))9P(F) =
o™(r)B = rBlen = pF"(B) Hence B < F™(B). By Theorem 8.4(3), B < gfp(F) and thus 7(r)9/P?(F) = 1B C
r9P(F) e, gfp(F) satisfies 7(r) = r.

N

(4) Suppose that for some n > 0 and all » € Ry, gfp(F) satisfies 7(r) = 7o(a™(r)), ie., 7(r)9P()
m2(o™(r))9?(F). Let B be the r-reduct of gfp(F). By Proposition 4.7(3) and the definition of F, ¥
7(r)9P(E) C 1y (o™ (r)) 9 F) = (7(a™(r)) V 0" (1)) 9P (F) = (o™ (r))9PE) U o™ (r)9PF) = gn(r)B U g™ (r)9P(F) =
o™ (r)BRafp(F) = p(BUgfp(F))lon — " (BUgfe(F) Hence B < F™(B U gfp(F)). By Theorem 8.4(4), B < gfp(F)
and thus 7(r)9PF) = B C pafo(F) e gfp(F) satisfies 7(r) = 7.

N

(5) Suppose that for some n > 0 and all r € Ry, gfp(F) satisfies 7(r) = 7*(m2(a™(r))), i-e., 7(r)9PF) C
Y (ro(0™(r)))9P(F) Let B,C be the T-reducts of gfp(F) and G*(gfp(F)), respectively, and G be the (A,~)-
step functor. By Propositions 4.7(3) and 8.8(1), % = 7(r)9°(F) C y*(ry(a™ (1)) 9P (F) = 15 (o™ (1)) & (afp(F)) =
(T(Un(r))\/gn(r))G*(gfp(F)) — T(Jn(r))G*(gfp(F))UJn(r)G*(gfp(F)) — Jn(T)CUUn(T)G*(gfp(F)) - Un(r)CuG*(gfp(F)) =
2220 ()& (BIWG (9fp(F) C pF(G7(BUgfp(F) Hence B < F™(BUG*(gfp(F))). By Theorem 8.4(5), B < gfp(F)
and thus 7(r)9/PUF) = B C 92 (F) je. gfp(F) satisfies 7(r) = 7. EI

11

7 is the relation transformer defined by axioms for the equivalence closure of r.
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Here are some alternative axiomatizations of relations that satisfy the induction or coinduction assumption
of Theorem 8.15. [39]

Corollary 8.16 Let the assumptions of Theorem 8.15 hold true.
(1) Suppose that SPy and SPy are p-extensions of SP, Ro = RiU{r :s|r:s€ Ry} and
AXy ={r < (o1(r) A7) | T € R} U{r < o1(r)[r'/rlr € Ri] | r € Ry }.

Then ifp(Pa0) < Up(Pac,).
(2) Suppose that SP; and SPy are v-extensions of SP, Ro = Ry U{r’ :s|r:s€ Ry} and

AXo ={r=(o1(r)Vr') | re R} U{r' = o1(r)[r'/r|r € R1] | r € R1}.

Then gfp(®a0.) < 9fp(Pae,)-
(8) Suppose that SPy and SP, are p-extensions of SP, Ry is an S-sorted set of binary relations ~g: s X s,
Ry = Ry U{~s:sxs|seS},
AXy ={f(x) ~o fly) Ex~sy | frs— s €F),
AXy = {~oem, o1(~s) ~s | s € SYU{mse oi(~)[ms [ ~s s € 8] | s € S}
and lfp((PA,Ul) ’ lfp(CI)A,Ul) < lfp((I)A,a1)' Then lfp(q)A,al) < lfp(q)A,fm)'
(4) Suppose that SP, and SPs are v-extensions of SP, Ry is an S-sorted set of binary relations ~g: s X 8,
Ry =R U{=s:sxs]|seS}
AXi ={z~sy= f(x)~s fly) | f:s— s € F},
AXy = {~o=m, 01(~) = | s € SYU{me= o1(~)[xs [ ~s s € 8] | s € S}

and gfp(Pa.0,) - 9fp(Paoy) < 9fp(Paey). Then gfp(Pac,) < afp(Pao,)-

Proof. (1) Let ifp; = Ifp(®s,,4), i = 1,2. Define a function F : Mod(X1,A) — Mod(31,A) by F(B)
Brlfp,. Let B € Mod(%;,A) and r € R;. The construction of AX, from AX; implies oo(r)Z = oy (r)Z NrifP.

Hence
TO'Q(B) — 0_2(T)B — 0'1(7")8 ﬂT‘lfpl — Ul(T)B N ral(lfpl) — Ul(T)B N Ul(T)lfpl — Jl(T)F(B) — TUI(F(B)),

i.e., 09 = 01 0 F. By Lemma 8.5(3), it remains to show that Ifp; M ifp, is o1-closed. Since o7 is monotone,
o1(lfp1Nifpy) < o1(lfp,) = Ufp,. Moreover, o1 (lfp,Nifpy) = o1(F(lfpy)) = o2(lfpy) = lfpy. Hence o1 (Ufp,Mifpy) <
lfpy T Ufpo-

(2) Let gfp; = 9fp(Ps, 4), i = 1,2. Define a function F : Mod(X1,A) - Mod(X1,A) by F(B) = B U gfp,.
Let B € Mod(X;,A) and r € Ry. The construction of AX, from AX; implies o2(r)? = oy (r)? Ur9P1. Hence

TUz(B) — 0—2(7~)B — 01(7‘)3 U r9fP1 — 0'1(7’)3 U ,rifl(gf]h) — Ul(T)B U o-l(r)gflh — Ul(T)F(B) — TUl(F(B))7

i.e., 09 = 01 0 F. By Lemma 8.5(4), it remains to show that gfp; U gfp, is o1-dense. Since o7 is monotone,
9fpy = o1(gfpr) < o1(gfps U gfps). Moreover, gfpy = 02(gfps) = 01(F(gfps)) = o1(gfps U gfps). Hence
9fp1 U 9fp2 < o1(gfp1 U gfp2)-

(3) Let lfpz = lfp((l)ai,A)v t=1,2.

(4) Let gfp; = 9fp(®s,,4), 2 = 1, 2. Define a function F' : Mod(X1, A) — Mod(%,, A) by F(B) = gfp,-B-gfp;.
Let B € Mod(S1,A) and s € S. The construction of AX, from AX; implies o9 (~y)B =~9P1 .y (~y)B- ~9P1,

Hence )
g2 B
~g = JZ(NS 'Ul(N

= 01 (~s)9P1 - 1 () B - 01 ()91 = gy (o) F(B) =T (F(B))

)B —~ 9P BLS Ngfplzwgl(gfpl) o1 (~g) B Ntsn(gfpl)

)
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i.e., 09 = 01 o F. By Lemma 8.5(6), it remains to show that F(gfp,) is o1-dense. Let s € S. Since 03 =010 F
and gfpy - 9fp1 < gfpa;
~Elafpa) _ ofpy [ ofpe - 9fpi . 9FPr Nga(gfpz) N
=~ It g (o) Flafp2). 91— O 9P (o Yalpa. 9P PP
—~ 9 01 (rog) 9Pz Ngfplzwgn(gfpl) 01 (rog)9IP2. Ntsfl(gfpl)

= 01(~) 91 - gy (~g )92 - gy (~g) 971 = oy (~v ) F(9FP2) :N;fl(F(gfp2)) .Q

9 Finitely branching swinging types

Theorem 9.1 Given the assumptions of Def. 8.1, an Ry-positive X' -formula ¢ is ¥'-compact over A iff for all
increasing chains By < By < Ba < ... of Mod(¥', A),

(1) sets {1, : Hz‘elj sitjes of X'-formulas and a € Hz‘eu{lj\jeJ} s{t such that Njes ¥ is a subformula of ¢,
VjeJdieN:m(a) €l implies Ji € NVje J:mp(a) €y, (3)
(2) X'-formulas ¢ : [[,e; si, k € I and a € [[;ep 11y st such that Yk is a subformula of ¢,
Vbesp JieN:axbecyP implies JieNVbesp:ax,bepPi. (4)

Proof. Let By < By < By < ... be an increasing chain of Mod(X’, A). We show 8.11(2) for all Ry-positive
Y-formulas ¢. Let B = U;enB;, (p,a) € My, a € P and I be a nonempty set.

e Let o = r(t) be a X'-atom. If r € R, then ¢ is a ¥-formula and thus a € p? = p4 = Usen ©7. If r € Ry,
then a € & =,y ©7'.

o Let ¢ = =) for some Y-atom 1) : 5. Hence ¢ = ¢4 = Nien P and thus

a€@l =sM\ P =5\ (Yo = J*\ o) = [ ™
ieN ‘€N ieN

o Let o = \;c ;95 : [l;eq, 5i- Then for all j € J there is o < a such that (¢, 77, (a)) € Ma,. a € B
implies 77, (a) € 1ij for all j € J. Hence by induction hypothesis, 77,(a) € U,cy wJB", i.e., there is
i € N such that 7j,(a) € ¢¥Pi. By (3), there is ¢ € N such that for all j € J, 7, (a) € z/JJB"'. Hence
a€ PP ClU;ene?.

o Let o =V, ;5 [lies, si- Then for all j € J there is o < o such that (¢;, 7, (a)) € M,,. Hence by
induction hypothesis, 77, (a) € U, ey wfi, i.e., there is i € N such that 7,(a) € ¥5. Hence a € o5 C
Usen "'

e Let ¢ = Yk for some k € I. Then for all b € si there is a, < « such that (¢,a x b) € M,,. a € pP
implies ax,b € B for all b € sf. Hence by induction hypothesis, axpb € | J, oy B ie., thereisi € N such
that axj, b € Pi. By (4), there is i € N such that for all b € s;}, a ;b € 5. Hence a € P C |,y ¢

e Let ¢ = 3k for some k € I. Then for all b € si there is a, < « such that (¢, a x b) € M,,. a € pP
implies a *, b € 1 for some b € s’,?. Hence by induction hypothesis, a . b € [ J, oy P ie., thereisi € N
such that a x, b € P, Hence a € P C ;o ¢”'. a

By dualizing the preceding proof, one obtains:

Theorem 9.2 Given the assumptions of Def. 8.1, an Ry-positive ¥'-formula ¢ is X'-cocompact over A iff
for all decreasing chains By > By > By > ... of Mod(X', A),

(1) sets {1, : Hielj sitjes of X'-formulas and a € Hieu{lj et s such that Vjes¥j is a subformula of ¢,

VieN3jeJ:np(a) € 1/)}91' implies 3j € J Vi € N:7y (a) € wfi,
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(2) ¥'-formulas i : [[;c;8i, k€1 and a € Hie[\{k} s such that Ik is a subformula of o,
VieN3besp:axbeP implies Ibe si VieN:ax,be b,

Theorems 9.1 and 9.2 lead to the following criterion for compactness resp. cocompactness:
Definition 9.3 (finitely branching) Let the assumptions of Def. 8.1 hold true and B € Mod(¥', A).

A set {¢; : [[;ey, si}jes is finitely B-solvable if for all a € [[;ciqy, e sP, the set of j € J such that
71, (a) € cpf is finite.

A Y'-formula ¢ : [[,c;
that a %5 b € P is finite.

s; is finitely B-solvable in k € I if for all a € Hiel\{k} sB, the set of b € s such

SP' is finitely branching in B if for all Horn clauses p < ¢ € AX;, co-Horn clauses ¢ = 3 € AXy,
subformulas A ;. ; ¢; and Vk : 9 of ¢ and subformulas \/,. ; ¢; and 3k : ¥ of 1, {g;};e is finitely B-solvable
and ¢ is finitely B-solvable in k. a

Modal logic achieves continuity by restricting the bodies of modal operators like O and < to propositions
about finitely branching transition systems. Roughly said, the restriction implies that the set of solutions of
these bodies in the quantified variables is finite. The following example may illustrate the connection between
finitely branching transition systems and (co)compact formulas.

Given a specification of a set State of states and a transition system — on State, the least relation r» C State
that satisfies the Horn clause
r(s) <« Vs :(s—s =q(s)) (1)

consists of all states that admit only finite runs w.r.t. —. Since, in this example, the models B; in Def. 8.11
reduce to sets S; of states (i.e., the different interpretations of r), the premise of (1) is compact iff for all
increasing chains Sy C S7 C S; C ... of sets of states,

Vs'Jig : (s = s’ =" €8,;,) implies Vs : (s —s =5 €8). (2)

Now suppose that the premise of (2) holds true and — is finitely branching. If the chain becomes stationary,
i.e., there is n € N such that S; = S, for all j > n, then the conclusion of (2) holds true for i = n. Otherwise
there is n € N such that S,, consists of all direct successors of s w.r.t. —. Again ¢ = n satisfies the conclusion
of (2). Duality suggests that a finitely branching transition system — also entails that the conclusion of the
co-Horn clause that results from negating (1):

r(s) = 3 :(s— s Aq(s)), (3)
is cocompact. Indeed, (3) is cocompact iff for all decreasing chains Sg 2 S1 D S5 D ... of sets of states,
Vids) : (s = s’ Asi €S;) implies Js'Vi:(s— s As €89). (4)

Suppose that the premise of (4) holds true and — is finitely branching. Then there is a state s’ such that s — '
and s’ = s for infinitely many ¢ € N. Hence for all i € N there is n; > i with s;,, = s’. Since s’ = s, € S, € 5;,
we obtain the conclusion of (4).

Moreover, the invariance and congruence axioms of Definition 10.1 are finitely branching.

Lemma 9.4 Let the assumptions of Def. 8.1 hold true. If SP’ is finitely branching in all B € Mod(%', A),
then the premises of all Horn clauses of AX1 are ¥'-compact over A and the conclusions of all co-Horn clauses
of AX1 are ¥X'-cocompact over A.

Proof. Let p< ¢ € AX; and By < By < By < ... be an increasing chain of Mod(X', A).
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Let {¢p; : Hielj Sitjes be a set of ¥'-formulas and a € HieU{Ij\jeJ} sP such that Njes #j is a subformula of
¢. Suppose that for all j € J there is i € N such that 77, (a) € gof'i. Since SP’ is finitely branching in B;, the
set of j € J such that 77, (a) € cpf is finite. Hence there is n € N such that for all j € J, 77, (a) € gpfi for some
1 < n. Since B; < B, and thus, by Theorem 8.13, cpf"' - <p§3", we conclude that for all j € J, 77, (a) € tpf”.

Let v : [[;c; si be a ¥'-formula, k € I and a € HieI\{k} st such that Yk is a subformula of ¢. Suppose
that for all b € sf there is i € N such that a *; b € 957, Since SP’ is finitely branching in B;, the set of b € skBi
such that a % b € P is finite. Hence there is n € N such that for all b € sf, ax*; b € P for some i < n. Since
B; < B,, and thus, by Theorem 8.13, % C 9B~ we conclude that for all b € skBi, axpbe B

Let p= ¢ € AX; and By > By > By > ... be a decreasing chain of Mod(X', A).

Let {¢; : [L;es, si}jes be a set of X'-formulas and a € [[;ci 1,56 sP such that Ve ¢j is a subformula of
¢. Suppose that for all i € N there is j; € J such that 7, (a) € @ﬁi. Since SP’ is finitely branching in B;, the
set of j € J such that 77, (a) € @fi is finite. Hence there are j € J and infinitely many ¢ € N such that j; = j.
Consequently, for all i € N there is n; > i such that j,, = j and thus 77, (a) = I, (a) € cpi’i’i = cpf"’i. Since
B; > B, and thus, by Theorem 8.13, gofi ) (pf”i, we conlude that for all i € N, 77, (a) € <pfi.

Let v : [[;c; si be a ¥'-formula, k € I and a € Hiel\{k} s such that Jky is a subformula of ¢. Suppose
that for all ¢ € N there is b; € s? such that a %5 b; € ¥Pi. Since SP’ is finitely branching in B;, the set of
b € s such that a %, b € P is finite. Hence there are b € s and infinitely many i € N such that b; = b.
Consequently, for all i € N there is n; > i such that b,,, = b and thus a *; b = a *j, b,, € ¥P»i. Since B; > B,
and thus, by Theorem 8.13, /% D 1B we conlude that for all i € N, a x, b € 5. a

Proposition 8.12, Theorems 9.1 and 9.2 and Lemma 9.4 immediately imply:

Theorem 9.5 Let the assumptions of Def. 8.1 hold true, ¥1 = (So, S, F’, R) and A be a X1-structure. P4 »
s continuous resp. cocontinuous over A iff SP’ is finitely branching over A. a

If the clauses of AX'\ AX are ¥’-compact resp. -cocompact over A, then by Proposition 8.12, &4, is
continuous resp. cocontinuous over A. Hence Theorem 8.3 (Kleene) provides us with an inductive construction
of the least resp. greatest fixpoint of o: for all r € R’ \ R,

PP(®a0) UT<I>Z,”(J-) resp. riP(Pac) — ﬂTq’iA,a(T)_
ieN ieN

Consequently, a property P holds true for {fp(®a,.) iff there is ¢ € N such that P is valid for <I>f4,o_(J_), while P
holds true for gfp(®4 ) iff for all i € N, P is valid for &, ,(T).

10 Abstraction and restriction

Definition 10.1 (congruence and invariant azioms) Let ¥ = (So, S, F, R) be a signature. The congruence
property of equalities can be axiomatized either by Horn clauses (CONH) or by co-Horn clauses (CONC):

fl@)=s fly) < z2=5y9 forall f:s—>s €F CONH1
r(z) < xz=syAr(y) forall7:s€R CONH2
(zi)ier EI—LEI ., (Wi)ier <= Nier®i =s, yi forall {s;}ier CTs CONHS3
i(z) =11, = uly) < =59 for all {s;}ier C Tg and ¢ € I | CONH4
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r=y = flz)=s f(y) forall f:s—>s €F CONC1
r(z) = (z=sy=r(y)) forallr:se€eR CONC2
(zi)ier EHieISi (yi)ier = m =5, y; forall {s;}ie; CTgandiel CONC3
ti(x) =M., Lly) = =,y for all {s;};er CTsandiel CONC4
ti(x) =1L, = vij(y) = False for all {s;};er C Tg and ¢,j € I with i # j | CONC4

Analogously, the invariant property of universes can be axiomatized either by Horn clauses (INVH) or by
co-Horn clauses (INVC):

ally (f(x)) < alls(x) forall f:s—> s €F INVH1

allH o (@i)ier = Njcralls,(z;) forall {s;}icr € Ts INVH2
ier "

aZZH . (Li(x)) <= alls,(x) for all {s;};er CTg and i € [ | INVH3
ier 7"

alls(z) = ally (f(z)) forall f:s—s eF INVC1

alll—[ ISi(xi)iEI = alls,(z;) forall s1,...,8, €Tgand 1 <i<n |INVC2
i€ ;

allH o (ti(z)) = allg,(x) forallsy,...,s, € Tgand1<i<n |INVC3
ier ”°

These axioms include the extensions of = and all to products and sums that are also called relation resp.
predicate liftings (see section 4).

Lemma 10.2 Let the assumptions of Def. 8.1 hold true, A € Mod(SP) and B € Mod(¥', A).

(1) If SP' is a p-extension of SP and CONH C AXjy, then =P is an R'-compatible X' -congruence.

(2) If SP' is a v-extension of SP and CONC C AXy, then =P is an R'-compatible X' -congruence.

(3) If SP' is a p-extension of SP and INVH C AX,, then all® is a ¥'-invariant.

(4) If SP' is a v-extension of SP and INVC C AXy, then all? is a ¥'-invariant.

(5) If SP' is a v-extension of SP, CONC C AX; and B = gfp(®a,,), then =P is an R'-compatible equivalence

relation.

Proof. (1)-(4) hold true trivially.

(5) Let B* = L;enB; where B; € Mod(Y', A) is defined as follows: Let s € Tg and r: s’ € R'\ R.
o =Bo= ABy =B y(=8)"1 and rBo =B,

e Foralli>0, == {(a,b) € st x s | Fc:(a=Bcne=bib)l.

e Foralli >0, 7B+ ={ac Ay | Ib: (a=B bAberBi)l.

Suppose that B* satisfies CONC. Since B is the greatest Y/-structure over A that satisfies CONC, B* < B
and thus B* = B because B < B*. Since B* is an R’-compatible equivalence relation, the proof is complete.

It remains to prove B* = CONC. we show B; = CONC for all i € N. Let s € S; and r : s € R’ \ R. Since
=bPo is a ¥/-congruence, By = CONC. Let i > 0. By induction hypothesis, B;_; satisfies CONC.

We show that B; satisfies CONCI. Let f:s — s’ € F\ Fy and a ESBi b. Then there is ¢ € s4 such that
a =" cand ¢ =¥ b. Since B;_; satisfies CONCI, fA(a) =01 fA>e) and fA(c) =P fA(b). Hence
fAa) =2 fAD).

We show that B; satisfies CONC2. Let s = [],; s; € Ts and (a;)jer =P (b;)er. Then thereis {c;}jer C 57
such that (a;)jer =P (¢;)jer and (¢;)jer =D (bj)jer- Since B satisfies CONC2, for all j € I, a; Egi_l ¢
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_Bi1 _B;
and ¢; =577 b;. Hence a; =77 b;.

Analogously, B; satisfies CONC3-CONC9. a

Theorem 10.3 Let ¥ = (Sy,5, F, R) be a signature, A € Mod(%), ~ be a X-congruent and R-compatible
equivalence relation on A and ¢ be a X-formula. Then B =45 A/~ satisfies ¢ iff A satisfies .

Proof. The conjecture holds true if
{l € Blaept}=p" (1)
(1) is shown by induction on the structure of ¢: Let r(t) be a X-atom. Then by Proposition 4.14,
@€ (rot)d = (t4)1(14) <= tA(a) € 14 = 17([a)) = [tA(a)] € 1P
<= [a] € (tP)71 () = (rot)P.
Let ¢ : s be a ¥-formula. By induction hypothesis,
a € (-p)t = s\ ¢t = [a] € By \ o = (-)".

Let {op; : Higj si}jes be a set of ¥-formulas. Then, by induction hypothesis,

a € (Njes i) = Njesmr, (9f) =V j € Jimy(a) € pff <=V j € J :my([a]) = [11,(a)] € o
= [d € Njesm7, (0]) = (Njes 0i)”.

Let ¢ : [[,c; si be a ¥-formula and &k € I. By induction hypothesis,

ae(ngp)A:ﬂbgsﬁ(cpA+kb)<:>Vb€s?:aecpA+kb
= Vbespiaxbept <V [b] €sP:la]x [b] = [axb] € pP
=V [b] €5 : [a] € 0P i [B] <= [a] € Nyesn (97 +1 b)) = (Vhp)P. O

Theorem 10.4 Let & = (Sy, S, F, R) be a signature, A € Mod(X), inv =4 all* be a S-invariant on A,
S1 =8\ S0 and ¢ : s be a restricted X-formula. Then B =45 Alinv satisfies ¢ if A satisfies .
Proof. The conjecture holds true if
o Ninv, = P, (1)
(1) is shown by induction on the structure of p: Let r(¢) : s be a X-atom and a € invs. Since inv is X-invariant,

t4(a) € inv and thus by Proposition 4.14,

ac(rot)t =t "1(r?) <= t4(a) € 14 <= tB(a) = t(a) € rA Ninv = 1B
< ac (tP)1(rB)=(rot)B.

Let ¢ : s be an restricted X-formula and a € inv,. By induction hypothesis,
a € (~p)t =M\ ot = a € inv, \ ! = inv, \ (9 Ninw,) = inw, \ PP = (—p)P.

Let {; : [T;cs, sitjes be a set of E-formulas and s = [];c (s, jesy such that ¢ = A, ¢; is restricted and
a € invs. Then for all j € J, 7, (a) € ian «.» and thus by induction hypothesis,
iel; "
a € (/\jeJ ‘Pj)A = mjeJﬂ'I_jl(@?) = VjeJ:my(a) € 80}4

= VjelJ:m,(a) €<p}-“ﬂmvl—[ o =P <:>a€ﬂjeJ7rl_jl(<pf) = (Njes i)"-

i€l
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Let ¢ : [[;c; i be a X-formula, k € I and s = Hiel\{k} s; such that Yk is restricted and a € invs. Let s € Sp.
Then inv,, = A,,. Hence for all b € A, , a*, b € invl—[ s.» and thus by induction hypothesis,

ier ”t

a € (Vkp)? = ﬂbESg(W‘ +1b) = Noeino,, (oA 1 b) =V b€ invg, :a€ =1 b

@Vbeinvsk:a*kbegaA(:)Vbeinvsk:a*kb€<pAﬂimJH siZQOB

i€l

= Vbecinv, :a€ P rpbe=ac Noeinv., (@B =1 b) = (Vkg)B.

Let s € Sy. Since Vky is restricted, w.l.o.g. ¢ = —alls, (k) V ¢ for some 3-formula . Hence a € inv, and the
induction hypothesis imply

ae(Vk‘gp)A:ﬂbesﬁ(¢A+kb)(:>Vb€s,‘?:a€<pA+kb<:>Vb€sf:a*kb€<pA:(ﬁall8k(k)\/w)A
= Vbesy: (b alld =invs, Vaxbey?) <V beEinv,, taxbey?
=V b € inv;, :a*kbEwAﬁianiEISi =P
<:>Vb€im)sk_:(a*kb:bginvsk:alli Vaxpbe B
<=V be€invs taxbe (malls, (k) V)P =P <= Vbeinv, :ae B +1b
< ac€ ﬂbem%k (0P =1 b) = (Vkp)B. O

Theorem 10.5 Let X = (S, F, R) be an algebraic signature, A, B € Mod(X) and ¢ : s be an implicational

Y-formula. Then A x B satisfies ¢ if A and B satisfy ¢.2
Proof. Note that s is a product of sorts because X is algebraic. The conjecture holds true if
{{a,0) [a €t Nbe P} C P, (1)
At first we show
{{a,0) [a €t Nbe P} =P (2)

for all universally quantified conjunctions ¢ of ¥-atoms by induction on the structure of ¢: Let r(¢) : s be a
Y-atom, a € s and b € s®. Then by Proposition 4.14,

acr®)=rot)r =) Y Aber®) = (rot)P = (tP)"1(rB) <= t4(a) e A AtE(D) € 1B
= (t"(a),tB (b)) € r2*B = (a,b) € (tA*B)"L(1rAXE) = (r o t)AXB = p(t)A%B,

Let {¢; : [];c I si}jes be a set of implicational X-formulas. Then, by induction hypothesis,

ac (/\jeJ ‘Pj)A = ﬂjeJﬂl_jl(%A) Nb € (/\je] ‘Pj)B = mjeJWI_jl(‘Pf)
e=VjeTimga)eprAVje ] m(b) €l <V je ] m,((a,b) = (ry(a),m (b)) € o]
— <a,b> € ﬂje,] W;jl(‘prB) = (/\jeJ @j)AXB-

Let ¢ : [],c; si be an implicational ¥-formula and k € I. By induction hypothesis,

a € (V) = Negoa (0" 1 0) Ab € (Fh)P = Nyeyn (97 1 d)
= Veesptiacpt tpenVdesPbepP rpde=vVeest axcept AVdesE ibxdep?
=V {c,d) € 5778 : (a,b) %1, (c,d) = {a*p c,bxp d) € pA¥B
=V (c,d) € 5778 : (a,b) € p*B =y (e,d) < (c,d) € Nie.yesixn (™ 1 (e, d)) = (Thp) <P

Secondly, we show (1) by induction on the structure of an implicational X-formula ¢: If ¢ is an atom, a
conjunction or a universally quantified formula, the proof proceeds analogously to the above proof of (2): just

12Counterexamples showing that this theorem cannot be generalized to non-algebraic signatures or non-implicational formulas
are obtained easily from the study of products and implicational classes in universal algebra. See, e.g., [71], Section 5.3, and [111],
Section 3.3.
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replace “universally quantified conjunction of atoms” by implicational formula”. It remains to derive (1) for
simple implications 1 = ¢ (see Def. 3.12) from the validity of (1) for : Let ¢ : [[;c; s be an implicational

Y-formula and v : [],.; s; be a universally quantified conjunction of atoms. By (2) and induction hypothesis,

el
ac(W=p)Nbe(Wp=p)P = (agptVvaecp) N EYPVbepP)
= (ag YA EPP)V(a g YA AbepP) V(e ANDEYP) V(e e p? b e P)
— adPrVbgYP)V (a € p? AbE P)
= (a,b) € pA*B Vv (a,b) € pA*B = (a,b) € (Y = ¢)A*B. O

Definition 10.6 (reachable, observable, consistent, complete) Let ¥ = (Sp, S, F, R) be a subsignature of a
signature ¥’ = (Sp, S, F',R'), S1 = S\ So, B € Mod(¥', A) for some Sp-sorted set A. The X-reachability
invariant of B, reachZ, is the image of the S-sorted function reach? with

reach? = [themcens. : ( H dom?) — sP.
teMGens, s
The Y-observability congruence of B, 0bsZ, is the kernel of the S-sorted function obs® with
obs? = (thiemobsy, 1 87 — H rani.
teMObsx s

B is Y-reachable or Y-generated'?® if reachS = B.

B is Y-observable or Y-cogenerated!* if obsZ = AB.

B is Y-consistent if for all t,u € MGeny, and a,b € A, tP(a) = u®(b) implies tm¢¢(>4) (q) = uFree4) (p).
B is $-complete if for all a € Cofree(X, A), obs?(b) = a for some b € B.

Given a class C of X/-structures, RC and OC denote the subclasses of ¥'-reachable and X’-observable struc-

tures of C, respectively. a

In [83], both X-reachable and Y-consistent structures are called free, while both X-observable and 3-complete
structures are called cofree.

Lemma 10.7 Let the assumptions of Def. 10.6 hold true and X = %',

(1) Suppose that for all f : s — ' € F, s, € Tg, or s’ € S1. Then the Y-reachability invariant of B is a
Y -invariant.

(2) Suppose that for all f :s — s € F, s,8' € Tg, or s € S1. Then the X-observability congruence of B is a
Y. -congruence.

(8) Let h : B — C be a X-homomorphism. C is X-complete if B is Xi-complete. B is X-consistent if C is
Y.-consistent.

(4) Let h : B — C be a X-epimorphism. C is X-reachable resp. 3-observable if B is Y-reachable resp.
Y-observable. B is ¥-complete if C is YX-complete.

(5) Let h : B — C be a X-monomorphism. C is ¥-consistent if B is X-consistent. B is X-reachable resp.
Y-observable if C is YX-reachable resp. X-observable.

Proof. (1) Let s € S, f : s = s’ € F and b € reachg ,. Then b = t7(a) for some t € MGens, s and a € dom;*.
If s,5" € Sp, then idy is a maximal ¥-generator and thus fZ(b) = idZ(f7 (b)) € reachd ,,. If s’ € Sy, then f is
an Si-constructor and thus f ot : dom — s’ is a maximal X-generator. Hence fB(b) = f(tB(a)) = (fot)B(a) €
reach .

13 This notion is used in [33].
Hdto.
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(2) Let s€ S, f:s— s € Fand (a,b) € obsg ,. Then for all ¢ : s — ran € MObsx, t?(a) = t%(b). If
5,8 € Sp, then idg is a maximal Y-observer and thus a = id?(a) = id?(b) = b. Hence fZ(a) = fP(b) and thus
(fP(a), fP(b)) € obsg ,, because kernels are reflexive. If s’ € Sy, then f is an S;-destructor and thus for all
t:s —ran € MObsy, to f : s — ran is a maximal Y-observer. Hence t2(fZ(a)) = (to f)B(a) = (to f)B(b) =
tB(fB (b)) and thus (fZ(a), fB(b)) € obsgs,.

(3) Let B be X-complete and a € s€°fe¢(>4) Hence obs?(b) = a for some b € B and thus by Proposition
4.6(5),

obsS (h(b)) = (t9)termr0bss,.. ((D)) = (t° 0 h)tenobss,.. () = (tP)icrsonss.. (b) = obs? (b) = a.
Hence C' is ¥-complete.

Let C be Y-consistent, ¢ : s; — s,u : 85 — s € MGeny, a € s and b € s such that t5(a) = uB(b). By
Proposition 4.6(4), t“(a) = h(tP(a)) = h(uP(b) = u®(b) and thus tF7¢4)(g) = ufree(>4)(b) because C is
Y-consistent. We conclude that B be ¥-consistent.

(4) Let B be Y-reachable and ¢ € s“. Since h is surjective, ¢ = h(b) for some b € sB. Since B is
Y-reachable, b = u®(a) for some u : dom — s € MGens and a € dom”?. Hence by Proposition 4.6(4),
c = h(b) = h(u®(a)) = u(a) and thus C is X-reachable.

Let B be Y-observable and a,b € s such that obs¢(a) = obs¥(b). Since h is surjective, a = h(a’) and
b= h(b') for some a’,b’ € sB. Hence by Proposition 4.6(5),
obsP(a') = (t¥)iemobss.. (') = (t7 0 h)tenronss,, (') = (t)1emobss . (a) = 0bsS (a) =
obs{ (b) = (t)tenobss, . () = (t€ 0 h)tertobss . (V') = (t7)tcrobss, . (V) = obsy
and thus ¢’ =’ because B be X-observable.

Let C be Y-complete and a € s€°f¢¢(>:4) Hence 0bs{ (¢) = a for some ¢ € C. Since h is surjective, ¢ = h(b)
for some b € s2, and thus by Proposition 4.6(5),

0bs?(b) = (t%)iertonss.. (b) = (t 0 h)tenobsy . (b) = () iertonss . (¢) = a.
Hence B is ¥-complete.

(5) Let B be Y-consistent, ¢ : 51 — s,u: s5 — s € MGensx, a € s and b € s4 such that t“(a) = u(b). By
Proposition 4.6(4), h(t?(a)) = t%(a) = u“(b) = h(uP (b)) and thus tZ(a) = u?(b) because h is injective. Hence
three(=:4) (q) = ufree(>4)(b) because B is L-consistent. We conclude that C' be Y-consistent.

Let C be X-reachable and b € sB. Then h(b) = u®(a) for some u : dom — s € MGeny, and a € dom™.
Hence by Proposition 4.6(4), h(b) = u®(a) = h(uf(a)) and thus b = u”(a) because h is injective. We conlude
that B is Y-reachable.

Let C be X-observable and a,b € s? such that obs?(a) = obsZ(b). Hence by Proposition 4.6(5),

obs (h(a)) = (t)terObss,. (h(a)) = (t 0 h)ienrovsy . (a) = (t¥)1emobsy . (a) = 0bs (a) =
0bs? (b) = (%) tenovss,. (b) = (t° 0 h)tenovss, . (b) = (t)terobss,, (h(b)) = obs (h(b))

and thus h(a) = h(b) because C is ¥-observable. Since h is injective, a = b, and we conclude that B is
Y-observable. 0

Lemma 10.8 Let the assumptions of Def. 10.6 hold true, ¥ = X', C be a class of X-structures and Ini be
initial in C or Fin be final in C. Let B € C, g be the unique X-homomorphism from Ini to B or h be the unique
Y.-homomorphism B to Fin, respectively.

(1) reachB Cimg(g).
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(2) ker(h) C obsE.

(8) Ini is X-reachable. B is X-reachable iff g is surjective. If B is X-consistent, then g is injective. If g is
injective and C = Modgy (X, A) for some set A, then B is X-consistent.

(4) Fin is ¥-observable. B is X-observable iff h is injective. If B is Y-complete, then h is surjective. If h is
surjective and C = Modgy (X, A) for some set A, then B is X-complete.

Proof. (1) Let b € reachZ. Then b = t4(a) for some t : dom — s € MGeny and a € dom”

Proposition 4.6(4), b = t4(a) = g(t'"(a)) € img(g).

. Hence by

(2) Let (a,b) € ker(h) and t : s — ran € MObsy. Then h(a) = h(b) and thus by Proposition 4.6(5),
t4(a) = tF'"™(h(a)) = tF'"(h(b)) = t*(b). Hence (a,b) € obsE.

(3) By Lemma 10.7(1), reachi? is a Y-invariant and thus B = Ini|reacht® is a substructure of Ini. By
Lemma 6.2(3), B is not a proper substructure of Ini. Hence for all s € S, reach!™ = s/ and thus Ini is
Y-reachable. If B is Y-reachable, then by (1), B = Blreach®? C img(g) and thus g is surjective. If g is surjective,
then by Lemma 10.7(3), B is ¥-reachable because Ini is X-reachable.

Suppose that B is Y-consistent. By Proposition 4.6(4), for all t € MGens, g o t!™ = tB. Since Ini is
Y-reachable, this equation defines g. Hence g is injective iff for all t,u € MGenys and a,b € A, tB(a) = uP(b)
implies /" (a) = u!™(b). So let t,u € MGeny, and a,b € A such that ¢t (a) = uP(b). Since B is S-consistent,
three(=:4) (q) = ufree(=4) (p). By Theorem 6.3, Free(X, A) is initial in Modgy (X, A). Hence there is a unique
Y-homomorphism ¢’ : Free(X, A) — Ini. By Proposition 4.6(4),

tlni(a) — g/(tFree(E,A)(a)) — g/(uFree(E,A)(b)) — ulni(b).

We have shown that g is injective.

Conversely, suppose that g is injective and C = Modgy (X, A). Then by Theorem 6.3, Ini = Free(¥, A) and
thus t?(a) = u®(b) implies

tFree(E,A) (a) — tlni(a) — ulnz(b) — uFree(E,A) (b)

because g is injective. Hence B is Y-consistent.

(4) By Lemma 10.7(2), obsL™ is a ¥-congruence and thus a B = Fin/obs5™ is a quotient of Fin. By
Lemma 6.2(4), B is not a proper quotient of Fin. Hence obsL™ = AFi" and thus Fin is Y-observable. If B
is Y-observable, then by (2), ker(h) C obsZ = AB and thus h is injective. If h is injective, then by Lemma
10.7(2), B is X-observable because F'in is X-observable.

Suppose that B is Y-complete. By Proposition 4.6(5), for all ¢ € Obsy, " o h = tB. Since Fin is
Y-observable, this equation defines h. Hence h is surjective iff for all ¢ € Fin there is b € B such that for
all t € MObss, tB(b)(= tF'™(h(b))) = tF'"(c). So let ¢ € Fin. By Theorem 6.4, Cofree(X, A) is final in
Modgy (X, A). Hence there is a unique X-homomorphism A’ : Fin — Cofree(X, A). Since B is X-complete,
there is b € B such that for all t : s — ran € MObsy, t?(b) = 1/(c); = m(h/(c)) = t""(c) (see Theorem 6.4(2)).
We have shown that h is surjective.

Conversely, suppose that h is surjective and C = Modgy (X, A). Then by Theorem 6.4, Fin = Cofree(%, A).
Let s € S and ¢ = (a1)t:ssranemobsy, € sCOT7¢HA) = sFin - GQince h is surjective, ¢ = h(b) for some b € B.
Hence by Proposition 4.6(5) and Theorem 6.4(2), t2(b) = tf'™(c) = tCofreeEA)(¢) = m(c) = a; for all
t:s— ran € MObsy. Hence B is Y-complete. a

Theorem 10.9 (abstraction models) Let SP' = (X', AX') be a swinging type with base type SP = (X, AX),

¥ = (50,5, F,R), ¥ = (S0,S,F',R"), o be the relation transformer defined by AX'\ AX, Ini' be initial in
Mod(¥X', AX) and ® be the (Ini',o)-step functor.
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(1) If SP' is a visible abstraction, then lfp(®)/=YP(®) is initial in Modgy (SP').
(2) If SP' is a hidden abstraction, then gfp(®)/=9P(®) is final in RModgy (SP').

Proof. Let equals = {=; | s € S1}.

(1) By Lemma 10.2(1) and Theorem 10.3, Ifp(®) = AX’ implies Ifp(®)/=""(®) = AX’ and thus Ifp(®) /=)
Modgy (SP'). Let B € Modgy (SP'). Hence B € Mod(¥', AX) and thus there is a unique ¥’-homomorphism
h:Ini' — B.

Let A be the Y/-structure that agrees with Ini’ except for the interpretation of Ry U equals: for all v : s €
Ry Uequals, 4 =40 {a € Ini’, | h(a) € rB}. Hence for all s € S, == ker(h) because B is a structure with
equality.

Suppose that for all € Ry U equals, 7#7(®) is a subset of 4. In particular, for all s € S, zif”(@)gzg‘ and
thus for all a,b € Ini’, a =7(?) b implies h(a) = h(b). Hence g : lfp(®)/="7(®)— B with g([a]) =aes h(a) for
all a € Ini’ is well-defined. Therefore, h = g o nat. Since nat is epimorphic and h is homomorphic, Lemma
4.16(1) implies that g is homomorphic, too. Moreover, let ¢’ be any Y-homomorphism from Ifp(®)/="(®) to
B. Since h is the only X-homomorphism from Ini’ to B, we obtain ¢’ o nat = h = g o nat and thus ¢’ = ¢
because nat is surjective. Hence Ifp(®)/=7(®) is initial in Modgy (SP').

It remains to show that for all r : s € Ry Uequals, 77(®) is a subset of r4. By Theorem 8.4(1), r#P(®) C r4
follows from r®(4) C 74, So let a € r®4) = ¢(r)A. Since for all ¢ € R, ¢* = {a € Ini’, | h(a) € ¢®}, a € o(r)?
implies h(a) € o(r)B. Since B satisfies 7 <= o(r), h(a) € o(r)? implies h(a) € 78, ie., a € r4.

(2) By Lemma 10.2(2) and (5) and Theorem 10.3, gfp(®) = AX’ implies B = gfp(®)/=9"®)= AX' and
thus B € Modgy (SP’). Since Ini' is initial in Mod(X', AX), gfp(®) is so, too, and thus by Lemma 10.8(3),
afp(®) is ¥'-reachable. Hence there is unique X’-homomorphism A from gfp(®) to B that must agree with the
natural mapping. Therefore, h is surjective and thus, again by Lemma 10.8(3), B is X'-reachable. We conclude
that B € RModgy (SP').

Let B € RModgy(SP'). Hence B € Modgy (SP) and thus there is a unique X-homomorphism h : Ini’ — B.
Let A be the Y'-structure that agrees with Ini’ except for the interpretation of Ry U equals: for all v : s €
Ry Uequals, 14 =404 {a € Ini’, | h(a) € rB}. Hence for all s € S, =*= ker(h) because B is a Y-structure with
equality.

Suppose that for all 7 € Ry U equals, r* is a subset of 79(®)  In particular, for all s € S, z?gzgﬁ’(‘b)

and thus for all a,b € Ini,, h(a) = h(b) implies a =%P(®) b. By Lemma 10.8(3), h is surjective because B
is reachable. Hence g : B — gfp(®)/=%"(®) with g(h(a)) =4 [a] for all @ € Ini’ is well-defined. Therefore,
goh = nat. Since h is epimorphic and nat is homomorphic, Lemma 4.16(1) implies that ¢ is homomorphic, too.
Moreover, let ¢’ be any Y-homomorphism from B to gfp(®)/=%?(®). Since nat is the only ¥-homomorphism
from Ini’ to gfp(®)/=%P(®) we obtain ¢’ o h = nat = g o h and thus ¢’ = g because h is surjective. Hence
gfp(®)/=97(®) is final in RModgy (SP').

It remains to show that for all 7 : s € Ry Uequals, v is a subset of 79?(®) By Theorem 8.4(2), r4 C r9/p(®)
follows from r4 C 7®(4). So let a € 7. Hence h(a) € r? and thus h(a) € o(r)? because B satisfies 7 = o(r).
Since for all ¢ € R', ¢* = {a € Ini’, | h(a) € ¢®}, h(a) € o(r)? implies a € o(r)* = r®A), a

Theorem 10.10 (restriction models) Let SP' = (X', AX") be a swinging type with base type SP = (X, AX),
¥ = (5,5, F,R), ¥ = (50,5, F',R), o be the relation transformer defined by AX' \ AX, Fin' be final in
Mod(¥', AX) and ® be the (Fin',o)-step functor.

(1) If SP' is a hidden restriction, then gfp(®)|all9?(®) is final in Modgy (SP).
(2) If SP' is a wvisible restriction, then Ifp(®)|all’?(®) is initial in OModgy (SP').
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Proof. Let univs = {alls | s € S1}.

(1) By Lemma 10.2(4) and Theorem 10.4, gfp(®) = AX' implies gfp(®)|all¥?(®) = AX’ and thus gfp(®)|all9(®) ¢
Modgy (SP'). Let B € Modgy(SP'). Hence B € Mod(X', AX) and thus there is a unique ¥’-homomorphism
h:B — Fin'.

Let A be the X/-structure that agrees with Fin’ except for the interpretation of R; U wunivs: for all r €
Ry Uunivs, 74 =45 h(rP). Hence for all s € S, all? = h(all?) = h(s?) because B is a structure with universe.

Suppose that for all » € Ry U univs, r* is a subset of r9/P(®), In particular, for all s € Sy, h(s?) = all?* C
all?”®  Hence g: B — gfp(®)|all??(®) with g(a) =4es h(a) for all a € B is well-defined. Therefore, h = incog.
Since inc is monomorphic and h is homomorphic, Lemma 4.17(1) implies that g is homomorphic, too. Moreover,
let ¢’ be any Y-homomorphism from B to gfp(®)|all¥?(®). Since h is the only ¥-homomorphism from B to
Fin/, we obtain inco g’ = h = inco g and thus ¢’ = g because inc is injective. Hence gfp(®)|all¥?(®) is final in
Modgy (SP').

It remains to show that for all 7 : s € Ry Uunivs, r is a subset of r%?(®), By Theorem 8.4(2), r4 C r9/P(®)
follows from 74 C r®). So let a € 4. Hence a = h(b) for some b € " and thus b € o(r)” because B satisfies
r = o(r). Since for all ¢ € R, ¢* = h(¢®), b € o(r)? implies a = h(b) € o(r)* = r®A),

(2) By Lemma 10.2(3) and Theorem 10.4, Ifp(®) = AX' implies B = Ifp(®)|all?(®) = AX’ and thus
B € Modgy(SP'). Since Fin' is final in Mod(X', AX), lfp(®) is so, too, and thus by Lemma 10.8(4), Ifp(®) is
>'-observable. Hence there is unique ¥’-homomorphism A from B to Ifp(®) that must agree with the inclusion
mapping. Therefore, h is injective and thus, again by Lemma 10.8(4), B is X'-observable. We conclude that
B € OModgy (SP").

Let B € OModgy(SP'). Hence B € Modgy (SP’) and thus there is a unique Y-homomorphism h : B —
Fin'. Let A be the Y/-structure that agrees with F'in’ except for the interpretation of R; U univs: for all
r € Ry Uunivs, 74 =g4¢p h(rP). Hence for all s € S, all? = h(all?) = h(sP) because B is a Y-structure with

universe.

Suppose that for all » € Ry U univs, r7(®) is a subset of 4. In particular, for all s € S, alléfp(q)) C

all} = h(s®) C Fin'. By Lemma 10.8(4), h is injective because B is observable. Hence g : Ifp(®)]all’?(®) — B
with g(h(b)) =ge b for all b € h=1(all¥P(®)) is well-defined. Therefore, h o g = inc. Since h is monomorphic
and inc is homomorphic, Lemma 4.16(2) implies that g is homomorphic, too. Moreover, let ¢’ be any X-
homomorphism from Ifp(®)|all¥?(®) to B. Since inc is the only -homomorphism from all?®) o Fin', we
obtain hog’ = inc = hog and thus ¢’ = g because h is injective. Hence Ifp(®)|all¥P(®) is initial in OMod gy (SP').

It remains to show that for all 7 : s € Ry Uunivs, r7(®) is a subset of 74. By Theorem 8.4(1), r#P(®) C r4
follows from 7®(4) C r4. So let a € r*) = g(r)?. Since for all ¢ € R, ¢* = h(¢®), a € o(r)”* implies
b € o(r)B for some b € B with h(b) = a. Hence b € 7P and thus a = h(b) € 7 because B satisfies r < o(r). O

11 Conservative extension

Lemma 11.1 Let the assumptions of Def. 10.6 hold true, C be a class of X.-structures and B be a X' -structure.

(1) Let Ini be initial in C. If B is X-reachable and X -consistent, then the S-sorted function abs : B — Ini
mapping b € B to t1"(a) for some t € MGeny, with tB(a) = b is well-defined and surjective. Moreover,
Ini can be extended to a ¥'-structure such that abs becomes ¥'-homomorphic. If Bls, € C, then abs is also

injective and thus a X'-isomorphism.

(2) Let Fin be final in C. If B is ¥-observable and X-complete, then the S-sorted function rep : Fin — B

mapping a € Fin to b € B with obs?(b) = obsl'"(a) is well-defined and injective. Moreover, Fin can be
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extended to a X' -structure such that rep becomes ¥'-homomorphic. If Bls, € C, then rep is also surjective

and thus a X'-isomorphism.

Proof. (1) Let b € B. Since B is Y-reachable, there are t € MGens and a € A such that t5(a) = b.
Suppose that t2(a) = uf(b) for some t,u € MGens, and a,b € A. Since B is Y-consistent, t77°¢(*»4)(q) =
ulree(®4)(b). By Theorem 6.3, Free(X, A) is initial in Modgy (X, A). Hence by Proposition 4.6(4), the unique
Y-homomorphism from Free(X, A) to Ini maps t77°¢4) (a) to t/"(a). Hence tFe¢»4) (q) = yFree(®4)(p)
implies /" (a) = u!™(b). We conclude that abs is well-defined. By Lemma 10.8(3), Ini is Y-reachable. Hence
for all ¢ € Ini there are t € MGeny. and a € A such that t/"!(a) = ¢ and thus abs is surjective.

f : dom — s € F| is interpreted in Ini as follows. Since Ini is Y-reachable, f/™ is well-defined by
fImi(ti(a)) = abs((f o t)B(a)) for all t : s — dom € MGenx, and a € s{'. Let b € B. Since B is S-reachable,
there are t € MGeny, and a € A such that tZ(a) = b. Hence abs is compatible with f:

abs(f7 (b)) = abs(f7 (t%(a))) = abs((f o )" (a)) = f1" (" (a)) = f'" (abs(t"(a))) = f™(abs(b)).
We conclude that abs is X'-homomorphic. For all r € R’ \ R, rI"t = abs(rP).

Suppose that By € C and abs(b) = abs(c) for some b, c € B. Then t/"(a) = t/™(a’) for some a,a’ € A with
tB(a) = b and tB(a’) = ¢. By assumption, there is a unique ¥-homomorphism h from Ini to B|s. Hence by
Proposition 4.6(4), b = tB(a) = h(t!"(a)) = h(t!"(a’)) = tP(a’) = ¢ and thus abs is injective.

(2) Let s € S and ¢ € sf'". By Theorem 6.4, Cofree(X, A) is final in Modgy (X, A). Let h be the unique

Y-homomorphism from Fin to Cofree(X, A). Since B is X-complete, obsZ(b) = h(c) for some b € B. Hence by
Proposition 4.6(5), for all ¢ € MObsy s,

mi(obs? (b)) = me(h(e) = 9T =D (h(c)) = 77 (a) = me(0bs " (c))

S

and thus obsZ(b) = obst™™(c). Suppose that obsZ(b) = obsZ(c) for some b,c € sB. Since B is S-observable,

b = c¢. We conclude that rep is well-defined. By Lemma 10.8(4), Fin is X-observable. Hence for all b, ¢ € Fin,

0bsf'™(b) = obsI™(¢) implies b = ¢, and thus rep is injective.

f s — ran € Fy is interpreted in Fin as follows. Since Fin is Y-observable, " is well-defined by
thin(fFin(c)) = (to f)B(rep(c)) for all t € MObss ran and c € sF'". Hence for all ¢ € sF'",

0bs gy, (rep(f7(e))) = 7 (f7™ (e) = (to )P (rep(c)) = obsyy, (f (rep(c)))
and thus rep(fF(c)) = fB(rep(c)) because B is Y-observable. We conclude that rep is ¥'-homomorphic. For
allr:s € R\ R, rF''m = {c e s | rep(c) € rB}.

Suppose that By € C, s € S and b € s®. By assumption, there is a unique X-homomorphism & from Bls
to Fin. Hence by Proposition 4.6(5), for all t € MObsy, 4,

mi(0bsg (b)) = t7(b) = t7"" (h(b)) = me(obs " (A(b)))

S

and thus obs?(b) = obsF'™(h(b)). Hence b = rep(h(b)) and thus rep is surjective. a

S

Theorem 11.2 Let the assumptions of Def. 10.6 hold true and Fy = F'\ F.

(1) Suppose that Fy consists of S1-constructors and B is ¥'-reachable.
B is X-reachable iff reachE is Fy-compatible.

(2) Suppose that Fy consists of Si-destructors and B is ¥'-observable.
B is X-observable iff obsE is Fy-compatible.

Proof. (1) The “only-if”-direction is trivial. Let s € S and b € sB. Since B is ¥'-reachable, b = tZ(a) for
some t : dom — s € MGenyy and a € dom”. We show b € reach by induction on (m,n) where m and n are
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the numbers of occurrences of Fj-symbols resp. F/-symbols in t. We start with two basic cases: (a) t consists
of F-symbols and (b) ¢t = f owu for some f € F} and u € MGeny. In case (a), ¢ is a X-generator and thus the
proof is complete. In case (b), u®(a) € reachB. Hence by assumption, (f o u)B(a) = f(uP(a)) € reachE and
thus t8(a) = (f ou)B(a) = wB(c) for some w € MGens, and ¢ € dom?}. Again, the proof is complete.

If neither case (a) nor case (b) holds true, then t = vo(u;);er for some {v}U{u; : dom — s;}icr € Genys such
that for some k € I, uj contains at least one Fij-symbol. Since wug is a subterm of ¢, the induction hypothesis

w*

implies uZ(a) € reachE, i.e., ub (a) = w?(c) for some w € MGeny 5, and ¢ € dom::. Hence

b=15(a) = (vo (uicr)?(a) = vZ((uf)ics(a) = vP ((uf (a))ier) =

v (v (a,0))ier) = 05 ((vP)iei(a, ) = (vo (vi)ier) P (a, )

(3)

where for all i € I,
{ w oy : dom X dom., — s, ifi =k,
v; =

u; oy = dom X domy, — s; if i £ k.

Since v o (v;);er contains less occurrences of Fj-symbols than ¢, the induction hypothesis implies b = (v o
(vi)ier)B(a,c) € reachB. We conclude that B is Y-reachable.

(2) The “only-if”-direction is trivial. Let s € S and a,b € sP such that a # b. Since B is ¥/-observable,
there are t : s — ran € MObss such that t2(a) # tB(b). We show (a,b) & obsE by induction on (m,n) where
m and n are the numbers of occurrences of Fi-symbols resp. F’'-symbols in t. We start with two basic cases:
(a) t consists of F-symbols and (b) ¢ = uo f for some f € F; and u € MObsy. In case (a), t is a J-observer and
thus the proof is complete. In case (b), u”(fZ(a)) = (uo f)B(a) = tB(a) # tB(b) = (uwo f)B(b) = uB(fB(b)).
Hence u € MObsy, implies (fZ(a), fB(b)) ¢ obsE and thus by assumption, (a,b) € obs5. Again, the proof is
complete.

If neither case (a) nor case (b) holds true, then t = [u;];er o v for some {u; : s; = ran};er U {v} C Obssy
such that for some k € I, u, contains at least one Fj-symbol. Since tZ(a) # tP(b), there are i,j € I, ¢ € sP

and d € SjB such that ran, = [[,c; si, v2(a) = (¢,4), vB(b) = (d, j), c # d and uP(c) # uf(d).

Case 1: i = j = k. Then u?(c) # uB(d). Since uy is a superterm of ¢, the induction hypothesis implies
(c,d) & obsB,, i.e., wP(c) #wP(d) for some w € MObsy. s,. Hence

([vilier o v)P(a) = ([vPlien) (P (a)) = ([vFlien) (e, k) = vi (c) = wP(c) # wP(d) =

4
vi (d) = (WPlier)(d, k) = ([vFlien) (5 (b)) = ([vilier 0 v) P (b) W

where for all i € I,
{ w: Sk —ran, ifi=k,
v; =

u; : 8; —> rany, ifi#£k.

Case 2: i #£ kor j#k. Foralliel, let

11: 8 — 1+ rany if i =k,
v; =
taou;:8; — 1+ran, ifi#k.
Hence
v (c) = 1a(uf(c)) # 12(uf (d)) = vP(d) ifi# kandj#Fk,
0B() = ule) # uwP(d) =vP(d)  iti=h
v (c) = ta(uf (¢)) # ti(d) = v} (d) if j =k,
and thus

([vilier 0 v)P(a) = (WP )ier) (v (a)) = ([vFlier) (e, i) = v} (¢) # v} (d) =
([vFlien)(d. ) = ([vFlien) (V7 (b)) = ([vilier 0 v) " (b).
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Since, in both cases, [v;];er © v contains less occurrences of Fj-symbols than ¢, the induction hypothesis
implies (a,b) € obs5. We conclude that B is Y-observable. Q

Theorem 11.3 (conservative model extension)

(1) Let SP' = (X', AX") be a visible abstraction with base type SP = (X, AX), Ini be initial in Modgy (SP),
Ini' be initial in Mod(X', AX), o be the relation transformer defined by AX’'\ AX and ® be the (Ini’,o)-
step functor. Ini can be extended to an initial object of Modpy (SP') if B = Ifp(®)/=YP(®) is ©-consistent
and reachB is Fy-compatible. The converse holds true if SP satisfies 5.1(1).

(2) Let SP' = (X', AX") be a hidden restriction with base type SP = (X, AX), Fin be final in Modgy (SP),
Fin' be final in Mod(¥', AX), o be the relation transformer defined by AX'\ AX and ® be the (Fin',o)-
step functor. Fin can be extended to a final object of Modpy (SP') if B = gfp(®)|all9?(®) is X-complete
and obsB is Fy-compatible. The converse holds true if SP satisfies 5.1(2).

Proof. (1) By Theorem 10.9(1), B is initial in Modgy (SP’). Suppose that B is S-consistent and reachf is
Fi-compatible. By Lemma 10.8(3), B is ¥'-reachable and thus by Theorem 11.2(1), B is X-reachable because
reach is Fj-compatible. Since Bls € Modgy(SP), Lemma 11.1(1) implies that Ini can be extended to a
Y/-structure that is ¥’-isomorphic to B and thus initial in Modgy (SP’).

Suppose that SP satisfies 5.1(1) and Ini is initial in Modgy(SP'). Then Modgy(SP) = Modgy (X, A)
for some set A. Moreover, B and Ini are ¥'-isomorphic. Since Ini is initial in Modgy (SP) = Modgy (2, A),
Lemma 10.8(3) implies that Ini is Y-reachable and Y-consistent. Since Ini and B are ¥'-isomorphic, Lemma
10.7(4/5) implies that B is also X-consistent and Y-reachable, and thus reach is Fy-compatible.

(2) By Theorem 10.10(1), B is final in Modgy(SP’). Suppose that B is Y-complete and obsZ is Fi-
compatible. By Lemma 10.8(4), B is ¥'-observable and thus by Theorem 11.2(2), B is X-observable because
0bsB is Fi-compatible. Since Bly € Modgy(SP), Lemma 11.1(2) implies that Fin can be extended to a
Y/-structure that is X'-isomorphic to B and thus final in Modgy (SP’).

Suppose that SP satisfies 5.1(2) and Fin is final in Modgy (SP’). Then Modgy (SP) = Modgy (3, A) for
some set A. Moreover, B and Fin are ¥'-isomorphic. Since Fin is final in Modgy(SP) = Modgy (X, A),
Lemma 10.8(4) implies that Fin is ¥-observable and X-complete. Since Fiin and B are ¥'-isomorphic, Lemma
10.7(4/5) implies that B is also X-complete and -observable, and thus obsZ is Fj-compatible. a

12 The perfect model

Definition 12.1 (perfect model of a swinging type) Let SP = (X, AX) be a swinging type. The perfect model
of SP, Per(SP), is defined inductively as follows: If SP = (0,0), then Per(SP) is the empty X-structure.
Otherwise

e Per(SP) is the initial object of Modgy (SP) if SP is visible, but not a visible restriction.

e Per(SP) is the initial object of OModgy (SP) if SP is a hidden abstraction.

e Per(SP) is the final object of RModgy (SP) if SP is a visible restriction.

e Per(SP) is the final object of Modgy (SP) if SP is hidden, but not a hidden abstraction. a

Theorems 6.3, 6.4, 7.1, 7.2, 10.9 and 10.10 ensure the existence of the perfect model. The following two
lemmas provide conditions under which the quotients in Theorem 10.9 and the substructures in Theorem 10.10

are not proper:

Lemma 12.2 (trivial quotients) Let SP' = (X', AX') be a u-extension of a swinging type SP = (X, AX).
Let Ini be initial in Modgy (SP).
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(1) If CONH is the set of all axioms of AX, = AX'\ AX that do not include =, for some s € Sy, then for

all s € Sy, the least SP'-model over Ini interprets =4 as the diagonal of Ini?.

(2) If INVH C AX', then for all s € Sy, the least (and only) SP’'-model over Ini interprets alls as Inis.

Proof. By Theorem 8.14, the least SP’-model B over Ini exists. Let ¥ = (S, F, R, Sy, C).

(1) Let D be the S-sorted set of all a € Ini such that a = a. Since B satisfies CONH, =P is Y-congruent
and thus D is a substructure of Ini: Let f: s — s’ € ¥ and a € Dy, i.e., a =P a. Then f(a) =P f(a), i.e.,
f(a) € Dy. By Theorem 10.4, D € Modgy (SP). Hence by Lemma 6.2(3), D = Ini and thus for all a € Ing,
a =P a,ie, AT is a subset of =B. Since A’™ yields an interpretation of = in Ini that satisfies CON H and
=B is the least one, = is a subset A’™. We conclude that both relations are equal, i.e., B interprets =, as

the diagonal of I'niZ.

(2) Since Ini € Modgy (SP) and B satisfies INV H, all? is S-invariant and thus, by Theorem 10.4, can be
turned into an SP-model over A with equality and universe such that the inclusion mapping inc from all® to
Ini is ¥-homomorphic. Since Ini is initial in Modgy (SP), there are unique ¥-homomorphisms h : Ini — all®
and b/ : Ini — Ini. Hence inco h = id'™, i.e., for all a € Ini, a = h(a) € all®. Of course, all? is a subset Ini.

We conclude that both relations are equal, i.e., B interprets all as Ini. a

Lemma 12.3 (trivial substructures) Let SP' = (X', AX") be a v-extension of a swinging type SP = (X, AX)
Let Fin be final in Modgy (SP).

(1) If CONC C AX', then for all s € S, the greatest (and only) SP’-model over Fin interprets =5 as the
diagonal of Fin?.

(2) If INVC is the set of all axioms of AX, = AX'\ AX that do not include alls for some s € Sy, then for
all s € S1, the greatest SP’'-model over Fin interprets ally as Fin,.

Proof. By Theorem 8.14, the greatest SP’-model B over Fin exists. Let ¥ = (S, F, R, So, C).

(1) Since B satisfies CONC, =8 is Y-congruent. By Lemma 10.2(5), =7 is an R’-compatible equivalence
relation. Hence AF™ is a subset of = and the quotient D =def Fin/=? is well-defined. By Theorem 10.3,
D € Modgy(SP). Hence by Lemma 6.2(4), D = Fin, i.e., =P is contained in A¥". We conclude that both
relations are equal, i.e., B interprets =, as the diagonal of Fin?.

(2) Since Fin € Modgy (SP) and B satisfies INVC, all® is Y-invariant and thus, by Theorem 10.4, can be
turned into an SP-model over A with equality and universe such that the inclusion mapping inc from all® to
Fin is ¥-homomorphic. Since Fin is final in Modgy (SP), there is a unique X-homomorphism A : all® — Fin.
Of course, all? is contained in Fin. Since Fin yields an interpretation of all in Fin that satisfies INVC and

all? is the greatest one, Fin is a subset of all®. We conclude that both relations are equal, i.e., B interprets
all as Fin. a

Successive abstractions/restrictions induced by least or greatest congruences/invariants specified by Horn or
co-Horn clauses can be combined to a single one:

Lemma 12.4 (composition of abstractions) Let SP; = (X1, AX1) and SPy = (X9, AX; U AX5) be swinging
types with base type SP = (X, AX) resp. SP; = (X1, AX1) such that SPy, and SP» are (1) p-extensions or (2)
v-extensions of SP resp. SPy. Let o1, o2 and o3 be the relation transformers defined by AX; \ AX, AX>\ AX;
and AX5 \ AX, respectively. Let R be the relations defined by AXs \ AX, A be a (32 \ R)-structure and for
i = 1,3, let ®; be the (A, 0;)-step functor, ®y be the (By/ =1, 09)-step functor and for i = 1,2,3, let (1)
B; = lifp(®;) or (2) B; = gfp(®;).

(1) If fori=1,2,3, ® is continuous, then By/=P? and B3/=3 are Ly-isomorphic.
(2) If fori=1,2,3, ® is cocontinuous, then By/=2 and Bs/=P are Yy-isomorphic.
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Proof. (1) Let naty, naty and nats be the natural mappings from A to By/=P!, from B; /=5 to By/=52
and from A to B3/=53, respectively.

nats

A » B3 /— interpretations of a

A . oL
‘ non-primitive sort s € X:
|

natq = it h sB1 = ¢4
\ sP2 = g4 /=P

Bl/EBl — ‘Bz/EB2 3B3 — SA
nato

Suppose that the function h : By /=52— B3 /=P with h o nat, o nat; =qer nats is bijective. Since nats o nat;
is Yg-epimorphic and nats is Xa-homomorphic, Lemma 4.16(1) implies that h is a 3g-isomorphism. For the
bijectivity of h we must show that for all a,b € A,

or, more generally, for all 7 : s € R and a € s,

[al=s, € P2 iff acrPs. (3)

Let i = 1,2,3. Since ®; is continuous, Theorem 8.3(2) implies B; = I_IjeNq)g(J_). We start with the “only-
if”-direction of (3) and show by induction on j that for all j € N,

[a)=s; € F® (L) implies a € F25 (L) (4)

for some k € N. Suppose that

B,

aer implies a € r® () (5)

for some k € N. Let [a]l_5, € r®2(L)If j = 0, then [a] € r+ = rBE” and thus a € rB. Hence by (5),
a € r®% W for some k € N. If j > 0, then by the definition of ®o,

@)7'(L)
a] € v, %x,
By induction hypothesis, for all relations ¢ occurring in ¢, ax,, [bjl=s, € q‘I’éfl(J-) implies b € q‘bé(l) for some
k € N. Hence by the monotonicity of ®,

5 (L L (L
ac SOT7?4(X2) - r,?ﬁl(X;

for some k € N because AXy; C AX3 and thus for all Ya-structures C, gogAXZ c SDSAXs' By the definition of

®3, we conclude that a € 7®5 " (L), This finishes the proof of (4). It remains to show (5), i.e., that for all j € N,

acr® ™) implies a € r®s() (6)
for some k € N. Let a € r®1(1). If j=0,thenacrt =74 =r ®3(L), If 7 > 0, then by the definition of @,

1L
ae el &
By induction hypothesis, for all relations ¢ occurring in ¢, ax,, b € ¢® W implies b € ¢®3 (1) for some k € N.
Hence by the monotonicity of ®q,
e5(L) ~  P5(L)

a 6 S0’!‘14)(1 — S07’14)(3,
for some k € N because AX; C AX3 and thus for all Ys-structures C, ngXl c QDSAXS_. By the definition of
®3, we conclude that a € r® " (1) This finishes the proof of (6) and thus of (5).
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We proceed with the “if’-direction of (3) and show by induction on j that for all j € N,

1)

a € r¥a( implies [a]=5, € r®a (L) (7)

for some k € N. Let a € r®3(1), If j = 0, then a € r+ = r4 C rB1 and thus [a] € rB1E™ = r® W If G >0,
then by the definition of ®3,
)
a 6 QOT‘,AX:;

. . eI .. 37 (L)
Since AX3 = AX;1 U AXy, there are two cases: (i) a € ¢, %y, and (ii) a € p, % v

2

(i) By induction hypothesis, for all relations ¢ occurring in ¢, ax,, b € q‘béflu) implies [b] € q<1>’§(1_) for
k
some k € N. Hence by the monotonicity of ®1, [a] € 90:34(;(_1) and thus [a] € r®5(L) because by Theorem 10.3,
B1 |7 < ¢pax, implies | = By /=P1=1r < ¢, ax, and thus ®5(1) = r < ¢, ax, -

(ii) By induction hypothesis, for all relations ¢ occurring in ¢, ax,, b € ¢® ") implies [b] € ¢®: (1) for some

k € N. Hence by the monotonicity of ®s, [a] € goi%%j for some k € N. By the definition of ®5, we conclude
that [a] € r® "' (L) This finishes the proof of (7).

(2) can be shown analogously. a

Lemma 12.5 (composition of restrictions) Let SP; = (X1, AX1) and SPy = (X3, AXy U AX>) be swinging
types with base type SP = (X, AX) resp. SP, = (X1, AXy) such that SPy and SPy are (1) v-extensions or (2)
w-extensions of SP resp. SPy. Let 01, o9 and o3 be the relation transformers defined by AX1\ AX, AX>\ AX;y
and AXs \ AX, respectively. Let R be the relations defined by AXs \ AX and A be a (X2 \ R)-structure. For
i = 1,3, let ®; be the (A,0;)-step functor, ®y be the (BylallPt,09)-step functor and for i = 1,2,3, let (1)
B; = gfp(®;) or (2) B; = lfp(®;).

(1) If fori=1,2,3, ® is cocontinuous, then Bs|all®? and Bslall®* are Ya-isomorphic.

ori=1,2,3, ®; is continuous, then Bslall”? and Bs|all®3 are Xo-isomorphic.
2) If fori=1,2,3, ®; i ) hen Bs|all? d Bslall® Y-t hi

Proof. (1) Let incy, incz and incg be the inclusion mappings from By |all®t to A, from Balall®? to By|allP

and from Bs|allPs to A, respectively.

incs

A Bs|all®s interpretations of a
! non-primitive sort s € 3
ncy = : h B = g4
v‘ sB2 = sA nallB
Bi|all®t «— Bylall®?? §Bs — A
incy

Suppose that the function h : BslallP* — Bs|allP? with inc; o incy o h = incs is bijective. Since inc; o incy
is Yo-monomorphic and incg is ¥g-homomorphic, Lemma 4.16(2) implies that h is a Yo-isomorphism. For the

bijectivity of h we must show all®? = all®? or, more generally, for all 7 : s € R,

rP2nallP? = B nallPs, (8)

Let i = 1,2,3. Since ®; is cocontinuous, Theorem 8.3(2) implies B; = M;en®(T). We start with the
left-to-right inclusion of (8) and show by induction on j that for all j € N,
acst\ r®s(T) implies a € % \rq’lg(T) 9)
for some k € N. Let a € s\ r®3(T). j = 0 implies

sANPP(T) = A\ pT = 54\ 4 = 54\ 54 = ),
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Hence j > 0 and thus by the definition of @3,

Ay ®THT)
acs \(,ohsAX3

®I7H(T)

Since AX3 = AX; U AX,, there are two cases: (i) a € s\ ¢.ax, and (i) a € 4\ @, AX(T).

(i) By induction hypothesis, for all relations ¢ : s’ occurring in ¢, ax,, b € (s')4 \q‘I’;l(T) implies b €
k

(s)4\ ¢®>(7) for some k € N. Hence by the monotonicity of ®3, a € 54\ 90?,?4()2 and thus a € s \T‘PS(T)
for some k € N because by Theorem 9.4, By = r = ¢, ax, implies T = Bl|allB1 Er = ¢rax, and thus
E(T) | r = orax,-

(ii) By induction hypothesis, for all relations ¢ : s’ occurring in ¢, ax,, b € (s)4\ q® (D) implies b €
(s")A \q‘I’ 2(T) for some k € N. Hence by the monotonlclty of @3, a € s4\ cpfAXQ for some £ € N. By the
definition of ®,, we conclude that a € s\ r® 2"'(T). This finishes the proof of 9).

We proceed with the right-to-left inclusion of (8) and show by induction on j that for all j € N,
acst \T‘I’Ji(T) implies a € s \rqy’;(T) (10)
for some k € N. Suppose that

ac st pBilall™ implies a € s\ r® (M (11)

for some k € N. Let a € s* \T‘PQ(T). If j =0 then a € s2 \ 77 = s\ rB11a!” | Hence by (11), a € s\ 7®5(T)
for some k € N. If j > 0, then by the definition of ®,
(T
aest\ @, AXZ
By induction hypothesis, for all relations ¢ : s’ occurring in ¢, ax,, b € (s')4 \q M implies b € (s/)4 \q‘I’g(T)
for some k € N. Hence by the monotonicity of ®g,

A (M ®E(L)
acs \%sz—%ixxg

for some k € N because AXy C AX3 and thus for all Ys-structures C, ‘pgAXs c gaTC:AXQ. By the definition of
®3, we conclude that a € s\ r® " (7). This finishes the proof of (10). It remains to show (11), i.e., that for
all j €N, _

aecs*\r®(T implies a € st \r(b-l’;(T) (12)
for some k € N. Let a € s4 \r‘I’{(T). If j =0,thenacs?\r’ =r4 = r®3(T), If j > 0, then by the definition
of (I)l,

-
aESA\goTAX( ),

By induction hypothesis, for all relations ¢ : s’ occurring in ¢, ax,, b € (s')4 \q 17 ) implies b € (s')4 \q<1>§(‘|')
for some k € N. Hence by the monotonicity of ®q,
oE(T oE(T
a € SA \ SOT,%(Xl) g SA \ @r,z(X;
for some k € N because AX; C AX3 and thus for all Ys-structures C, ‘PS:AX;, c @SAXl' By the definition of
®3, we conclude that a € 54\ r®5 " (7). This finishes the proof of (12) and thus of (11).

(2) can be shown analogously. O

By Theorems 6.3, 6.4, 7.1, 7.2, 10.9 and 10.10 and Lemmas 12.4 and 12.5, the perfect model of a swinging
type (X, AX) is always a (maybe trivial) quotient of a free X-structure or a (maybe trivial) substructure of a

cofree Y-structure:

Theorem 12.6 Let SP = (3, AX) be a swinging type with primitive sort set Sy and sort-building predecessor
SP;.
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(1) Let SP be an abstraction. Then there are a unique So-sorted set A and a p-extension SPy of SPy such
that SP is a v-extension of SPs and

Per(SP) = (Free(X,A)/="P(®1)) /=ofp(®2)

where ®;, 1 = 1,2, is the (A, 0;)-step functor and o1, 09 are the relation transformers defined by AXo\ AX;
and AX \ AXs, respectively. If SP is a hidden abstraction, then SPy = SP.

(2) Let SP be a restriction. Then there are a unique Sy-sorted set A and a v-extension SPy of SPy such that
SP is a p-extension of SPy and

Per(SP) = (Cofree(, A)|all??(®1))|q1]¥r(®2)

where ©;, 1 = 1,2, is the (A, 0;)-step functor and 01,09 are the relation transformers defined by AX2\ AX,
and AX \ AXs, respectively. If SP is a visible restriction, then SPy, = SP. a

Theorem 12.6 allows us to characterize conservative model extensions in terms of congruences on free struc-

tures and invariants on cofree structures, respectively:

Lemma 12.7 Let SP’ = (X', AX') be a swinging type with base type SP = (X, AX), Fy be the set of function
symbols of ¥'\ ¥ and A = prim(SP’).
(1) Let SP’ be a visible abstraction and ~=="p(2(SF")
(i) forall f:s — s € Fi, t € MGens s and a € dom{* there are 1,(b) € Free(X', A) such that
tyot(@) ~ tu(b),
(i) for all vt(a), 1, (b) € Free(X', A), ti(a) ~ y,(b) implies t = u and a = b.
Then Per(SP') is X-reachable and E-consistent.
(2) Let SP' be a hidden restriction, inv = all9P(®(SP)
(iii) for all f :s — s € Fy and a,b € s, if m(a) = m(b) for all t € MObss, 5, then miof(a) = Tiof(b)
for allt € MObss, o,
(iv) for all sortss € ¥ anda € sCofree(EA) there is b € sinv such that for allt € MObss, s, m(a) = m(b).

Then Per(SP') is X-observable and X-complete.
Proof. (1) By Theorem 12.6(1), B =g4¢f Per(SP’) = Free(X', A)/~. By Theorem 6.3, for all t € MGens,
tFree(,4) — 4, Hence by (ii), B is X-consistent. Since by Lemma 10.7(3), B is Y-reachable, Theorem 11.2(1)
implies that B is Y-reachable if reachB is Fj-compatible. So let f:s — s’ € Fy, t € MGensy ; and a € domj*

such that
t5(a) = nat(t77e" A () = nat(1,(a)) € reachs.

Then there are u € MGenys, and b € dom? such that
nat(v(a)) = t%(a) = u®(b) = nat(uF" (b)) = nat(1, (b))
and thus ;(a) ~ ¢,(b). By (i), there are v € MGeny, and ¢ € dom such that 7o, (b) ~ ,(c). Hence

FP(nat(1,(a))) = P (nat(eu (b)) = nat(f7ree A (1, (b)) = nat(frree®A uFree®A)p)))
= nat((f ou)FeeC" A (b)) = nat(tjou(b)) = nat(w,(c)) € reachs.

We conclude that reach® is Fj-compatible.

(2) By Theorem 12.6(2), B =g4¢f Per(SP’) = Cofree(¥’, A)|inv. By Theorem 6.4, for all ¢ € MObssy,
tCofree™"4) — 7, Hence by (iv), B is S-complete. Since by Lemma 10.7(4), B is S-observable, Theorem
11.2(2) implies that B is Y-observable if 0bsZ is Fj-compatible. So let f : s — s’ € Fy and a,b € s? C 5™ such
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that (a,b) € obsE, i.e., for all t € MObss, 5, m(a) = m;(b). Then by (iii), for all t € MObss, ¢, Trof(a) = mor(b).
Hence

mi(fP(a) = mi(inc(fP(a))) = m(fOIree® A (inc(a))) = 1o ree® AN (fColree®4) (q))
_ (t ° f)Co,free(E'7A) (a) _ Wtof(a) _ Wtof(b) _ (t ° f)Cofree(Z',A) (b) _ tCofTee(E/,A) (fCofree(Z/,A) (b))
= m(fOIe A (ine(b))) = m(inc(f7 (b)) = m (2 (1)),
ie., (fB(a), fB(b)) € obsB. We conclude that obsE is Fj-compatible. a

Definition 12.8 (covering, defining) A set T of Y-generators is M Gens-covering if for all t € MGensy
some term of T' is a superterm of t. A set T' of Y-observers is is M Obsg-covering if for all ¢ € M Obsy, some
term of T is a subterm of ¢.

Given a set Fy = {f1,..., fn} of Si-constructors such that F; N F = {), a set AX of Horn clauses
nij
{fiocy =cij < pij A /\ fighocijr =i | 1<i<n, 1 <5 <ny}
k=1
for Fy is Fj-defining if {cij |1 <i<n,1<j<n;}isan MGeng-covering set and there is a well-founded
ordering > such that for all 1 < ¢ < n, 1 <j < n; and 1 < k < ngj, fix € F and cgj, ciji and ngk are
Y-generators, (c;;, c;j) > (Cijks c;jk) and neither the terms ¢;;, c;j, Cijks cgjk nor the formula ¢;; contain symbols
of F.

Given a set Fy = {fi,..., fn} of Si-destructors such that F; N F = (), a set AX of Horn clauses
nij
{dijo fi=ciy =i A [\ digro figp = cigp | 1<i<n,1<j <ng}
k=1
for Fy is a Fi-defining if {d;; | 1 <i <n,1 < j < n;} is an M Obss-covering set and there is a well-founded
ordering > such that for all 1 <i <n,1<j <n; and 1 <@ < ngj, fijr € F, ¢;; and ¢ are X-generators and
dijk is a X-observer, (d;j,ci;j) > (dijk, ciji) and neither the terms d;j, ¢;j, dijk, ¢ijix nor the formula ¢;; contain
symbols of F'. a

Theorem 12.9 *****

(1) Fy ={f1,..., fn} Si-constructors. AX Fi-defining implies Lemma 12.7(i/ii).
(1) Fy ={f1,...,fn} Si-destructors. AX Fi-defining implies Lemma 12.7(iii/iv).

13 Deductive semantics

Given a swinging type SP = (¥, AX), Theorem 8.14 implies that the least/greatest SP-model over B =
Free/Cofree(3, A) agrees with the least/greatest fixpoint of the (B, o)-step functor where o is the relation
transformer defined by AX. We show that these models can also be characterized in terms of a sequent calculus
based on AX. It is a variant of Gentzen’s system LK [26]. We formulate it as a system of rules for inferring
implications ¢ = 1 and admit applications of Boolean laws in order to turn X-formulas into matching rule
redices.

The calculus contains rules with infinitely many premises (A- and V-introduction). Hence we must employ
ordinal numbers and transfinite induction for defining the length of a proof via the calculus (see section 7).
Ordinal numbers for measuring proofs rules have been used in, e.g., [106], §20, and [98], Section 1.3.

Definition 13.1 Let the assumptions of Def. 8.1 hold true, ¥ = (S, S, F’, R) and A be a ¥;-structure. The
sequent calculus for (A, SP’) is given by the following rules for deriving (implications between) Y/-formulas.
Let I be a nonempty set.
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b 1 —— forall p € F / Def. 77
ase rule p— or all ¢ € Formsyy(ay (see De )

axiom rule ——— forall p= 1y € AX'(A) (see Def. 77
— () ( )
o = ¢ o = YV, ¢ = Y Vv

A-introducti
introduction ohD = ¢ OANg = (AP )VIVY

. . p = ¢ oAy = 9, ¢ ANY = ¥
-introduct
V-introduction - w\/ﬁ (<P\/<,0’)/\¢/\¢’ KAVES]
o = PV oAy = 0

—-introducti
mtrodauction QD/\—|1/J:>19 (p:>—\1/}\/’19
o ANY = ¥V o = YVI, o AY = ¥

-introducti
=-1ntroduction <p:>(19=>19')\/1/) (¢$<P/)/\<P/\W:>19V19'

PAYOra = U

V-introduction for all @ € st and k € I (see Def. 3.15)

P AVEkY = 9
{o = Yvoravd|acsi}
forallk el
o — VEO VI ora
J-introduction $ — YOravy forallae s? and keI
o = 3k VI k

{oANYOpa = 19|a€5f}

forall k€ I
o ATk — orall e

kK % I forallt:s— s €Ts and ¢ : s € Formy, such that t* is surjective
P
®eokk top / Ao
—_— forallt:s — s’ € Tsy and ¢ : s € Formy such that t* is injective
k% {tou=tov|te MObsy,}

p— (2 for all s € S and u,v : dom — s € Tk,

Let a be an ordinal number. The set -9 ¢p, of ¥'-formulas derivable with the sequent calculus for (4, SP’)

is defined inductively as follows:

e Let {¢; }ier be the premises and 1) be the conclusion of (an instance of) a rule of the sequent calculus for
(A, SP’) modulo Boolean equivalences including ¢ x True < ¢ and ¢ + False < ¢. If for all i € I there
is a; < a such that = gp, @i, then F§ gp, 9.

The length of a derivation of ¢ € Formy via the sequent calculus for (A, SP’) is the least ordinal « such
that =9 ¢p . We write b4, gps ¢ if there is an ordinal « such that = ¢p, . D

Definition 13.2 (deductive model p- and v-estensions) Let the assumptions of Def. 8.1 hold true, ¥; =
(S0, S, F',R) and A be a ¥;-structure. The deductive (A4, SP’)-model, Ded(A, SP’), is defined as follows.

° Ded(A7SP/)|Z/\R1 = A|2’\Rla

e If SP’ is a p-extension of SP, then forallr:s€ Ry and t:1 — s € Ty,

tA € T'Ded(A’SP/) iff }_Awgp/ True = T(t)

e If SP’ is a v-extension of SP, then forallr:s€ Ry andt:1— s € Tsy,
tA (S TDEd(A’SP/) iff |7zA7sp/ ’I”(t) = Fulse. |

Lemma 13.3 (correctness and completeness of -4, spr wrt A) Let the assumptions of Def. 8.1 hold true,
31 = (50,5, F',R) and A be a X1 -structure. Then for all X'-formulas ¢ : 1,
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(1) if SP" is a p-extension of SP, then Ded(A,SP’) = ¢ iff Fa,spr True = ¢,
(2) if SP" is a v-extension of SP, then Ded(A,SP") V- ¢ iff Fa sp ¢ = False.
Proof. (1) The “if’-direction (correctness) is shown by induction on the length of derivations via the sequent

calculus for (A, SP’). As usually, this follows from the correctness of each rule {%1;# of the calculus in the
sense that for all B € Mod(A, SP’);

Viel:s? CpP implies s% C B,

The correctness of the base rule, the axiom rule and A- and V-introduction and -elimination is trivial. For the
instance rule, suppose that [],.; sf‘ C 4.

The “only-if’-direction (completeness) is shown by induction on the size of ¥'-formulas.

(2) Q

Theorem 13.4 Let the assumptions of Def. 8.1 hold true, 1 = (Sp, S, F', R) and A be a ¥1-structure.
(1) If SP' is a p-extension of SP, then Ded(A,SP') = lfp(Pa,0).
(2) If SP' is a v-extension of SP, then Ded(A, SP’) = gfp(Pas).

Proof. (1) Suppose that B = Ded(A, SP’) satisfies AX; and r € Ry. Since Ifp(®4 ) satisfies AX;, the
cut calculus for SP’ is correct w.r.t. Ifp(®4 ). Hence for all ¥'-atoms r(t) : s, Trues Fagpr r(t) implies

Up(®a,,) = r(t) and thus rP is a subset of r#P(®4.5). Conversely, r#P(?4.2) is a subset of r® because Ifp(®4 )
is the least SP’-model over A. It remains to show that B satisfies AX;.

Let r(t) < ¢ € AX; and B = ¢. By Lemma 13.3(1), True F4 sp ¢ and thus True b4 spr 7(t) by the
definition of r®. Hence B = r(t) and thus B = r(t) < ¢.

(2) Suppose that B = Ded(A, SP’) satisfies AX; and r € Ry. Since gfp(® 4 ) satisfies AX;, the cut calculus
for SP' is correct w.r.t. gfp(®a,,). Hence for all ¥'-atoms r(t) : s, r(t) Fa,sp Falses implies gfp(®4,») = —r(t)
and thus 797(®4.5) is a subset of 2. Conversely, rZ is a subset of r9?(®4.5) because afp(Pa,s) is the greatest
SP’-model over A. It remains to show that B satisfies AX.

Let r(t) = ¢ € AX; and B = r(t). By the definition of rZ, r(t) /4 sp' False. Hence ¢ /4 spr False and
thus B = ¢ by Lemma 13.3(2). Hence B |= r(t) = . Q

14 Constructor-based algebras

Let SP = (X,AX) be a visible swinging type with sort set S, constructor set CO, base type baseSP =
(baseX, base AX) and extension (X, AX').

A functor F : Set® — Set® is defined as follows: for all A € Set® and s € S,

F(A), = { sB if s € baseX,

fwssecoAw  otherwise.

By Theorem 21.3, F' is continuous and thus by Theorem 21.2, Alg(F') has an initial object ini : F(Ini(F)) —
Ini(F). Ini(F) can be represented as the algebra Tpuco of finite ground terms over B U CO.

Proof!

The free F-algebra over an S-sorted set X is given by the algebra Tpuco(X) of finite terms over B U CO
with variables in X. This complies with Theorem 21.8 because X just forms a set of additional constants, in
other words: Tpucoux coincides with Tryco(X).
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Y-structures are F-algebras: « : FI(A) — A is obtained from a X-structure A by combining the interpretations

in A of all constructors f : w — s € CO into a single morphism « such that for all A € Set® and a € A,,,

a(uf(a)) =aer [ (a)

where ¢ is the injection from A, to [];., ,seco Aw. Conversely, decomposing an F-algebra a into an inter-
pretation of CO defines a Y-algebra: for all a € A,

Example 14.1

FH(a) =aer alup(a)).

NAT

vissorts nat

constructs 0:— nat
suc : nat — nat

defuncts pred : nat — 1 + nat
1:1—= nat
-+ _,-— _:nat X nat — nat
min, max : nat X nat — nat

preds _< _:nat X nat
_# _:nat X nat

vars T,y : nat

axioms pred(0) = 1
pred(suc(z)) = ()
1 = suc(0)
O+z=2
suc(z) + y = suc(x + y)
0—z=0
suc(z) — y = suc(x — y)
min(0,2) =0
min(suc(z),0) =0
min(suc(z), suc(y)) = min(x,y)
max(0,x) = x

(suc(z),0) = suc(x)

suc(x) < sucly) < z<y

0 # suc(zx)
suc(z) Z0

suc(z) Z sucy) < zZy

In terms of Def. 5.1, SP is empty, S’ = {nat} and F’' = {0, suc}. By Theorem 6.3,

nat'™ = {suc™(0) | n € N}.

SUPERTYPE! By 7?7, F(A)pat = 1 + Anas. The initial NAT-model is isomorphic to the initial F-algebra (see

Def. 3.3). In particular, c,q; is the unique sum extension of 0/i(F) and suc

Ini(F)

a

Example 14.2 The following specification of finite lists is a parameterized ST that extends the parameter

type TRIV(s) (see Example 5.4):
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LIST[TRIV(s)[BOOL]] where LIST = NAT and
vissorts list(s)
constructs  []: 1 — list(s)
_i_is X list(s) — list(s)
Ay.(z,y) : ((s X 8) = bool) — (s — bool)
recfuncts head : list(s) > 1+s
tail : list(s) — 1+ list(s)
length : list(s) — nat
defuncts []:s— list(s)
take, drop : nat x list(s) — list(s)
reverse : list(s) — list(s)
odds, evens : list(s) — list(s)
o, zip : list(s) x list(s) — list(s)
length' : list(s) — nat
nth : list(s) > 1+ s
exists, forall : (s — bool) X list(s) — bool
filter : (s — bool) x list(s) — list(s)
remove : s X list(s) — list(s)
$: ((s = bool) x s) — bool

preds _Z£ i list(s) x list(s)
vars x,y:s L, L' :list(s) n:nat f:s— bool g:sxs— bool
axioms heado || = 11

heado (:) =12 0my

tailo[] =

tailo (:) =1

lengtho[] =0

length o (:) = suc o my o (ids x length)
[

L1

R
5
I
U
3
=
=
=

reverse(x : L) = reverse(L) ++][z]
odds([]) = [

odds(x : L) = x : evens(L)
evens([]) = [

evens(x : L) = odds(L)
[++L=L

(x:L)++L ==z : (L++L)
sip((, L) =T

zip(L, ) = L

zip(x : L,y : L’) =uz:y:zip(L, L)
length/([]) =

length/(x ) = length'(L) + 1
nth(n, []) =

62
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nth(0,z : L) = ta(x)

nth(suc(n),x : L) = nth(n, L)

exists(f,[]) = false

exists(f,z : L) = f(x) or exists(f, L)
forall(f,[]) = true

forall(f,x : L) = f(x) and forall(f,L)
pitter(,1)) = [

filter(f,x : L) = x: filter(f,L) < f(x)=true
filter(f,x : L) = filter(f,L) < f(z) = false
remove(x, L) = filter(A\y.not(eq(z,y)), L)
$(Ay-g(z,y),y) = g(z,y)

l#Zz:L

z:L#|]

x:L#£y: L < x#£yVL#L

Note that a A-abstraction is declared as a constructor mapping from the sorts of its free variables to a sort
representing functions in its bounded variables. A-abstractions as well as other higher-order functions are applied
to arguments by suitable apply functions (denoted by $), which are—usually implicitly—declared as defined
functions (see Section 2.2).

In terms of Def. 5.1, SP=TRIV(s)UNAT, S'\ S = {list(s)} and F' \ F = {[],- : -}. Let B be a parameter
model of TRIV(s). Hence Tpyco iist(s) is the set of finite lists with entries in sP and

F(A)uses)y = 1+ s” x Alist(s)-

The initial LIST(B)-model is isomorphic to the initial F-algebra « : F(Ini(F)) — Ini(F) (see Def. 3.3). In
particular, ay;s(s) is the unique sum extension of [[/"*) and (_: _)Imi(F), Qa

Definition 14.3 Let SP = (£, AX) and
PSP = SP[PARy, ..., PARy, PARy,, ..., PAR,], PSP, ..., PSP

be parameterized types. For all 1 < i < k let PY; be the set of signature symbols of PAR; that do not
belong to a constant subtype of PAR; (see Def. 5.3). Let o; : PX; — X(PSP;) be a signature morphism. The
parameterized type

SPy. ..o [PSP1,..., PSPL][PAR 1, ..., PAR,] =4of (3, AX")[PARks1,..., PAR,)]

with
k

Y =gt U (PSP;)U0i(%)) und AX' =4 | J(AX(PSP;)Uoi(AX))
i=1
is called the amalgamation of PSP with PSP, ..., PSPy along o7 ...,0x where o;, 1 <7 < k, is extended to
Y as follows:

- 0;(s) = s for all unstructured sorts s € 3,

- 0i(s(s1,...,8n)) = s(0i(s1),...,0i(sp)) for all structured sorts s € ¥,

-oi(fw ) f:oi(w) = 0;(s) for all functions f € ¥,

- oi(r:w) =7:0;(w) for alle relations r € X. (W

Example 14.4 The following specification of finite binary trees is a further parameterized swinging type
that extends the parameter type TRIV(s):
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BINTREE[TRIV (s)[BOOL]] where BINTREE = NAT and LIST},,;/s[BOOL] ??? and
vissorts bintree(s)
constructs  mt: 1 — bintree(s)
_H#H #_:bintree(s) X s X bintree — bintree(s)
Ay.(z,y) : ((s X 8) = bool) — (s — bool)
defuncts size : bintree(s) — nat
< _>: s — bintree(s)
marror : bintree(s) — bintree(s)
subtree : bintree(s) x list(bool) — 1 + bintree(s)
exists, forall : (s — bool) x bintree(s) — bool
_€ _: s X bintree(s) — bool

preds _ £ _: bintree(s) X bintree(s)
vars x,y:s T,T :bintree(s) b:bool bL :list(bool) f:s— bool g:sxs— bool
axioms size(mt) =0

size(TH#Ha#T') = size(T) + size(T') + 1

< x >= mit#xFHmt

mirror(mt)) = mt

mirror(TH#z#T") = mirror(T")#x#mirror(T)
subtree(T,[]) = t2(T)

subtree(mt,bL) = 11

subtree(TH#x#T' true : bL) = subtree(T,bL)
subtree(TH#x#T', false : bL) = subtree(T’,bL)
exists(f,mt) = false

exists(f, T#ax#T'") = f(x) or exists(f,T) or exists(f,T")
forall(f, mt) = true

forall(f, TH#Hx#T") = f(x) and forall(f,T) and forall(f,T")
x €T = exists(Ay.eq(x,y),T)

$(Ay-g(z,y),y) = g(z,y)

mt Z THax#T'

TH#HxH#T" £ mt

THe#T £ T\Hy#Ty < c2yVTZTVT 2T

In terms of Def. 5.1, SP=TRIV(s)UNATULIST(BOOL), 5"\ S = {bintree(s)} and F'\ F{mt, #_#_}. Let
B be a parameter model of TRIV(s). Hence Tuco,pintree(s) is the set of finite binary trees with entries in sP

and
F(A)bintree(s) =1+ Abintree(s) X SB X Abintree(s)~

The initial BINTREE(B)-model is isomorphic to the initial F-algebra (see Def. 3.3). In particular, pintree(s)
is the unique sum extension of mt!™(F) and (_#_#_)mF), Qa

Example 14.5 The following specification of finite trees is a parameterized swinging type with two new
(visible) sorts:

TREE[TRIV(s)[BOOL]| where TREE = NAT and LIST,;/s[NAT] 7?7 and
vissorts tree(s) trees(s)
constructs  _&_:s X trees(s) — tree(s)
[]:1— trees(s)
_:_:tree(s) X trees(s) — trees(s)
Ay.(z,y) : ((s X 8) = bool) — (s — bool)
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destructs

defuncts

preds

vars

axioms

rs:tree(s) — s X trees(s)

ht : trees(s) = 1+ s X trees(s)

size : tree(s) — nat

sizeL : trees(s) — nat

< > s — tree(s)

subtree : tree(s) x list(bool) — 1+ tree(s)
subtreeL : trees(s) x list(bool) — 1 + tree(s)
exists, forall : (s — bool) x tree(s) — bool
_€ _: s X tree(s) = bool

$: ((s — bool) x s) — bool

_Z£ _:tree(s) x tree(s)

_Z£ _:trees(s) x trees(s)

x,y:s T :tree(s) TL:trees(s) n:nat nL :list(nat)
fi:s—bool g:sxs— bool

rs(z&TL) = (x,TL) (1)
wt(l) = 2)
ht(T : TL) = o(T,TL) (3)
size(x&TL) = sizeL(TL) + 1

sizeL([]) =0

sizeL(T : TL) = size(T) 4 sizeL(TL)

<z >=z&

subtree(T,[]) = 12(T)

subtree(x&TL,n : nL) = subtreeL(TL,n : nL)
subtreeL([],nl) = 11

subtreeL(T : TL,[]) = 11

subtreeL(T : TL,0 : nL) = subtree(T,nL)
subtreeL(T : TL, suc(n) : nL) = subtreeL(TL,n : nL)
exists(f, & TL) = f(x) or existsL(f,TL)
existsL(f,[]) = false

existsL(f,T : TL) = exists(f,T) or existsL(f,TL)
forall(f,z&TL) = f(x) and forallL(f,TL)
forallL(f,[]) = true

forallL(f,T : TL) = forall(f,T) and forallL(f,TL)
x € T = exists(A\y.eq(x,y),T)

$(\y-g9(z,y),y) = g(z,y)

x&TL #y&TL < x#ZyVITL#TL
N#7T:TL

T:TL#

T:TL#T :TL « T#T VTL#TL

Functional programmers, don’t cry because of the introduction of a list version for each function on trees!

Of course, an implementation would avoid the list versions by using the well-known map function that applies

a function on s to each element of an s-list. However, this does not help when properties of a tree function f

shall be proved. Then one needs has to find and prove corresponding properties of map o f. To this end, an

explicit definition of map o f will be needed anyway.

In terms of Assumption ??, SP,=TRIV(s)UNATULIST(NAT), extS = {tree(s),trees(s)} and CO =
{&_[],-: _}. Let B be a parameter model of TRIV(s). Hence Tpuco tree(s) is the set of nonempty finite
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trees with entries in s and finite node degree, TBUCO, trees(s) 18 the set of finite forests with entries in sP and

F(A)tree(s) =sP x Atrees(s)v
F(A)trees(s) =1+ Atree(s) X At'r‘ees(s)~

The initial TREE(B)-model is isomorphic to the initial F-algebra (see Def. 3.3). In particular, aypee(s) =

= rsIF) and o} =
) trees(

(&) ImilF), Qgrees(s) 18 the unique sum extension of [ F) and (. )i Oree(s 5
ht!™(F) Hence rs (“root and successors”) and ht (“head and tail”) are called destructors. In terms of Def. 5.

1,
they are defined functions (by axioms (1)-(3)). EI

15 Constructor-based coalgebras

Let SP = (¥,AX) be a hidden swinging type with sort set S, constructor set CO, base type baseSP =
(baseX, base AX) and extension (X, AX').

By Thm. 21.3, F is also cocontinuous. Hence by Thm. 21.2, coAlg(F') has a final object fin : Fin(F) —
F(Fin(F)). Fin(F) can be represented as the algebra T5{ -, of finite or infinite ground terms over B U CO.
The elements of T, are usually represented as the partial functions ¢ : N* — BUCO whose domain dom(t)
satisfies the following conditions: for all w € N* and i € N,

wi € dom(t) = w € dom(t),
w(i+1) € dom(t) = wi€ domf(t).

f:w— s € CO is defined in Fin(F) as in Ini(F) just by placing the symbol f on top of the argument terms:
for all t € Fin(F)y, fFE)(t) =gep F(2).

Proof!

The cofree F-coalgebra over an S-sorted set X is given by the product T3}, X X. Hence each element can
be represented as a finite or infinite ground term over B U CO whose root is colored by an element of X.

Ini(F) = Tpuco is the least fixpoint, Fin(F) = T5, oo is the greatest fixpoint of the same functor F.'°
But F-algebras and F-coalgebras are usually different from each other: given an S-sorted set A, an F-algebra
a maps F(A) to A, while an F-coalgebra  maps A to F(A). Since F(A) is a sum of sets (see §4.2), a is a
sum of maps that can be decomposed into several functions, one for each constructor of CO. Conversely, S is a
single function d* that maps A to a sum of sets. Since the initial o and the final 3 are isomorphisms, Ini(F)
is also an F-coalgebra and Fin(F) is also an F-algebra, i.e., dFin(F) is the inverse of the sum of constructor
interpretations mapping F(Fin(F)) to Fin(F). Hence d¥™(F) is the interpretation of the S-sorted destructor

if s € baseS,

1
ds:s — .
Hf:w—>seco w otherwise

such that for all f : w — s € CO and t € Fin(F),, dfm(F)(f(t)) =g4ef Lf(t) where ¢f is the injection from
an(F)w to Hf:w%sGCO an(F)w

Hence for final F-coalgebras, constructors are as essential as they are for initial F-algebras. Syntactically,
their different interpretation is indicated by the different mode of the sorts of extS: if extS consists of visible
sorts, then they are interpreted as carriers of the initial F-algebra; if extS consists of hidden sorts, they are
interpreted as carriers of the final F-coalgebra.

15By [7], Thm. 3.2, the fixpoints of other both continuous and cocontinuous functors F' on Set (and thus on SetS) are related to
each other in the same way: the final F-coalgebra is the Cauchy completion of the initial F-algebra.
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For all s € extS, behavioral s-equality may be specified either in terms of COy or in terms of d,. In fact,
the behavior axioms B1/B2 and B5/B6 (see Def. 5.1(2)) are equivalent in Fin(F) (but of course not in all

F-coalgebras!):
Ty = ds(x) ~ds(y)
holds true in Fin(F) iff for all f,g € COs,
f($) ~s g(y) = ds(f(x)) ~ ds(g(y))

holds true in Fin(F) iff for all f,g € COs,

f@) ~sgy) = () ~1g(y)

holds true in Fin(F) iff for all f,g € CO4 with f # g,

f@)~s fly) = (@) ~1p(y),
f(@) ~s9(y) =

hold true in Fin(F) iff for all f,g € CO, with f # g,

f(x) ~s g(y) = False

holds true in Fin(F). In all subsequent examples, we specify behavioral equalities in terms of B5/B6.

Example 15.1

CONAT
hidsorts cnat
destructs pred : cnat — 1 + cnat
cofuncts 0,1,00:1 — cnat
suc : cnat — cnat
_+ _,_— _:cnat X cnat — cnat
min, max : cnat X cnat — cnat
preds _ob _:cnat X cnat
copreds _< _:cnat X cnat
_~ _:cnat X cnat
vars z,y,x,y : cnat
axioms pred(0) = 1

pred(x +y) = pred(y) < pred(z) =
pred(z+y) = o(z’ +y) < pred(x) = wa(a’)
pred(x —y) =11 < pred(z) =1

)

pred(z —y) = o(z’ —y) < pred(x) = wa(a’)
!/

x<y = pred(z) =V (pred(z) = 1a(z') Apred(y) = 12(y') N2’ <y)

0~ suc(x) = False
suc(x) ~0 = False
suc(z) ~ suc(y) = xz~y
0 o suc(zx)

suc(zx) £ 0

suc(z) £ sucy) <= zhy

Ut

A~ N~~~
D
NN AN NS NN
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In terms of Assumption ??, SP; is empty, extS = {cnat}, CO = {0, suc} and denat

and F(A)cnat =1+ Acnat~16
and the behavior axioms (see 5.1(2)) for s = cnat, respectively, and may thus be dropped.

Téy = {suc™(0) | n e NU{co}}

= pred. Hence

Note that equations (1)-(8) present the general definition of d;s

68

see above)

0

Example 15.2 The following specification of finite or infinite lists is a parameterized ST that extends the

parameter type TRIV(s) (see Example 5.4):

COLIST[TRIV(s)]

hidsorts

constructs

destructs

corecfuncts

cofuncts

defuncts

preds

copreds

vars

axioms

= NAT and LIST[TRIV(s)] and CONAT then
clist(s)

[]:1— clist(s)

_: o s xclist(s) — clist(s)

Ay._(x,y) : ((s x 8) = bool) — (s — bool)
ht : clist(s) — 1+ s X clist(s)

length : clist(s) — 1+ nat

length' : clist(s) — cnat

min : (s — bool) x clist(s) = 1+ nat
[]: s — clist(s)

take : nat x clist(s) — list(s)

drop : nat x clist(s) — clist(s)

odds, evens : clist(s) — clist(s)

_++-, zip : clist(s) x clist(s) — clist(s)
nth : nat x clist(s) > 1+s

filter : (s — bool) x clist(s) — clist(s)
_€ _: s x clist(s) — bool

remove : s X clist(s) — clist(s)

$: ((s = bool) x s) — bool

exists : (s — bool) x clist(s)

finite : clist(s)

forall : (s — bool) x clist(s)

infinite : clist(s)

fair : (s = bool) x clist(s)

_~ _:clist(s) x clist(s)

x,y:s L, L')L" :clist(s) m,n:nat f:s—bool g:sxs— bool

ht([l) = u

ht(x : L) = ta(x, L)

take(0,L) = ||

take(suc(n), L) =[] < ht(L)=u

take(suc(n), L) = x : take(n,L') < ht(L) (z,L")
ht(drop(0,L)) = ht(L)

ht(drop(n+1,L) =1, < ht(L)=u;

ht(drop(n + 1, L) = ht(drop(n,L")) < ht(L) = wa(z, L")
ht(odds(L)) = ta(x, evens(L')) <« ht( ) = oz, L)
ht(evens(L)) = odds(L') <« ht(L) =vx,L')
h(L++L')=1u < ht(L) =11 ANht(L ) =u
ht(L++L') = wo(x, L") < ht(L) =0 ANRt(L) = 1o(x, L")

1654c>°(0) denotes the infinite term ¢ with dom(t) = 0* and ¢(w) = suc for all w € dom(t).
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ht(L ++L') = 1a(z, L" ++L") < ht(L) = ta(z, L")

ht(zip(L, L") =11 < ht(L)=u Aht(L) =1

ht(zip(L,L")) = ta(x, L") < ht(L) =11 Aht(L) = 1o(x, L")
ht(zip(L, L") = to(x, zip(L', L")) < ht(L) = to(x, L")

nth(n,L) =1, < ht(L)=u

nth(0,L) = 1a(x) < ht(L) = to(x, L)

nth(n+1,L) = nth(n,L') < ht(L) = 1a(z, L))

length(L)=1 <« /= 3z,L': (ht(L) =2z, L") Nlength(L') = 1)

length(L) =12(0) < /= ht(L)=un
length(L) = ta(suc(n)) < /= 3Fa,L': (h(L) = ta(z, L") Nlength(L') = 12(n))
pred o length’ = (id + (length’ o w3)) o ht
min(f,L) =11 = f(nth(n,L)) = false
min(f,L) = ta(n) = f(nth(n,L)) =true A (n <mV f(nth(m,L)) = false
ht(filter(f,L)) =10 < min(f,L)=1
ht(filter(f, L)) = wa(x, filter(f, L))

< min(f,L) = 2(n) Anth(n, L) = wa(x) Adrop(n+1,L) = L’
x € L = exists(My.eq(z,y), L)
remove(z, L) = filter(A\y.not(eq(z,y)), L)
$(\y-9(z,v),y) = g(z,y)
exists(f,L) < ht(L) = wa(x, L") A (f(x) = true V exists(f, L))
finite(L) < ht(L) =11V Iz, L : (ht(L) = ta(x, L") A finite(L"))
forall(f, L)

= ht(L)=1, VIx, L' : (ht(L) = a(x, L) A f(x) = true A forall(f, L))
infinite(L) = Jx, L' : (ht(L) = ta(x, L") A infinite(L"))
fair(f,L) = ht(L) =1V (exists(f, L) ANht(L) = 1a(x, L") A fair(f,L"))
[~z:L = Fualse
z:L~][ = False
x:L~y:L = xz=yAL~1L
Il
w: Lot
x:LAy: L' = w£yVILgLL

A~ o~~~
S Ot
NN N NN

In terms of Assumption 77, SP,=TRIV(s)UNAT, extS = {clist(s)}, CO = {[],-: -} and dis(s) = ht. Let
B be a parameter model of TRIV(s). Hence T3, clist(s) 18 the set of finite or infinite lists with entries in s¥
and
F(A)aisi(sy = 1+ 87 X Aisi(s)-
F coincides with the functor F' of Example 14.2. Note that equations (1)-(8) present the general definition of

alm®) (see above) and the behavior axioms (see 5.1(2)), respectively, for s = clist(s) and may thus be dropped.

Here is an alternative specification of exists and forall as Boolean functions, analogously to Example 14.2:

destructs exists, forall : (s — bool) x clist(s) — bool
axioms exists(f, L) = true
= Jz,L': (ht(L) = ta(z, L") A f(x) or exists(f, L") = true)
exists(f, L) = false
= ht(L) = V3x, L' : (W(L) = 1oz, L") A f(2) and exists(f, L") = false)
forall(f, L) = true
= ht(L)=11 VIz, L' : (ht(L) = to(x, L") A f(x) and forall(f, L") = true)
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forall(f, L) = false
= 3z, L' : (ht(L) = ta(z, L") A f(x) or forall(f,L") = false)

The reason why exists, forall and the functions length and min of COLIST are declared as destructors and
the other non-constructor functions as codefined functions will be given later.

The following ST specifies infinite number sequences:

COLIST’ = COLIST,,,;/,[NAT] then

cofuncts blink :— clist(nat)

nats : nat — clist(nat)
vars n :nat
axioms ht(blink) = 15(0,1 : blink)

ht(nats(n)) = t2(n,nats(n + 1))d

Example 15.3 The following specification of finite or infinite binary trees is a further parameterized swinging
type that extends the parameter type TRIV(s):

COBINTREE[TRIV(s)] = NAT and LIST,,/[BOOL] then

hidsorts chintree(s)

constructs undef : 1 — cbintree(s)
_H#H_#_: chintree(s) x s x cbintree(s) — chintree(s)
Ay.—(z,y) : (s X s) = bool) — (s — bool)

destructs ler : chintree(s) — 1 + chintree(s) X s x chintree(s)
size : chintree(s) — 1 + nat

cofuncts < _>: s — chintree(s)
mirror : chintree(s) — cbintree(s)
subtree : chintree(s) x list(bool) — cbintree(s)

defuncts _ € _: s X chintree(s) — bool
$: ((s = bool) x s) — bool
preds exists : (s — bool) x cbintree(s)

finite : chintree(s)
copreds forall : (s — bool) x cbintree(s)
infinite : cbintree(s)
_~ _: chintree(s) x cbintree(s)
_~ _: (chintree(s) x chintree(s)) x (cbintree(s) x cbintree(s))

vars x,y:s T, T U U : chintree(s) b:bool bL :list(bool) f:s— bool g:sx s— bool
k,m,n : nat

axioms ler(T#a#T') = 1o(T,x,T")
ler(undef) = i3
size(T) = 11

= 3z, 11, T : (ler(T) = 12(Th, x,To) A (size(Th) = 11 V size(Ta) = 11))
size(T) = t2(n)
= o, 11, 1o : (ler(T) = 1o(Th, 2, T2) A size(Ty) = 1a(k) A size(Tz) = ta(m) ANk +m+1=n)

ler(< x >) = 12(mt, z, mt)
ler(mirror(T)) =11 < ler(T)=u
ler(mirror(T)) = to(mirror(U’), x, mirror(U)) <« ler(T) = wo(U,z,U’)

subtree(T,[)) = T
subtree(T,b:bL)) =1, < ler(T) =1y
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subtree(T,true : bL) = subtree(U,bL)) <« ler(T) = 12(U,z,U")

subtree(T, false : bL) = subtree(U’,bL) < ler(T) = 12(U,z,U")

x €T = exists(A\y.eq(x,y),T)

$(Ay.g(z,y),y) = g(z,y)

exists(f,T) < ler(T)=1a(U,x,U") A (exists(f,U)V f(x) = true V exists(f,U"))

finite(T) < ler(T) =11V (ler(T) = w2(U,z, U") A finite(U) A finite(U”))

forall(f,T) = ler(T) =11 VI, U,U : (ler(T) = 12(U,z,U") A forall(f,U) A
f(x) = true A forall(f,U")) Vier(T) = i3

infinite(T) = 3z, U,U" : (ler(T) = 1o(U, 2,U’) A (infinite(U) V infinite(U”)))

T=T = ler(T)=ler(T")

(T2, T) ~ Uy, U) = T=TANe=yAU=U'

to(T,2,T") ~ 11 = False

t1 ~ (T ,x,T") = False

N

—~ o~~~
Iy Iy
NN NN

In terms of Assumption ??, SP,=TRIV(s)UNATULIST(BOOL), extS = {cbintree(s), cbintree;(s)}, CO =
{mt, F#_#_, def , undef}, depintree(sy = ler and depintree, (s) = switch. Let B be a parameter model of TRIV(s).

lo's) . . . . . . . . B e's) _
Hence TBUC’O,cbintree(s) is the set of finite or infinite binary trees with entries in s°, TBUC’O,cbintreel(s) =

1+ TEOUCOpbintree(s) and

F<A)cbintree(s) =1+ Acbintree(s) X SB X Acbintree(s)a
F(A)cbint'reel (s) — 1+ Acbintree(s)~

F' coincides with the functor F' of Example 14.4. Note that equations (1)-(14) present the general definition of
gl (see above) and the behavior axioms (see 5.1(2)), respectively, for s € {cbintree(s), chintree;(s)} and

may thus be dropped.

Here is an alternative specification of exists and forall as Boolean functions, analogously to Example 14.4:

destructs exists, forall : (s — bool) x cbintree(s) — bool
axioms exists(f,T) = true
= ez, 11, Ts: (ler(T) = to(T1, 2, To) A exists(f,Th) or f(x) or exists(f,To) = true)
exists(f,T) = false
= ler(T) = V3Iz, 11, Ty : (ler(T) = 1o(Th, 2, To) A
exists(f,Th) and f(z) and exists(f,To) = false)
forall(f,T) = true
= ler(T) = V3z, 11, Ty : (ler(T) = 12(Th, z, To) A
forall(f,T1) and f(x) and forall(f,T3) = true)
forall(f,T) = false
= Jx,T1,Ts: (ler(T) = 12(T1, z,To) A forall(f,T1) or f(x) or forall(f,T>) = false)

The reason why exists, forall and the function size of COBINTREE are declared as destructors and the other
non-constructor functions as codefined ones will be given later. a

Example 15.4 The following specification of finite or infinite trees is a parameterized swinging type with

three new (hidden) sorts:

COTREE[TRIV(s)] = NAT and LIST,,;/,[NAT] then
hidsorts ctree(s) ctrees(s) ctreei(s)
constructs & _: s X ctrees(s) — ctree(s)
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destructs

cofuncts

defuncts

preds

copreds

vars

axioms

[] :— ctrees(s)

_: _:ctree(s) X ctrees(s) — ctrees(s)

undef : 1 — ctree(s)
def : ctree(s) — ctreeq(s)

My.(z,y) : (s X s) — bool) —

(s

rs: ctree(s) — s X ctrees(s)
ht : ctrees(s) = 1+ s x ctrees(s)
switch : ctreey(s) — 1+ ctree(s)

size : ctree(s) = 1 + nat

sizeL : ctrees(s) — 1+ nat

< _>: s — ctree(s)

— bool)

subtree : ctree(s) x list(bool) — ctree;(s)
subtreeL : ctrees(s) x list(bool) — ctreey(s)
exists, forall : (s — bool) x bintree(s) — bool
_ € _: s x bintree(s) — bool

$: ((s = bool) x s) — bool

exists : (s — bool) x ctree(s)

existsL : (s — bool) x ctrees(s)

finite : ctree(s)
finiteL, finite B : ctrees(s)

forall : (s — bool) x ctree(s

)

forallL : (s — bool) X ctrees(s)

infinite : ctree(s)
infiniteL : ctrees(s)

~ _:ctree(s) x ctree(s)
_~ _:ctrees(s) x ctrees(s

)

_~ _:ctreei(s) x ctreei(s)
x,y:s T,T :ctree(s) TL,TL : ctrees(s) m,n:nat nL : list(nat)
fi:s—bool g:sxs— bool

rs(z&TL) = (x,TL)
ht([]) = u

ht(T : TL) = o(T, TL)
switch(undef) = 11
switch(def (T)) = 1o(T)

size(T) =11 = rs(T) =1a(x,TL) N sizeL(TL) = 1,

size(T) = t2(n)

= rs(T) =t2(x, TL) AsizeL(TL) = 1a(m) Am+1=n

sizeL(TL) = 11

= ht(TL)= (T, TL') A

(size(T) = 11 V sizeL(TL') =

sizeL(TL) = 15(0) = ht(TL) =1y

sizeL(TL) = 12(suc(n))

= W(TL) = (T, TL) A size(T) = 1o

rs(<a>) = ()

switch(subtree(T,[])) = 2
switch(subtree(T,n : nL))
switch(subtreeL([], nl))
(
(

=11
switch(subtreeL(T : TL,[])) =t

switch(subtreeL(T : TL,0 :

(T)

= switch(subtreeL(TL,n : nL))

nlL)

1
) = switch(subtree(T,nL))

Ll)

< rs(T)

(k) AN sizeL(TL) = wa(m) Nk +m=mn

(z,TL)

72
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switch(subtreeL(T : TL, suc(n) : nL)) = switch(subtreeL(T'L,n : nL))
x €T = exists(A\y.eq(x,y),T)
$(\y.g(z,y),y) = g(z,y)
exists(f,T) < rs(T)=(x,TL)A(f(x) = trueV existsL(f,TL))
existsL(f,TL) < ht(TL)=1o(T,TL') A (exists(f,T)V existsL(f,TL"))
finite(T) < rs(T)=(x,TL) A finiteL(TL)
finiteL(TL) < ht(TL) =11V (ht(TL) = wo(T,TL") A finite(T) A finite L(TL'))
finiteB(TL) < ht(TL)=u1 V (ht(TL) = 1o(T,TL) A finiteB(T'L"))
forall(f,T) = 3Fx,TL: (rs(T)= (x,TL) A f(x) = true A forallL(f,TL))
forallL(f,TL)

= ht(TL)=u VIT,TL : (ht(TL) = 1o(T,TL") A forall(f,T) A forall L(f,TL"))
infinite(T) = 3z, TL: (rs(T) = (x,TL) N infiniteL(TL))
infinite L(T'L)

= finiteB(TL) A3z, TL : (ht(TL) = 12(T, TL") A (infinite(T) V infinite L(T'L')))

2&TL ~y&TL = x2=yATL~TL (6)
2&TL A y&TL < zZyVTLATL (7)
|~T:TL = False (8)
T:TL~][ = False (9)
T:TL~T :TL = T~T ANTL~TL (10)
NAT:TL (11)
T:TL 4] (12)
T TLAT :TL <« TAT VTLATL (13)
def (T) ~ undef = False (14)
undef ~ def (T") = False (15)
def (T) ~ def(T") = T ~T (16)
def (T) +# undef (17)
undef & def (T") (18)
def (T) # def(T") < T AT (19)

In terms of Assumption ??, SP;=TRIV(s)UNATULIST(NAT), extS = {ctree(s), ctrees(s), ctree;(s)} and

CO = { &[], -, def,undef}, detree(s) = 78, detrees(s) = Mt and degree, (s) = switch. Hence T5,c0 ctree(s) 18

the set of finite or infinite trees with entries in s and finite or infinite node degree, TBUCO, trees(s) 18 the set of

finite or infinite forests with entries in s?, T3 co ctrees(s) = 1+T5 0o ctree(s) and
F(A)ctree(s) =P x Actree(s)a

F(A)ctrees(s) =1+ Actree(s) X Actrees(s)a
F(A)ctreel(s) =1+ Actree(s)~

F coincides with the functor F' of Example 14.5. Note that equations (1)-(19) present the general definition of
alm®) (see above) and the behavior axioms (see 5.1(2)), respectively, for s € {ctree(s), ctrees(s), ctreei(s)}
and may thus be dropped. The reason why the functions size and sizeL of COTREE are declared as destructors

and the other non-constructor functions as codefined functions will be given later. a

Fin(F) is also the initial continuous (B U C'O)-algebra whose carriers are cpos and whose functions are
continuous w.r.t. the cpo structure [38]. Given variables z1 € X,,,..., 2, € X, and fi1,..., f, € BUCO, the
set

E = {z1= fi(z11,- s @1k, )y, T = fr(@n1y ooy Tk, )}

of regular or (f;-)guarded equations has a unique solution in Fin(F) ([38], Theorem 5.2). E defines the
infinite trees t1,...,t, of Fin(F) that arise from unfolding the graph presented by E. As part of a swinging
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type SP, E would be written as:

de, (1) = vp (@11, T1ky )5 - - o5 sy (Tn) = 0, (Tn1s -0, Trky,)

where d is the S-sorted destructor defined at the top of this section. The unique solvability of E in Fin(F) can
be shown easily: Suppose that {¢;}? ; and {u;}?_, are two solutions of E. Let R = {(¢1,u1), ..., (tn, un)}. Since
the greatest binary relation ~ on F'in(F’) that satisfies the behavior axioms of SP (see Def. 5.1(2)) coincides
with the diagonal of Fin(F)? (see Theorem ??7?), we only need to show that R also satisfies these axioms,

which read here as follows: For all 1 <17 <n,
x~y = ds () ~ds,(y).
So let (t;,u;) € R. Then
de,(t;) = tf,(tir, -y tik,)  and  dg, (w;) = vy (Wi, - - 5 Wik, )-

Since for all 1 < j < k;, (5, u;;) € R, the proof is complete.

16 Destructor-based coalgebras

F is built up of coproducts and finite products. The following functor G : Set® — Set® involves also infinite
products, i.e., function spaces. In contrast to F', G covers hidden data types with parameterized destructors.
G is cocontinuous, but not necessarily continuous. While F' is induced by a signature 3 of constructors with
hidden range sort, GG is associated with a signature A of destructors with a unique hidden argument. Hence
w.lo.g. forall f:sw — s € A, s € hidS. Given a visS-sorted set C, G : Set® — Set® is defined as follows:
for all A € Set® and s € S,

s¢ if s € visS,

G<A)s = {

HfzswﬁmneA[wC — ran?] if s € hidS.
The Nerode or contextual SP-equivalence, ~Y¢ is the set of all ground term pairs (¢,¢') such that for
all X-contexts ¢ : sw — s’ and u € Ty 4, c(t, u) =gp c(t', u).

As A agrees with the set Obs(E) of observations of a (€2, E)-signature ([61], Def. 6.1), so CTx coincides with
the set Cont(E) of Z-contexts constructed from Obs(Z) ([61], Def. 6.2).

If A is a Herbrand structure, then we write ¢ for ¢* (cf. Section 2). The values of contexts determine the

contextual equivalence of terms (see below). The quotient of T% by N’SVI%T is also called the final realization

of the behavior of C (cf. [78], Section 5).

Since G is cocontinuous, Thm. 21.2 implies that coAlg(G) has a final object fin : Fin(G) — G(Fin(Q)).
Fin(G) can be represented as a product of function spaces: for all s € S,

Fin(G), = s¢ if s € visS,
Hc:sw—m/eCTE [Cw — Cs’] if s € hidS.
CoCASL [83] also admits parameterized destructors. However, the semantics of the hidden data types is not

given by the final coalgebra Fin(G), but a—probably isomorphic—behavior algebra Behs,(C'), which generalizes
the infinite-term algebra T2, of the previous section to parameterized destructors. The trees of Behs(C) may
not only have infinite paths, but also infinite outdegree. Inner nodes of Behy(C') are labelled with hidden sorts.
Let n be an inner node labelled with s. Then for each destructor d : sw — s’ and each ¢ € C,,, n has a direct
successor with label s' and a direct successor with label ¢. Hence the out degree of n is infinite if C,, is infinite.
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If A lacks destructors with visible range sort, then C'Ty; is empty and thus Fin(G) is a one-element set! In
Section 3.2, a signature ¥ consisting of constructors with hidden range sort was associated with a functor F'
In Section 3.3, a cosignature A of unary destructors was derived from .

The set of instances of a class ¢l declared in an object-oriented program agrees with the product [[,c 4., Vala
where Aftt is the set of attributes of ¢l and Val, is the set of possible values of a. If considered as a set of
unary functions, Att is the set of contexts and hence usually finite. However, if, for instance, some attributes
denote (references to) other object of class c¢l, we obtain infinitely many contexts and, as a final G-coalgebra,

the semantics of ¢l is an infinite product.

Example 16.1 Infinite sequences are specified as follows.

STREAM = LIST and ENTRY (entry’) then
hidsorts stream = stream(entry) stream’ = stream(entry’)
destructs head : stream — entry
tail : stream — stream
constructs &_: entry x stream — stream’
blink :— stream(nat)
nats : nat — stream(nat)
zip : stream X stream — stream
map : (entry — entry') X stream — stream’
defuncts _#_: list x stream — stream
nth : nat x stream — entry
nthtail : nat x stream — stream

static preds exists : (entry — bool) X stream

copreds forall : (entry — bool) x stream
fair : (entry — bool) x stream

vars n:nat z,y:entry L:list s,s' :stream
f rentry — entry’ g : entry — bool

axioms head(x&s) = x tail(z&s) = s
head(blink) =0 tail(blink) = 1&blink
head(nats(n)) =n tail(nats(n)) = nats(n + 1)
head(zip(s, s')) = head(s) tail(zip(s,s')) = zip(s', tail(s))
head(map(f,s)) = f(s) tail(map(f, s)) = map(f, tail(s))
J#s = s

(z : L)#s = x&(L#s)

nth(0, s) = head(s)

nth(n + 1,s) = nth(n, tail(s))

nthtail(0,s) = s

nthtail(n + 1, s) = nthtail(n, tail(s))

exists(g,s) < g(head(s)) = true

erists(g,s) < ewists(g,tail(s))

forall(g,s) = g(head(s)) = true A forall(g, tail(s))
fair(g,s) = ewxists(g,s) A fair(g,tail(s))

& appends an entry to a stream. blink denotes a stream whose elements alternate between zeros and ones.
nats(n) generates the stream of all numbers starting from n. zip merges two streams into a single stream by
alternatively appending an element of one stream to an element of the other stream. # concatenates a list and
a stream into a stream. fair(g,s) holds true iff s contains infinitely many elements satisfying g.
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Let SP = STREAM, visS = {entry}, hidS = {stream}, ¥ = {&}, A = {(head, tail)}, C = Ini(SP) and

F(A)stream =

entry X Astream. Fin(SP)siream 15 embedded in

TE?JC,stream = {al&a2& cee | ai,az, -+ € Centry}~|:l

Example 16.2 The final models of the following types are embedded in final G-coalgebras:

SET = LIST then
hidsorts
destructs

constructs

vars

axioms

BAG = LIST then
hidsorts
destructs

constructs

vars

axioms

set = set(entry)

in : entry x set — bool

0,all :— set

{_}: entry — set

_U_:set X set — set

_\ -t set x set — set

compr : (entry — bool) — set

T,y :entry s,s :set g:entry — bool
in(z,0) = false

in(z,all) = true

in(x,{y}) = eq(z,y)

in(z,sUs’) = m(az s) or in(x,s)
in(z,s\s') = in(x,s) and not(in(z,s"))
in(x, compr(g)) = g(x)

bag = bag(entry)
card : bag x entry — nat
empty :— bag
[] : entry — bag
_+ _:bag x bag — bag

— _:bag x bag — bag
z,y :entry b, b :bag
card(empty,x) = 0
card([z],x) =
card([x],y) =
card(b+V,x)
card(b -V, x)

1

0  x#£y

card(b,x) + card(V', x)
= card(b,z) — card(V', x)

WSET = LIST and INT!7then

hidsorts
destructs
constructs

vars

axioms

wset = wset(entry)
weight : wset X entry — int
empty -— wset
[] : entry — wset
_+ - wset X wset — wset

— _:1wset — wset
x,y :entry V,W : wset
weight(empty, ) =0
weight([a], @) =
weight([z], )_O = x#y
weight(V + W, z) = weight(V, x) + weight(W, x)

set comprehension
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weight(V — W, x) = weight(V, ) — weight(W, x)

MAP = ENTRY (domain) and ENTRY (range) then

hidsorts map = map(domain, range)
destructs get : map x domain — range
constructs new : range — map

upd : domain X range X map — map
vars 1,7 : domain x :range f:map
axioms get(new(x),i) = x

get(upd(i, x, ), i) =
get(upd(i, @, f),j) = get(f.j) < i#j
Let SP = SET, visS = {entry,bool}, hidS = {set}, A = {in}, C = Ini(SP), G(A)set = [Centry — Chool-
Let SP = BAG, visS = {entry, nat}, hidS = {bag}, A = {card}, C = Ini(SP), Cre = N and G(A)pey =
[Centry — N}
Let SP = WSET, visS = {entry,int}, hidS = {wset}, A = {weight}, C = Ini(SP) and G(A)yser =
[Oentry — Z]
Let SP = MAP, visS = {domain,range}, hidS = {map}, A = {get}, C = Ini(SP) and G(A4)map
[Cdomain — Crange}~

= 1

Example 16.3 The classical examples of G-coalgebras are deterministic automata, which realize (partial
functions from the set of words over some fixed set C;, of inputs into some fixed set C,,; of outputs. Here A,
G and Fin(G) read as follows: Let A € Set®.

o Moore-automata. A = {0 : state X in — state, B : state — out},
G(A)state = [Cin = Astate] X Cout, Fin(G)state = [Ch, = Cout]-
o Mealy-automata. A = {0 : state X in — state, [ : state X in — out},
G(A)state = [Cin = Astate] X [Cin = Coutl, Fin(G)stare = [C5F — Cout)- D

Lemma 16.4 Let SP be a continuous and behaviorally consistent specification without hidden constructors
and logical predicates. Let A be the set of destructors of SP. Based on C = Ini(SP), define G as above. Then
there is an injective L-homomorphism from Fin(SP) to Fin(G).

Proof. Let SP = (X, AX) and A = Fin(G). For all t € T, [t] denotes the =gp-equivalence class of t. For
all ¢ : w — s € CTx, w. denotes the projection of A to [C,, — C4]. A function h : Her(SP) — A is defined
as follows: for all s € visS and t € Tx 4, h(t) = [t], while for all s € hidS, t € Tx 4, ¢ : sw — ¢ € CTy and
u € Ts

Te(h(t))([u]) =aer [c(t,u)].
We show that the equivalence kernel ~j, of h coincides with ~gp. Let s € S and t,t' € Tx . h(t) = h(t)
holds true iff t ~Y¢ ¢/, Analogously to the proof of Lemma 18.3 (see below) one may show that behavioral

S P-equivalence coincides with contextual SP-equivalence and thus with ~j,.

Since SP is behaviorally consistent and ~gp=r,, ~, is a X-congruence. Hence h(Her(SP)) becomes a
Y-structure and h a Y-homomorphism if one defines fA(He7(SP)(h(t)) = h(f(t)) for all f : w — s € ¥ and
t € Tx,,. Consequently, h induces an injective X-homomorphism h* : Her(SP)/~;— A. Hence Fin(SP) =
Her(SP)/~gsp= Her(SP)/~p is embedded in A = Fin(G). Q

Data types often involve several hidden sorts whose meaning distributes over initial F-algebras, final F-

coalgebras and final G-coalgebras. For arbitrary endofunctors F' and G on the same category K, F, G-objects

TFor a specification of integer numbers, see Example 19.1.
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[68], F, G-bialgebras [21] and F,G-structures [10, (1]'® deal with pairs of an F-algebra and a G-coalgebra.
[25] also considers F,G-dialgebras, i.e., morphisms from F(A) to G(A) for some A € K. Here each hidden
sort is interpreted as the object of either the initial F-algebra or the final G-algebra.

In most applications, including those discussed in the above-mentioned papers, F and G are instances
of the schemas presented in the previous two sections. What goes beyond are non-deterministic structures
where behavioral equality is determined by transition predicates, such as labelled transition systems (LTS).
In the coalgebraic setting, these structures are modelled as solutions of domain equations involving powerset
functors. Unfortunately, the construction of the corresponding models becomes much less elegant and useful as
a semantical basis of specification if one proceeds from polynomial to powerset functors (cf., e.g., [105, , 19].
Given an LTS with a term-generated set of states, one may keep to presenting the LTS as a relation, in
terms of swinging types: as a dynamic predicate. A relational presentation is also adequate and does not
cause model- or proof-theoretical problems if the LTS is not used as a transition predicate, i.e., if it does not
determine a behavioral equality (cf. Def. 5.1). As one may conclude from Section 5, only if the state set is
uncountable and the LTS determines a behavioral equality, the swinging type approach enforces us to replace
the relational presentation of an LTS. In this case one should start out from a functional simulation of the LTS,
say —: state X label x state, and specify a destructor sucs : state x label — state™ such that for all states

s, S1,...,8, and labels x,
sucs(s,x) = (s1,...,8,) implies {s1,...,8,}={s"|s - s'}.

Of course, sucs induces a finer behavioral equivalence than — would do if — were declared as a transition
predicate. But even the desired equivalence can be achieved if one extends the dialgebraic swinging type whose

behavioral equality is induced by sucs to an algebraic ST:

LTS = SUCS then
hidsorts state’
constructs mkstate’ : state — state’

transpreds  _ — _: state’ x label x state’
vars $,81,...,8y : state x : label
axioms mkstate'(s) —— mkstate'(s;) <=  sucs(s,r) = (s1,...,5,) forall 1 <i<mn

This step from a destructor to a transition predicate somewhat reflects the natural transformation from a tree
constructing functor to a powerset functor given in [105], Section 3.4. It suggests that category-theoretical
“weapons” like natural transformations need not be employed in order to accomplish an adequate model of a

specification whose behavioral equivalence is determined by an LTS.

17 More on final coalgebras

Definition 17.1 (final coalgebra) Let SP = (X, AX) be a coalgebraic type with cosignature A = (visS, hidS, F D)
and visible subtype visSP and C be a visSP-model with equality. The following S-sorted set P collects the
“observations” or “measurements” on hidden objects in a product:

p - Hd:s—>(w—>s/)€CTA [Cw — Cs’] if se thS,
° C, if s € visS.

For all contexts d : s — (w — §') € CTa, w4 denotes the projection from Py to [C,, — Cy]. d defines
an “experiment”, which, if performed on a under the “initial condition” ¢ € C,, returns the visible result
mq(a)(c) € Cy.

8In terms of [19, 61], F = Q and G = =.
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Projections for individual contexts can be extended to sums of contexts: Let {e; : s; = (w; — $;)}ier C
CTa UID and e = ;cre;. Then
Te - HieIPsi — HieI[Owi — Cs;]

is defined as follows: for all 7 € I,

L O Tre,; if ; € CTx,
Te Ol; = .
L ife; € ID.

Let P(P) be the set of S-sorted subsets of P. A functional ® : P(P) — P(P) is defined as follows: for all
se€Sand AC P,

V' =ers; € hidS, d:s— (v—§) e FD, ceC,
facA;| Ficel,bestVe:s = (w—5")eCTa, ¢ €Cy: } if s € hidS,

Te(Li(0)) (/) = Ta.e(a)(c, ') (1)
Cs if s € visS.

(I)(A)s =

Since ® is monotone, ® has a greatest fixpoint gfp(®) (cf. Thm. 8.3). The final (SP, C)-coalgebra Fin =
Fin(SP,C) is the (SP, C)-coalgebra such that for all s € hidS,

o Iling = gfp(®)s,
o foralld:s — (w—s') € FD, a € Fins and c € C,
AFin(a)(c) = ti(b) such that (1) holds true if s’ € hidS,
ma(a)(c) if s € visS.

Suppose that (1) has two solutions in i and b. Then (1) implies that both solutions are identical. Hence d¥'"
is well-defined. 0

me(d""(a)) =def 7a.e(a)
Beispiel: finaler Automat: 0(f, z)(w) = f(zw)

Condition 17.1(1) selects those tuples a among the elements of the product Py such that for each two contexts
€1:8— 81,62 : S — S containing the same path p that is taken when a is observed by e;, then p is also taken
when a is observed by ez, and both observations lead to the same result.

Contexts are dual to terms, in particular to normal forms. Contexts are composed of destructors. Normal
forms are composed of constructors, while contexts are composed of destructors. The structure of a context is
determined by the coarities of the destructors it is built of. The structure of a normal form is determined by
the arities of the constructors it is composed of. Hence both contexts and normal forms are trees whose nodes
are labelled with function symbols: destructors and constructors, respectively. In the first case, the outdegree
of a node is the coarity of the node label, in the second case, it is the arity. Except for [15], contextual
characterizations of final coalgebras have only been given for cosignatures where all destructors are linear (cf.
[100, 34, 67, 49, 61]). Only [15] handles the important generalization to sum sorts and works out its impact on
coalgebraic specifications.

If all destructors are linear, then the final (A, C')-coalgebra is the entire product of context ranges:

Proposition 17.2 Let SP, A and C be as in Def. 17.1 such that all destructors are linear. Then for all
s € hidS, Fin(SP,C)s = P;.

Proof. Let d: s — (s — §') € F'D. Since s has coarity 1, we may identify b with ¢;(b). Hence (1) amounts
to a definition of b: for all e : s’ — (w — §”) € CTa and ¢ € Cy, T (b)(¢)) =gef Ta-e(a)(c, ). Therefore,
9fp(®)s = Ps. a
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The restriction to the linear case excludes many “properly coalgebraic” types such as COLIST (Ex. 15.2),
finite and infinite trees (cf. Ex. 19.5), regular graphs ([91], Section 2.2), processes ([91], Section 4.4) and class
diagrams involving inheritance relationships ([91], Section 6). The algebraic counterpart of final coalgebras with
linear destructors are initial algebras with unary constructors only, i.e., sets of words. As the expressiveness of
words is limited, so is the expressiveness of linear destructors.

Contexts and normal forms are also complementary with respect to the traversal of their tree representations.
A normal form is evaluated bottom-up, starting from the leaves, along all paths up to the root where the value
of the object itself is returned. A context is evaluated top-down, starting from the root, along a single path
consisting of destructors until a leaf is reached where the result of an observation is delivered (cf. Fig. 77?).
Hence, from an operational point of view, contexts are flowcharts or transition systems rather than normal
forms representing static objects. The evaluations of a context encompass possible worlds (states, movements,
interferences, etc.). But the various possibilities can never be viewed in parallel. Once an object is observed,
its multiverse contracts to a universe (cf. [13]).

A normal form s the object it denotes. An evaluation of a context only represents the behavior of an
actually invisible object in a certain state. Hence a final coalgebra can be seen as a Kripke structure that may
interpret the same constants, function symbols and predicates differently in different states. Just regard the set
of contexts as a signature 3. Then a Y-algebra is both the interpretation of a state in the corresponding Kripke
model and an element of a final coalgebra.

Theorem 17.3 Given the assumptions of Def. 17.1, Fin(SP,C) is final in coAlg(SP,C). Moreover,
Fin(SP,C) interprets behavioral equalities as identities.

Proof. Let Fin = Fin(SP,C) and B be an (SP,C)-coalgebra. A function fin : B — Fin is defined as
follows: for all s € S and b € 2,

fin(b) = b if s € visS,
m.(fin(b)) = eB(b) foralle:s— s € CTa if s € hidS,
fin(,;(b)) = u(fin(b)) if s = w; for a sum sort IT;c w;.

fin is a ¥-homomorphism: Let s’ € visS, d: s — (w — s') € FD, b€ s¥ and ¢ € C,,. Hence
fin(d®(0)(c)) = dP(0)(c) = ma(fin(b)(c) = d""(fin(b))(c). (2)

Let s’ = ers; € hidS, d:s — (v — §') € FD, e = Hjere; : 8" — (w — s") € CTa, b € sP, c € C, and
c € Cyp. dB(b)(c) = t;(a) implies

e (fin(dP(0)())(¢) = me(fini(@))(e) = me(u(fin(@))() = w(me, (fina))(d)
= ueP@)e) = PL@IE) = SOOI = @-"O)ec) = mdlfin®)ed) @)
DI e (dF i (fin(5))(e)) ().

Hence fin(dP(b)(c)) = d¥™(fin(b))(c). A permutation of the terms in (2) and (3) shows that fin is the only
(A, C)-homomorphism from B to Fin.

Let BE be the set of behavioral equalities if 3’ and C(A) be the class of X-structures B such that Bls\pr =
A =g4e5 Fin|s\ pp. Since Fin is canonical, the fixpoint theorem of Knaster and Tarski (Thm. 8.3) implies that
for all s € hidS,
~t = J{~Ec A, | BeC(A), ~PcniB

Hence the diagonal of A2 is a subset of ~2. Conversely, let a ~% b. Then there is B € C(A) such that
(a,b) wagwf(B). Hence for all d : sw — s’ € des and ¢ € By, = Cy, dB(a,c) ~B dP (b, c). Consequently, for all
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e:s— (w—s') € CTa and ¢ € Oy, eB(a)(c) ~8 eB(b)(c) and thus m.(a)(c) = eP(a)(c)
because s’ is visible and Bl|,;s» = C is a structure with ~-equality. Hence a = b. a

We recapitulate the definition of the functor G : Set® — Set® given in Section 3.4 using the notation of Def.
??: for all A € Set® and s € S,

G(A) _ Hd:s—)(w—)s’)EFD[Cw - S/A] if s € thS?
° Cy if s € visS.

Each (A, C)-coalgebra B in the sense of Def. ?? induces a G-coalgebra Sp : B — G(B): for all s € S and
be sB,
ma(B(b)) = dB(b) foralld:s— (w—s')€ FD ifs€ hidS,
B(b) = b if s € visS.
Conversely, a G-coalgebra 8 : B — G(B) equips B with an interpretation of A: for all d: s — (w — §') € FD
and b € s, dB(b) =4e ma(B(b)). Hence G-coalgebras and (A, C)-coalgebras correspond to each other. Since G
is cocontinuous, the limit of the chain

1+ G(1) «+ G*(1) + ...

is a final G-coalgebra F'in(G) (cf. Thm. 21.2). In fact, 5 = fin. The proof proceeds analogously to the proof
of Thm. 17.3.

The functor F : Set® — Set® of Section 3.2 can also be adapted to the assumptions of Def. ??: for all
Ae Set® and s € S,
Hf:w—>sez A, if s € hidS,
C, if s € visS.
The initial F-algebra Ini(F') is given by the algebra of ground (X U C)-terms (cf. Section 3.2). Both initial F-
algebras and final G-coalgebras are constructed from sums and products, but in opposite order: for all s € hidsS,

H TEUC’,w

frw—seX

Ini(F)s can be represented by the sum

of sets of term tuples, while Fin(G), is (a subset of) the product
I[I ool
d:s—(w—s')ECTA
of context ranges (cf. Def. 17.1).
Definition 17.4 (coinductive, coequational type and inductive type) Let SP = (X, AX) be a

swinging type satisfying 5.1(5) such that the base type baseSP of SP is coalgebraic and has cosignature A and
visible subtype visSP. Then SP is a coinductive type with cosignature A and visible subtype visSP. a

Theorem 17.5 Let SP = (X, AX) be a coinductive type with base type baseSP = (base¥,baseAX), ex-
tension (X', AX'"), cosignature A = (visS, hidS, FD) and visible subtype visSP = (visX,visAX). Let C be
a visSP-model with equality such that A = Fin(baseSP,C) is a canonical baseSP-model. Moreover, suppose
that

> forall(d(f(x))(t) =u< )€ AX and f,g € ¥/, u does not contain a subterm of the form f(...,g(...),..

> foralld:s— (v—s)eDS, f:w—seX, acAandb: X — A there is exactly one (d(f(z))(t) =
u <= ) € AX' such that a = b*(t) and A |=p .

Then there is a canonical SP-model Fin(SP,C) with Fin(SP,C)|pases = A.

Proof. ¥’ consists of coinductive functions. We interpret ¥’ on A and show that the axioms for ¥/ are valid
in A. For this purpose, we construct an (baseSP, C)-coalgebra B such that the final morphism fin: B — A

')7
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yields an interpretation of ¥/ in A. Let hidS’ be the set of all s € hidS such that thereis f:w — s € ¥'. Bis
defined as follows: for all s € .S,

s4 otherwise.

5 { I ssesy Aw if s € hidS',

We interpret each f : w — s € X’ in B by the injection ¢y : A, — sP. Let T%(X)" be the set of all
Y-terms t such that ¢ does not contain a subterm of the form f(...,g(...),...). Let d: s = (v — §') € DS,
frw—se¥ acA b: X — Aand ¢: X — B such that for all x € X, b(z) = ¢(z). By assumption, there
is exactly one (d(f(z))(t) = u < ) € AX' such that a = b*(t) and A =, . Hence d” is defined uniquely as
follows:

dB(1r(bz))(a) =ger c*(u) if s € hidS’,

dB =def d4 otherwise.

It is crucial that u € Tx(X)'. Otherwise ¢*(u) were not defined because for some f : w — s € ¥’ occurring in
u, Ay # By, and thus f2 = ¢ty would not be a function from B,, to sB.

Of course, B is a (baseSP,C)-coalgebra. Hence by Thm. 17.3 there is a unique baseX-homomorphism
fin : B — A. Hence A may interpret f: w — s € ¥/ as follows: for all a € A,,,

fMa) =aer fins(ig(a)). (1)

With this interpretation of coinductive functions, A satisfies AX’: Let (d(f(2))(t) =u < ¢) € AX', a € A and
b: X — A such that a = b*(t) and A =, . Hence by (1), the definition of dZ, since fin is compatible with
DF and since both fing o c¢* and b* are X-homomorphic extensions of b to Tx(X)’,

b*(d(f (2))(1)) = d* (f4 (b)) (b () = d*(f*(ba)) (a) = d*(fins(es(b2)))(a)
= fing(d®(cs(bx))(a)) = fing (c*(u)) = b*(u),

ie, Ay d(f(2))(t) = u 0

Besides the set of destructors that is introduced by a cosignature A, a cospecification C'S P with cosignature
A allows us to axiomatize functions inductively on the structure of visible data (aux), greatest relations (coP),
coinductively defined functions (coF') and subdomains of the final (A, C')-coalgebra by assertions. The latter
occur in a similar form in CCSL specifications [54]. Jacobs introduced assertions in [52] as axioms for unary
predicates—we call them coequalities (cf. Def. 17.4)—, which are invariant with respect to the application
of destructors and thus equip the subcarriers of coalgebra elements satisfying the assertions with their own
coalgebra structure. CCSL assertions are arbitrary first-order formulas over the given cosignature. Sometimes
rather complicated closure constructions are necessary for ensuring their invariance with respect to destructors
[52]. Our assertions are confined to co-Horn clauses and combined with invariance axioms (see below), which
ensures that a final coalgebra satisfying the assertions always exists (cf. Thm. ?7(3)).

The terminal constraints of [101], the destructor specifications of [15] and the (2, Z)-specifications of [49]
represent classes of cospecifications. [15] admits only certain conditional equations, called coequations, as axioms
and forbids functional codomains of destructors. The axioms of an (2, Z)-specification may be arbitrary first-
order formulas, but the destructors must be linear, though they may have functional codomains. Such codomains
occur also in other approaches (cf., e.g., [18, 34]). They allow us to formalize parameterized observations and
come quite naturally with the “cofreeness” of final coalgebras. [15] restricts the codomains to non-nested sums,
but seems to be the only paper so far where final coalgebras with non-linear destructors are characterized in

terms of context interpretations.

other notions of coequations in [42], [62], [114] ??7
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Instead of presenting a language like CCSL [54] for specifying everything coalgebraically we show in the
following section how to incorporate a cospecification C'SP into a swinging type SP such that the final model
of C'SP is isomorphic to the final model of the domain completion of SP (Def. 18.4).

In terms of object-oriented design, s-assertions are the invariants of the class denoted by s. Only coalgebraic
specifications allow us to present subdomains described by invariants directly. From an algebraic specification
S P whose standard model M consists of terms a particular subdomain can be obtained only indirectly, namely
by constructing a reduct of M. A reduct is determined by a set F' of functions of SP: the F-reduct of M
contains exactly those elements of M that can be generated by applications of F. On the other hand, reducts
of final coalgebras do not make sense because uncountable subdomains could never be specified in this way.
Instead, the reduct construction will be integrated into the notion of a dialgebraic swinging type given in the
next section.

In closing this section, let us point out a striking duality between algebraic and coalgebraic specifications:

/ ALGEBRAIC SPECIFICATIONS ARE FUNCTION-ORIENTED. \
A SIGNATURE X defines functions on objects that are TERMS consisting of CONSTRUCTORS.
ww  The standard model of ¥ is an initial algebra of terms, i.e., a sum of products.

The axioms of a SPECIFICATION SP with signature 3 IDENTIFY objects and specify functions INDUC-
TIVELY.

{@ The standard model of SP is a QUOTIENT of the standard model of X. J

K COALGEBRAIC SPECIFICATIONS ARE OBJECT-ORIENTED. \
A COSIGNATURE A defines object states as interpretations of CONTEXTS consisting of DESTRUCTORS.
= The standard model of A is a final coalgebra of object states, i.e., a product of sums.

The axioms of a COSPECIFICATION CSP with cosignature A SELECT objects and specify functions
COINDUCTIVELY.

@ The standard model of CSP is a SUBCOALGEBRA of the standard model of A. J

A closer look at the standard models reveals further dualities between algebraic and coalgebraic specifications:
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)y signature A cosignature
I =1ni(%) initial ¥-algebra F =Fin(A,C) final (A, C')-coalgebra
consisting of terms consisting of context interpretations (cf. Fig. 77?)
HAX Horn clauses coAX co-Horn clauses
SP=(X,uAX U...) algebraic swinging type | CSP = (A,C,...,coAX U...) cospecification
EMod(SP) Mod(CSP)
= {A€ Mod(SP) |Vse€S:==A4} = {A € pMod(CSP) |V s € hidS :is2 = s4}
oA A F
kernel(ini) = pAX image(fin) E coAX
=l=,.s least subset of I x I s.t. I = pAX ist" =4.; greatest subset of F s.t. F = coAX
= =IC kernel(ini) = image(fin) C is"
<= im is compatible with = <= fin is compatible with is
_ { 1" =™ A it s . { AT GF e B s
[t] — ini(t) well-defined a +—  fin(a) well-defined
TeMod(5P) I/=! is initial in EMod(SP) FEPMOLCSP) i oF is final in Mod(CSP)
Another dimension of the duality between initial and final models is the topic of [10]. In the table above, we
construct quotients on the left-hand initial side and subdomains on the right-hand final side, while [10] confronts

initial reachability (via constructors) with final observability (via behavioral equalities). This reflects the more
general duality between the initial construction of subdomains (via subsignatures) and the final construction of

quotients (via greatest fixpoints), respectively.

As proof obligations are concerned, the duality leads to trade-offs. While the final specification of a subdo-
main in terms of assertions is automatically consistent, the initial specification in terms of generating functions
requires an inductive proof that the generated objects and only these have the subdomain’s desired properties.
On the other hand, the initial specification of a quotient in terms of equational axioms automatically yields
a congruence relation (the structural equivalence), while the final specification in terms of destructors requires
the proof that the induced behavioral equality is also compatible with the other functions and relations of the
specification.

18 Algebraic types with cospecifications

In this section, we combine a swinging type SP with a cospecification C'SP. Certain hidden sorts of SP are
declared as destructor sorts, which thus become the hidden sorts of CSP. SP is then extended by the final
CSP-model insofar as all elements of Fin(CSP) are added to SP as additional constructor constants. Without
such an extension swinging types can only represent finitely generated data domains where each object has a
ground term representation. Final models of a cospecification, however, may have even uncountable carriers.

Definition 18.1 (dialgebraic swinging type) Let SP = (X, AX) be an algebraic swinging type that
is not basic Horn and whose components are named as in Def. 5.1. Suppose that all hidS-destructors are

functional destructors with a single hidden argument and there are no hidS-constructors. Let des denote the
set of hidS-destructors, A = (visX, hidS, des), C = Fin(visSP) and

CSP = (A,C,auzx, coP, coF, CAX)
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be a cospecification such that the auxiliary functions of C'SP are defined functions of SP and the axioms for
aux and vP are the same in SP and C'SP. Then

CST = (SP,aux, coF, AXpniasucor)

is a dialgebraic swinging type. SP is the algebraic part and CSP is the cospecification of CST. A
CST-context is a A-context. a

The main syntactic differences between an algebraic swinging type SP and a dialgebraic swinging type C'ST

can be summarized as follows:

e (ST has no transitional destructors.

e SP has neither assertions nor cofunctions.

For the later use of a dialgebraic ST as the visible subtype of an algebraic ST, the former is transformed into
its domain completion (cf. Def. 18.4), which is an algebraic ST. While the hidden sorts of an algebraic ST are
interpreted as quotients of term sets, the hidden sorts of a dialgebraic type will be interpreted in the final model
of the type’s cospecification. Each element of the model denotes a set of behaviors or context interpretations
(cf. Def. 17.1). From the applications’ point of view the requirement that each destructor for a hidden sort has a
single hidden argument (cf. Def. 18.1) is not restrictive. For instance, in object-oriented terminology, the sort s
of the hidden argument corresponds to the class whose objects are “observed” by the s-destructors. A destructor
never observes several objects simultaneously, unless they are tupled, i.e., attached to a (hidden) product sort
whose projections provide the destructors into the component sorts (cf. Section 2). Further arguments of a
destructor denote observation parameters and thus are always part of a visible subdomain.

Definition 18.2 (contextual equivalence) Let SP be an algebraic functional swinging type. The Nerode
or contextual SP-equivalence ~Y¢ is the S-sorted binary relation on T% that is defined as follows: for all

se€ Sandt,t €Ty,

Ner 4/ nf(t) ~vissp nf(t') if s € visS,
t NSP t ‘1\:>def ’ / 3 N
Ve:rs—=(w—s)eCTa, u€Txy:nfle(t)(uw)) ~vissp nfle(t’)(u)) if s € hidS. Q
Lemma 18.3 Let SP be an algebraic functional and continuous swinging type. Then contextual SP-

equivalence agrees with behavioral SP-equivalence.

Proof. Since ~gp is the greatest relation on 7% that satisfies the behavior axioms of SP (cf. Def. 5.1), ~er

agrees with ~gp iff Nfgvff is the greatest relation ~ on Tx such that for all s € S and ¢,¢' € Ty 5,

(1)

t~gpt if s € visS
t~t implies { 5P ’ }

Vd:sw—s €des, u€Ts,:dit,u)~dt,u) ifsec hidS.

~¥er is a subrelation of ~gp if (1) is satisfied by ~=~¥¢". This holds true for s € visS because then
~YE . C=spP © ~uyissp © =spCrvsp. Let s € hidS, t ~§F, ', d : sw — s’ € des and u € Ty . Then for all
e:s - (v—5")eCTa and v € Ty,

nf(e(d(t,u))(u')) ~vissp nf((e - d)(£)(u, v')) = nf((e - d)(t')(u, u')) = nf(e(d(t’, u))(w)).

Ner

Hence d(t,u) ~¥¢" d(t',u), and we conclude that ~=~¥¢" satisfies (1).

For the converse, let ® be the coAX-consequence operator on Her(SP)|ss (cf. Def. 12.1) and U be the
(X' U coP)-structure with Ulsy = Her(SP') and rV = Tk, for all 7 : w € coP. By assumption, ® is continuous.
Hence by Kleene’s fixpoint theorem (cf., e.g., [39], Thm. 4.2), Her(SP)s/Ueop = Nien® (V).
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Let i € N and CTX be the set of A-contexts consisting of at most i destructors. We define approximations

of contextual equivalence: for all s € S and ¢, € Ty 4,

nf(t) ~vissp nf(t") if s € visS,

t~ = ger .
Ve:s—s €CTL, ucTny:nfle(t)(w) ~pissp nfle(t’)(u)) if s € hidS.

Suppose that for all i € N, s € S and t,t' € Ty,
O(U) =t ~t implies t~"t. (2)

Then ~gp= Nien ~* C Nien ~i=~Ae" and the proof is complete. It remains to show (2).

Let ®(U) =t ~ t'. If s € visS, then t ~gp t' and thus nf(t) =sp t ~sp t' =sp nf(t'). Hence
nf(t) ~sp nf(t') and thus nf(t) ~yissp nf(t') because ~gp
~uissp 18 the greatest solution of the behavior axioms of visSP. Hence t ~* t'.

satisfies the behavior axioms of visSP and

Tyiss

Let s € hidS. If i = 0, then N?(U):Ngf: Ty s x T, s and CT& = (). Hence (2) holds true. Let ¢ > 0. By
the definition of ®,

Vd:sw—s €des, u€Ts,: ' U) E dt,u)~dl, u). (3)
By induction hypothesis, (3) implies d(t,u) ~*~! d(t',u). Hence foralle : s’ — (v — s”) € CTx " and v’ € Tk ,,

nf((e - d)(t)(u,u')) = nfle(d(t, u))(u')) ~vissp nfle(d(t,u)) (') = nf((e - d)(t)(u,u)).
Hence t ~' #/, and the proof of (2) is complete. a

Let SP’ be the extension of SP by constructor constants denoting the elements of Fin(CSP). The final
SP’-model that is given by the quotient of the SP’-Herbrand model by behavioral SP’-equivalence (cf. [39],
Def. 4.6) will turn out to be isomorphic to Fin(CSP). Hence the final-coalgebra semantics of C'ST', which is
given by Fin(CSP), coincides with the final-algebra semantics Fin(SP’) of a “sufficiently big” extension of SP.

Definition 18.4 (domain completion) Let C'ST be a dialgebraic swinging type as in Def. 18.1 such that
visSP is functional and head complete (cf. Def. 12.1). We regard the elements of Fin(C'SP) as additional
(nullary) constructors and the cofunctions of C'SP as additional defined functions and add the following sets of

axioms for destructors and cofunctions, respectively:

AXges = {d(a,u)=t| d:sw— s €des, s €visS, a € Fin(CSP)s,
u,t € NF,;sx, tis an object normal form,
aFin(ESP) (g, [u]) = [}1° U
{d(a,u) =b| d:sw— s €des, s €hidS, a € Fin(CSP)s,,
u € NFysx, dF™CSP) (q, [u]) = b}

AXor = {f(t1,...,tn)=b| fis1...8, > s€ coF, forall1<i<n,
s; € visS implies t; € NFys5,5, and t; = [t;],
s; € hidS implies t; = t; € Fin(CSP)s,,
FERCSPE, 1) = b)
Let ¥ = X U (0, Fin(CSP) U coF',0) and AX' = AX U AXgesucor- Then SP' = (¥, AX') is an algebraic

swinging type, called the domain completion of C'ST. A coinductive theorem of C'ST is an inductive
theorem of SP’ (cf. Def. 12.1).

19Since visSP is head complete and functional, [ ], Lemma 3.7 implies that all behaviorally visSP-equivalent object normal
forms are equal. Hence the ~,;s5p-equivalence d¥(CSP) (g, [u]) contains exactly one object normal form ¢.
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CST is cospec closed if C'ST has no assertions or no hidS-constructors or for all s € hidS and t € sV’

there is a € Fin(CSP)s such that t ~gpr a. CST is functional, continuous or behaviorally consistent,

respectively, if SP’ is functional, continuous or behaviorally consistent, respectively. a

Note that AX4.; need not be the only axioms for hidS-destructors in SP’. If SP contains hidden construc-
tors, then these must be specified in terms of axioms for destructors in order to make C'ST complete and, if
CST contains assertions, cospec closed.

SP’ is coinductive if SP is coinductive ([39], Def. 6.1; [94], Def. 7.1). This confirms the adequacy of
this criterion for behavioral consistency, especially concerning the required form of the left-hand side ¢ of a
coinductive equational axiom: the leading function symbol of ¢ is a destructor, while all other symbols of ¢ are
constructors or variables. Each of these axioms contributes to the specification of a single destructor. Condition
17.1(1) ensures the “context-free” interpretation of each destructor in the final (A, C')-coalgebra. Hence it is

not necessary to admit axioms that specify destructors in the context of other destructors (see also [389], Section
6).

Each dialgebraic swinging type has an algebraic part. Conversely, one build algebraic on top of dialgebraic
types in the course of developing a specification hierarchically. This happens automatically when the visible
subtype of an algebraic type coincides with the domain completion of a dialgebraic type (cf. Def. 5.1).

The domain completion SP’ of CST may augment the algebraic part SP of C'ST with infinitely, maybe
uncountably many constants, which denote context interpretations, i.e., elements of Fin(C'SP). These constants
are and occur in the ground terms Her(SP’) consists of. Since Fin(CSP) may be uncountable, while the rest of
Her(SP') is countable, Her(SP’) may be imagined as an iceberg whose main part hides in the sea (cf. Fig. ?77?).
In contrast to Fin(C'SP), the term structure of Her(SP') allows us to employ inference rules whose applicability
relies on term unification. In fact, reasoning about (the domain completion of) C'ST can be reduced to reasoning
about the cospecification of C'ST":

Theorem 18.5 Let C'ST be a cospec closed, functional, continuous and behaviorally consistent dialgebraic
swinging type as in Def. 18.1 and SP' = (X', AX') be the domain completion of CST such that visSP is

functional and object constructor complete.

(1) If CST has no assertions, then for all s € hidS and t € Tsy 4 there is a € Fin(CSP)y such thatt ~gps a.
(2) For all s € hidS and a,b € Fin(CSP)s, a ~gp b iff a =b.
(8) Fin(SP') and Fin(CSP) are X'-isomorphic.

Proof. Let =~ be the S-sorted relation that is defined as follows. For all s € visS, ~Rg=~yis5p,s. For all
s € hidS, ~; is the least equivalence relation on T ¢ that includes =gp/ ; and satisfies

g AU ~pisspw ' = d(t,u) ~g d(t'u)

for all d : sw — s’ € des with s’ € hidS. Of course, ~ is a subrelation of ~gp:.

Let C' = Fin(visSP). We define a (A, C')-coalgebra A:

e For all s € visS, s* =C, = visS,s/ ~visSP,s-
e For all s € hidS, s = Tsy 5/ ~.
e Foralld:sw— s €des, t € Tsr s and u € Tyissw, d2([t], [u]) = [nf(d(t, u))].

d4 is well-defined: Let t ~ t' and u ~yis5p v'. If 8 € visS, then d(t,u) ~sps d(t',u’) and thus nf(d(t,u)) ~sp:
nf(d(t',u')). Hence nf(d(t,u)) ~yissp nf(d(t’,u’)) because ~gp:
and ~,;ssp is the greatest solution of the behavior axioms of visSP. If s’ € hidS, then d(t,u) ~ d(t',u’) by
the definition of . Hence nf(d(t,u)) =~ nf(d(t',u’)).

T,,.s Satisfies the behavior axioms of visSP
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By Thm. 17.3, Fin(A, C) is final in coAlg(A, C). Hence there is a unique (A, C')-homomorphism fin : A —
Fin(A,C) that is defined as follows (see the proof of Thm. 17.3): for all s € S and ¢ € T5y ,

fin(lt) = [t if s € visS,
me(fin([t])) = eA([t]) foralle:s— s € CTa if s € hidS.

Let nat : NFsy — A be the natural function that maps each visS- resp. hidS-sorted ground normal form
t to the ~,;s5p- resp. ~-equivalence class [t]. The composition nat o nf is compatible with vis¥ and des: Let
d:sw— s €des, t € Tsy s and u € Tyyisx - Then

(nat o nf) (d(t,u)) = [nf(d(t, u))] = d*([t] [u]) = d*([nf(1)], [nf(w)]) = d* ((nat o nf)(t), (nat o nf)(u)).

Next we show fin([a]) = a for all a € Fin(CSP). This holds true if for all e : s = (w — §') € CTa,
7e(fin([a])) = mc(a), which is proved by induction on the size of e:

Case 1. e € des. Let u € Tysx . Since s’ € visS, there is t € NF,;sx such that eFm(CSP)(a, [u]) = [t]
Hence (e(a,u) =t) € AX' and thus

me(fin([a)))([u]) = e ([a], [u]) = [nf(e(a, w)] = [f] = "™ 5P (a, [u]) = 7e(a)([u]).

Case 2. e = f-dand w =o' for some d: sv —s" €desand f: 5" — (v — §') € CTa. Let u € Tyysx , and
u' € Tyissor- Since s’ € hidS, thereis b € Fin(A,C) such that d""™SP)(q, [u]) = b. Hence (d(a,u) =b) € AX’
and thus

me(fin(la)))([u], [w]) = e ([al)([ul, [1) = £4(d* (o], [u])) ((w]) = FA([nf(d(a, w))])([w])
= AN () = 7y (Fin(BD) ([w]) ™= 7p (b)([]) = 7 (@F (OS5 (a, [u])) ([u])
= me(a)([ul, [w])

where the last equation follows from the interpretation of d in Fin(A,C) (cf. Def. 17.1).

We show that the equivalence kernel of h =g¢f finonatonf: Her(SP') — Fin(A, C) agrees with contextual
SP'-equivalence (cf. Def.18.2). Let s € S and ¢,t' € Ty 5. If s € visS, then

h(t) =h(t') <= nf(t) ~uissp nf(t') < t~3E 1
Let s € hidS. Then h(t) = h(t') iff for all e : s — (w — §') € CTha,
e ([t]) = e ([nf(1)]) = me(fin([nf(t)])) = me(fin([nf(t")])) = e ([nf(t")]) = e*([¢]). (4)
We show that for all s € hidS, t € T/, €15 — (w — §') € CTa and t € Tyiss )
A[t) =e[t]) <= nfle(t)(w) ~uissp nfle(t')(w)), (5)

by induction on the size of e. If e € des, then s’ € visS and (5) follows from the definition of e? (see above).
Otherwise there are v,v" € visS*, " € hidS, d: sv — s” €desand f: 5" — (vV > §') € CTa withe= f-d
and w = vv’. Suppose that e?([t]) = e?([t']) for all u € Tyisx,, and v’ € Tyisx . Then

FAnfd(t, u))([u']) = fA(dA([],[ D (') = e () ([ul, [w']) = e () ([ul], [v'])
= FAAA] [ul) ([w']) = FAnAAE, u)D (')

and thus by induction hypothesis,

nf(e(t)(u, u')) = nf(f(d(t, u))(u)) ~vissp nf(f(d(t',u))(u')) = nf(e(t) (u, u)).
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For the converse, suppose that nf(e(t)(u,u’)) ~vissp nfle(t’)(u,u’)) for all u € Tyiex, and «’ € Tyyisx,. Then

nf(f(d(t, w)(u) = nf(e(t)(u,u)) ~vissp nfle(t’)(u, u')) = nf(f(d(t',u))(u’))

and thus by induction hypothesis,

A ([ul, [w]) = FA@A(E, [ul))([u']) = FA(nfd(t, w)])([u'])
= fA([nfld®, w)D([]) = fAEAE], D) ([w']) = e () ([ul], [u').

By (4) and (5), for alle: s = (w — s') € CTa and u € Tyisx w,

h(t) = h(t") <= fin(nat(nf(t))) = fin(nat(nf(t")))

— Ve:s— (w—8)€CTa, u€ Tpissw: nfle(t)(w) ~pissp nfle(t’)(u)) < t~Ngt.

This finishes the proof that the equivalence kernel of h agrees with contextual SP’-equivalence.

(1) Suppose that C'ST has no assertions. Then Fin(A,C) = Fin(CSP). Hence for all ¢t € Tsv 4 there is
a € Fin(CSP) such that h(t) = a = fin([a]) = fin([nf(a)]) = h(a). Since the equivalence kernel of h agrees
with ~gps, t and a are behaviorally SP’-equivalent.

(2) Since the equivalence kernel of h agrees with ~gp/, for all a,b € Fin(CSP), a ~gp: biff a = fin([a]) =
fin([nf(a)]) = h(a) = h(b) = fin([nf(b)]) = fin([b]) =b.

By Lemma ??, A is a pre-C'SP-model. Since for all s’ € hidS, d : sw — s € des, a € Fin(CSP)s and
u € Toissw, d2([al,[u]) = [nf(d(a,u))] = [b] for some b € Fin(CSP)y, A has a CSP-submodel with A/ =
{[a] € s* | a € Fin(CSP),} for all s € hidS. Since SP’ is consistent, for all s € hidS and a,b € Fin(CSP)s,
a =gp: b implies a = b. Hence A" and Fin(CSP) are ¥g-isomorphic where 3¢ = visX U (hidS, des U aux, coP).

Let ¢ be an assertion of C'SP. We show that A satisfies ¢p. Let f : X — T such that for all x € X5,
f(z) € Tyiss. Since CST is complete and cospec closed, there are g : X — Txy and ¢’ : X — Fin(CSP) such
that for all x € Xyiss, g(x) = f(z) and ¢'(z) = [f(x)], and for all x € Xpas, f(x) ~sp g(x) = ¢'(z). Since
Fin(CSP) is a pre-CSP-model, Fin(CSP) satisfies ¢ and thus Fin(CSP) =4 ¢. Since Fin(CSP) and A’
are Yo-isomorphic and ¢ is a Xp-formula, Fin(CSP) =4 ¢ implies A’ [=pqt0q ¢ and thus A F=pai04 @ because

 has no universal quantifiers. Since & is a weak ¥'-congruence and ¢ is poly-modal, [89], Thm. 3.9(a) implies
Her(SP') =4 ¢. Since SP’ is behaviorally consistent, [89], Thm. 3.8(3) implies Her(SP’) =5 ¢. Since =~ is a
weak X'-congruence and ¢ is poly-modal, [89], Thm. 3.9(a) implies A =pq10f ©-

This finishes the proof that A satisfies the assertions of C'SP. Since A interprets the copredicates of C'SP
as the greatest solutions of coAX (see the proof of Lemma ??), we conclude that A is a C'SP-model.

By Thm. ?7?(3), Fin(CSP) is final in Mod(CSP) and the range restriction of fin : A — Fin(A,C) to
Fin(CSP) is the final morphism. Since for all s € hidS and a € Fin(CSP)s, fin([a]) = a, fin and thus h are
surjective.

Since the equivalence kernel of h agrees with contextual S P’-equivalence, Lemma, 18.3 implies that it coincides
with behavioral SP’-equivalence, which, by assumption, is a weak Y’-congruence.

Let X1 = visX U (hidS, des, 0). nf, nat, fin and thus h are X;-homomorphisms. Since h is surjective and the
equivalence kernel of h is a weak X'-congruence, Fin(CSP) becomes a ¥'-structure and h a ¥'-homomorphism
if '\ Xy is interpreted as follows:

afm(CSP) - — o (= fin([a]) = h(a)) for all s € hidS and a € Fin(CSP)gs,
fECSPY(R(t)) = h(f(t)) for all function symbols f:w — s € ¥\ 3y,
h(t) € rFCSP) o Her(SP') |= r(t) for all static predicates r : w € 3\ £y,
(h(t), h(u)) € 6FCSP) = F 4 Her(SP') = u ~vAd(t,v) for all dynamic predicates & : ws € .
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Indeed, the interpretations are well-defined: Let f : w — s € ¥\ ¥; and ¢,t' € T5,, such that h(t) = h(t').
Since the equivalence kernel of h is compatible with f, h(f(¢)) = h(f(¥')). Let r : w € X\ X1 be a static
predicate and ¢,t' € Ts,, such that h(t) = h(t'). Since the equivalence kernel of h is compatible with r,
Her(SP') = r(t) iff Her(SP') = r(t'). Let 6 : ws € ¥ be a dynamic predicate, t,t' € Tsv,, and u, v’ € Tsy 4
such that h(t) = h(t') and h(u) = h(v'). Hence ¢t ~gp: t', u ~gpr v’ and thus

Jv: Her(SP)Eu~vAd(t,v) = Fov,v' :Her(SP)Eu~vA§t ,0)ANv~V
= Jv : Her(SP') Eu ~v A§{H, ).

(3) We have shown that h is a X’-homomorphism. Since the equivalence kernel of h agrees with ~gps,
h: Her(SP') — Fin(CSP) induces an injective ¥’-homomorphism b’ : Fin(SP’) — Fin(CSP). b’ is surjective

because h is surjective. Hence I’ is an isomorphism. a

Under the assumptions of Thm. 18.5, the inductive theory of CST agrees with the coinductive theory of
CSP (see Definitions 18.4 and 77?):

Corollary 18.6 Let CST be a cospec closed, functional, continuous and behaviorally consistent dialgebraic
swinging type and SP’ be the domain completion of CST such that visSP is functional and head complete.
Then for all poly-modal ¥’ -formulas o,

Fin(CSP)E ¢ <= Fin(SP')E¢ <= Her(SP')E .
Moreover, Fin(CSP) is final in the class of reachable ¥/ -structures that interpret behavioral equalities as weak
Y’ -congruences.
Proof. The statements are direct consequence of Thm. 18.5 and [89], Thm. 5.1(2) and (5). (W

Basic inference rules that are sound with respect to Her(SP’) are discussed in [93]. In addition, Corollary
18.6 tells us that the assertions of C'ST are inductive theorems of C'ST and thus may be used as lemmas
in proofs of further inductive theorems. Corollary 18.6 also implies that the following unfolding rule for a

cofunction f : w — s is correct with respect to Her(SP’):

p(d(f(2), u)) 0
Vici(p(tilt/z, u/2]) A gilt/x, u/2])
it{d(f(z),z) =t1 < p1, ..., d(f(x),2) =t, < @, } is the coinductive axiomatization
of f (cf. Def. 17.4)

unfolding of f € coF

A number of proof samples can be found in [85, 86, 90, 93, 94,

19 Examples

Dynamic Data Types and Labelled Transition Logic [20, 5] incorporate transition systems as relations into
specifications and axiomatize them in terms of Horn clauses, which amount to SOS (“structural operational
semantics”) rules, the classical syntax of transition system specifications. The logic used for reasoning about
dynamic data types is a temporal one. Swinging types go a step further and admit to integrate not only
transitions systems (in terms of set-valued functions), but also temporal- and modal-logic operators (in terms
of predicates or copredicates; see, e.g., [39], Example 2.7). Set-valued functions are also used for expressing

association multiplicities of UML class diagrams (see Example 6.6).

By modeling state transitions in terms of set-valued functions one gets rid of the distinction between com-

patibility and zigzag compatibility of an equivalence relation ~ with static and dynamic predicates, respectively
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(see [89]). For instance, zigzag compatibility of a transition relation ¢ : s X lab X s amounts to compatibility
of its functional counterpart f : s — (lab — set(s)) defined by b € f(a)(z) < d6(a,z,b). Indeed ~ is zigzag
compatible with § or a bisimulation, i.e.

ar~sa No(a,z,b) = 3V :6(a,x,b)ANb~ Y,

ar~sad ANd(d,z,b) = Fb:d(a,x,b) Nb~ Y,
if and only if ~ is compatible with f, i.e.

a ~g CL/ = Vo f(a) (1‘) ~set(s) f(a/)(x)v

where the extension of ~4 to ~e(s) is defined as above.

A third alternative for specifiying transition systems—besides zigzag compatible relations and set-valued
functions—is used in Maude [16] and CafeOBJ [17]: here transition systems are presented as rewrite rules and

interpreted in categories consisting of term (classes) as objects and rewrite steps as morphisms.

The presentation
SP = SP,and... and SP, then hidden part

of a swinging type SP indicates that SP{ U --- U SP), is the visible subtype of SP where SP/ = SP; if SP; is
algebraic and SP/ is the domain completion of SP; is SF, is dialgebraic (cf. Def. 5.1). SP itself is algebraic (resp.
dialgebraic) if, in the hidden part, the declaration of the hidden sorts is followed directly (!) by a declaration

of constructors (resp. destructors).

Example 19.1 (integers) The following specification represents integer numbers as terms constructed from
0, 1, + and -. Hence int can be declared as the hidden sort of an algebraic swinging type (cf. Def. 5.1). Since
the induced structural equivalence would be too fine for representing the equality of integers, we specify this
equality as a behavioral one with three destructors: successor, predecessor and a test on zero.

INT = BOOL then

hidsorts int
constructs 0,1:— int
_+ _int X int — int
—_int —int
destructs pred, succ : int — 1 + int
150 : 1 4+ int — bool
vars T,y,z :int
axioms suce(0) = (1)
succ(l) = (1+1)
suce(z +y) = (y) < suce(z) = ()
suce(z +y) =

(z4+vy) < succ(z) =(2)
=

suce(—z) = () pred(z) = ()
suce(—z) = (—y) < pred(z) = (y)
pred(0) = (—1)

pred(1) =

pred(z+y) = (y) < pred() = ()
pred(+y) = (z+y) « pred() = (2)
pred(—z) = () < suce(z) = (
pred(—z) = (—y) < succ(z) = (y)
is0(()) = true



19 Examples 92

The destructor is0 cannot be dropped. Otherwise all int-terms were behaviorally equivalent. a

Example 19.2 (infinite sequences) The specification STREAM (cf. Ex. 16.1) is a dialgebraic swinging
type and the sort stream denotes an uncountable domain whenever entry is interpreted by a carrier with at
least two elements.

Let A be the cosignature and C'SP be the cospecification of STREAM (cf. Def. 18.1). Since head : stream —
entry and tail : stream — stream are the stream-destructors, for each STREAM-context d there is n € N such
that d = head - tail™ : stream — entry. Hence the stream-carrier of the final C'S P-model consists of all infinite
sequences over C' (cf. Def. 18.1):

Fin(CSP)stream = H Centry = Hcentry = [N%Centry}
deCTa neN

The domain completion SP’ of STREAM contains the following additional axioms for head and tail:
head(g) = g(0) and
tail(g) = An.g(n+1) for all g : N = Ceptry.

Since STREAM has no assertions, STREAM is cospec closed. [90], Korollar 6.1.5 (or [94]?7), and [39], Thms.
5.15 and 6.5 imply that STREAM is functional, continuous and behaviorally consistent, respectively. Hence by
Thm. 18.5, Fin(SP’) and Fin(CSP) are isomorphic.

Let G be a ground normal form of sort entry — bool. We extend STREAM by the destructor
min : (entry — bool) X stream — 1+ nat,

regard the defined functions nth and nthtail of STREAM (cf. Ex. 16.1) as auxiliary functions and the axioms
for nth and nthtail as inductive axiomatizations and add the assertions

A n,s : (min(G,s) = (n) Anthtail(n + 1,5) = 5), (1)
min(g,s) = () = g(nth(n,s)) = false, (2)
min(g,s) = (n) = g(nth(n,s) = true, (3)
(min(g,s) = (n) Am <n) = g(nth(m,s) = false. (4)

Let FAIR be the resulting dialgebraic swinging type and C'S P be the cospecification of FAIR. The stream-carrier
of Fin(CSP) consists of all infinite sequences s over Ceyyyy that are fair with respect to G, i.e., for infinitely
many n € N, Fin(CSP) satisfies G(nth(n, s)) = true.?’ This is accomplished by (1). The assertions specify
the function min that is used in (1). Since min cannot be defined in terms of an inductive axiomatization, min
must be declared as a destructor. The required completeness of FAIR enforces axioms for min that describe
the effect of min on normal forms built up of stream-constructors. For instance, the axioms

min(g, zip(s,s')) = (2xn+1) < min(g,s) = () Amin(g,s') = (n),
min(g, zip(s,s')) = (2xm) < min(g,s) = (m) Amin(g,s’) = (),
min(g, zip(s,s’)) = (2xm) < min(g,s) = (m) Amin(g,s’) = (n) A2xm < 2xn+1,
min(g, zip(s,s")) = (2xn+1) < min(g,s) = (m) Amin(g,s’) = (n)A2xm>2xn+1
specify the effect of min on normal forms zip(s,s’) (cf. [91], Section 4.1). Although FAIR has assertions and

hidden constructors, FAIR is cospec complete, i.e., each t € stream™N*>' is behaviorally SP’-equivalent to some
element of Fin(CSP)stream- By using the Horn axioms of SP’, this can be shown easily by induction on ¢. O

Example 19.3 (streams) The specification COLIST (cf. Ex. 15.2) is a dialgebraic swinging type and
the sort stream denotes an uncountable domain whenever entry is interpreted by a carrier with at least two

elements.
20[

], Example 8, provides a related specification.
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Let C'SP be the cospecification of COLIST (cf. Def. 18.1). Since ht : stream — 1+ (entry x stream) is the
only stream-destructor, for each stream-context c there is n € N such that

¢ = c(n) =qer n(id + 1) - ht-|ms) - ht " . stream — nl + entryn,

ie, foralln € N, e(n+1) = (id+ c¢(n) - m2) - ht. Hence the stream-carrier of Fin(C'SP) consists of all finite or
infinite sequences over Cepry: Let

P = H ("1 + Centry)'

neN

Fin(CSP)stream is the greatest fixpoint of the function ® : P(P) — P(P) that is defined as follows: for all
ACP,

o(4)

{fac A|Fbel+ (Contry x A) V€ N: Tigqen)oms)-ht (@) = Tiate(n)oms (0)}
= {acA|Fbel+ (Contry x A) V1 € N: Te(41)(a) = Tidgge(n)ms ()}

= {acA|VneN:miq)(a)=() V I (2,d") € Centry x AV € N:mp1y(a) = (Tognym, (2,0))}
= {acA|VneN:my(a)=() VvV Id € AVneN:m 11)(a) = (mmn)(a’))}

Hence for all a € P,
acFin <= VYneN:munla)=() VvV Iad € FinVneN:ni1)(a) = (mem(a’))

and thus
Fin = 1+ Cent'r’y X (1 + Centry X (1 + Centry X oL )) = C:nt’r‘y [N — Cent’ry]'

The domain completion SP’ = (X', AX’) of COLIST contains the following additional axioms for ht:

hi([l) = 0,
ht(fE L) = ({I? L) for all z € Centry and L € Cent'r‘y’
ht(g) = (9(0), An.g(n+ 1)) forall g: N — Cepiry.

Since COLIST has no assertions, COLIST is cospec closed. [90], Korollar 6.1.5 (or [94]77), and [39], Thms.

5.15 and 6.5 imply that SP’ is functional, continuous and behaviorally consistent, respectively. Hence by Thm.
18.5, Fin(SP’) and Fin(CSP) are isomorphic.

If we extend COLIST by one of the assertions

(1) Fz, 8 :ht(s) = (z,5),
(2) (ht(s)=()V
Ja,s : (ht(s) = (x

3) (ht(s)=( Vv

351 : (hit(s") = (x,81) A

I s2: ht(s1) = (y,52))))))))s
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respectively, we obtain a dialgebraic type with cospecification C'SP such that the stream-carrier of Fin(CSP)
consists of infinite streams (1), constant streams (2) or alternating streams (3). This example was motivated
by the coequational specifications of these subcoalgebras given in [15], Section 4. a

Example 19.4 (stream comprehension) The following extension of COLIST by a specification of stream
comprehension (filter) is inspired by [101], Example 8. We declare filter, as a cofunction and specify filter
in terms of a coinductive axiomatization in the sense of Def. 17.4. As in the previous example, some axioms
involve an additional destructor min and auxiliary functions nth and nthtail. Again, the given axioms for nth

and nthtail form inductive axiomatizations, and min is specified in terms of both Horn axioms and assertions.

FILTER1 = COLIST then

destructs min : (entry — bool) x stream — 1+ nat
cofuncts filter : (entry — bool) x stream — stream

vars x:entry m,n:nat s,t:stream g:entry — bool
axioms axioms for min

assertions min(g,s) = () = g(nth(n,s)) = false

min(g,s) = (n) = g(nth(n,s) = true
(min(g,s) = (n) Am <n) = g(nth(m,s) = false
cofaxioms ht(filter(g,s) ) < min(g,s) = ()
ht(filter(g,s) x, filter(g,t))
< min(g,s) = (n) Anth(n,s) = (z) Anthtail(n+1,8) = ¢t

— —
—~~

A coinductive axiomatization (Def. 17.4) should not be confused with a set of coinductive axioms ([39], Def.
6.1; [94], Def. 8.2). By [89], Thm. 6.5, coinductive axioms ensure—together with functionality and continuity—
behavioral consistency. The axioms for filter both are coinductive and form a coinductive axiomatization. By
Thm. 17.5, the latter establishes a functional interpretation of odds and filter in the final C'SP-model where
CSP is the cospecification of FILTERI.

Example 19.5 (binary trees) The following specification generalizes COLIST and specializes FTREE (cf.
[91], Section 4.6). It is also a “swinging” version of the running example in [54] where finite and infinite binary
trees are presented in CCSL (cf. Section 6). For LIST, see [91], Section 1.2.

BINTREE = ENTRY (entry) and LIST then
hidsorts tree = tree(entry)
destructs root&sucs : tree — 1 + (tree x entry x tree)
size 1 tree = 1 4+ nat
constructs marror : tree — tree
leaf, fill : entry — tree
mkTree : tree X entry x tree — tree

defuncts subtree : tree x list(bool) — 1 + tree
static preds _€ _:entry X tree

finite : tree

Or s tree for all static predicates r : tree
copreds infinite : tree

Or : tree for all static predicates r : tree
vars x:entry T,7,T1,T5 : tree m,n :nat b : bool
Horn axioms root(mirror(T)) = root(T)

sucs(mirror(T)) = () < sucs(T) = ()

)

)
)

size(mirror(T)

(
sucs(mirror(T)) = (mirror(Te), mirror(Th)) < sucs(T) = (T1,Ts)
siz

ze(T)

~—



19 Examples 95

size(fill(x)) = ()

root(mkTree(Ty,z,Ts)) = x

sucs(mkTree(Ty,x,Ts)) = (T1, Tz)

size(mkTree(Ty,z,T2)) = () < size(T1) = ()

size(mkTree(Ty,z,T2)) = () < size(Tz) = ()

size(mkTree(T1,xz,T2)) = (m+n+1) < size(Ty) = (m) A size(Tz) = (n)

subtree(T,[]) = (T)

subtree(T,b: L) = () <« subtree(T,L)= ()

subtree(T,b: L) = () < subtree(T,L) = (T") A sucs(T”) = ()
subtree(T,0: L) = (Th) < subtree(T,L) = (T") A sucs(T") = (11, T2)
subtree(T,1: L) = (Tz) <« subtree(T,L) = (T") A sucs(T") = (11, T2)

(
zeT <« sucs(T (
finite(T) < sucs(T) = ()
finite(T) < sucs(T) = (
or(T) <« r(T)

Or(T) <« sucs(T) = (Th, Ta) A Or(Ty)

Or(T) <« sucs(T) = (Th, Ta) A Or(Tz)
assertions sucs(T) = () = size(T) = (1)

(sucs(T) = (T1,Ts) A size(Th) = () = size(T) = ()

(sucs(T) = (Th,Tz) A size(Tz) = () = size(T) = ()

(sucs(T) = (T, To) A size(Th) = (m) A size(Tz) = (n)) = size(T)=(m+n+1)
axioms infinite(T) = (sucs(T)=() = False)

infinite(T) = (sucs(T) = (T1,T2) = infinite(Th) V infinite(Tz))

Or(7) r(T)

=
Or(T) = (sucs(T)=(T1,T2) = Or(Ty) AOr(Ty))

The set of BINTREE-contexts is the smallest set CT of coterms such that all tree- or (tree x tree)-destructors
belong to CT and

d:tree > entry € CT = d-m1,d- 79 :tree X tree — entry € CT,
d:tree x tree = entry € CT = (id+d) - sucs : tree —» 1 + entry € CT.

Let C'SP be the cospecification of BINTREE. The tree-carrier of Fin(C'SP) consists of all finite or infinite
binary trees over Cepyry: Let
P = H C,.

citree—se€CT

Fin(CSP)yree is the greatest fixpoint of the function ® : P(P) — P(P) that is defined as follows: for all A C P,

®(A) = {acA|Ibe A’Vd=(id+e)- sucs € CT : mq(a) = (me(b)) N Alg/r AXiree?'}.

21 AX,ce is the set of assertions of BINTREE.
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The domain completion SP’ = (¥', AX’) of BINTREE contains the following additional axioms for each
partial function g : {0,1}* — Cepntry with a binary-tree domain Dy, i.e., for all w € {0,1}* and i € {0,1}*,
wi € D, implies w, w(i + 1 mod 2) € Dy:

root(g) = gle),
sucs(g) = { (Aw.g(0w), \ew.g(1w)) if (0),g(1) € Dy,
9) otherwise,
. _ (|1Dgl) if Dy is finite,
sieelo) = { 0 otherwise.

In fact, each g represents exactly one element of Fin(CSP)ee.

Although BINTREE has assertions and hidden cofunctions, BINTREE is cospec closed, i.e., each t € tree/NFs’
is behaviorally SP’-equivalent to some element of F'in(CSP)iree. By using the Horn axioms of SP’, this can be
shown easily by induction on ¢. [90], Korollar 6.1.5 (or [94]?7), and [89], Thms. 5.15 and 6.5 imply that SP’ is
functional, continuous and behaviorally consistent, respectively. Hence by Thm. 18.5, Fin(SP’) and Fin(CSP)

are isomorphic.

n tree-constructor constants cy,...,c, :— tree together with the axioms

root(c1) =t1, sucs(cr) = (di,e1),

root(cy) = tn, sucs(cy) = (dn,en)

represent a binary graph with n nodes if for all 1 <i < n, d;,e; € {c1,...,¢cn} and t; is an entry-sorted ground
term. ¢; denotes a graph with root node t;, left subgraph d; and right subgraph e; (see also Section 3.3).

The following formulas taken from [54] are inductive theorems of BINTREE (cf. Ex. 19.5). They can be
derived by employing assertions of BINTREE and inference rules given in Section 2.

mirror(mirror(t)) ~ t,
size(fill(x)) = (),

z € fillly) = x=y,

x €t & xemirror(t),
finite(t) & I n:size(t) = (n),
infinite(t) < size(t) = (). O

Meeting
Person . title: String
2.* participates * .
name: String — : start: Date
- participants meetings end: Date
numMeetings(): Nat isConfirmed: Bool
Meeti : Nat
numConfirmedMeetings(): Na duration(): Time
checkDate()
cancel()

Figure 5. Two associated classes (Figure 3 of [50]).

Example 19.6 (UML class specifications) For dealing with object collections like the meetings and
participants in Fig. 5 we refer to an algebraic swinging type FINSET of finite sets:
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FINSET
hidsorts set = set(entry)
constructs 0 :— set
{-} s entry — set
_U_:set X set — set
destructs in : entry X set — bool
defuncts remove : entry X set — set
mkset : entry* — set
filter : (entry — bool) x set — set
|| : set = nat
forall : (entry — bool) x set — bool
flatten : set(set) — set
vars T,Y,T1,...,T, tentry s,8 :set f:entry — entry g :entry — bool
axioms in(z,0) = false
in(z, {y}) = eqw,y)
in(z,sUs') = in(z,s) or in(x,s’)

remove(z,

~

s\ {z}

mkset((
mkset((x1,...,2,)) = {z1}U---U{x,}
filter g,0) 0

g, {x})_ =0 <« g(z)= false
)

filter(g,{z}) = {2} < g(z) =true
filter(g,sUs’) = filter(g,s) U filter(g,s’)
0] = 0

{z} =1

[sus| = |s\s|+]s\ s

forall(g,0) =
forall(g,{x}) = g(x)

forall(g,sUs') = forall(g, s) and forall(g,s’)
flatten(D) = 0

flatten({s}) = s

flatten(sUs’) = flatten(s) U flatten(s’)

FINSET only specifies the functions used in the class specification given below. For more set functions and
also predicates as well as other set specifications, see [91], Section 1.2.2.

The class diagram of Fig. 5 is represented as a dialgebraic swinging type whose axioms cover the multiplicity
constraints of Fig. 5 and the following OCL constraint [110] taken from [50]:

context Meeting :: checkDate()
post : isConfirmed =
self.participants ->
collect(meetings) ->
forAll(m | m <> self and m.isConfirmed implies
(after(self.end,m.start) or (after(m.end,self.start)))

PERSON&MEETING = FINSET and STRING and DATE&TIME then
hidsorts Person Meeting

destructs name : Person — String
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meetings : Person — Meeting*
title : Meeting — String
participants : Meeting — Person*
start,end : Meeting — Date
isConfirmed : Meeting — bool
constructs checkDate : Meeting — Meeting
cancel : Meeting — Meeting
defuncts Meetings : Person — set(Meeting)
Participants : Meeting — set(Person)
numM eetings : Person — nat
num Confirmed Meetings : Person — nat
duration : Meeting — Time
consistent : Meeting X Meeting — bool

vars p: Person m,m': Meeting ms : set(Meeting) ps: set(Person)
axioms Meetings(p) = mkset(meetings(p))
Participants(m) = mbkset(participants(m))

numMeetings(p) = |Meetings(p)]

num Confirmed Meetings(p) = |filter(isConfirmed, Meetings(p))|
duration(m) = end(m) — start(m)

consistent(m,m’) = not(isConfirmed(m'))

or end(m) < start(m’) or end(m') < start(m)

isConfirmed(checkDate(m)) = forall(Am’.consistent(m,m’), remove(m,ms))
< Participants(m) = ps A\ flatten(map(Meetings,ps)) = ms
isConfirmed(cancel(m)) = false
assertions | Participants(m)| > 2

Classes come as hidden sorts, attributes and roles as destructors, roles usually as non-linear ones. Basic
methods are declared as constructors, derived ones as defined functions. Let C'SP be the cospecification of
PERSON&MEETING. Similarly to visualizing the elements of of Fin(BINTREE);... as finite and infinite
binary trees (cf. Ex. 19.5), the elements of Fin(CSP)person and Fin(CSP)yceting may be regarded as infinite
trees whose edges represent the relation between object states that is induced by the participates association of
Fig. 5. The UML semantics of Fig. 5 requires sets rather than sequences as values of meetings and participants.
This is reflected by the fact that all axioms of PERSON&MEETING do not use these destructors directly, but
only their set versions Meetings and Participants.

More details about the presentation of UML classes as swinging types can be found in [91], Section 6.1. 1

20 Conclusion

Swinging types were introduced in detail in [89]. The paper at hand is devoted to extensions that allow us to use
the approach for specifying and reasoning about uncountable data domains, usually given as sets of “infinite” or
“lazy” data structures like streams, processes, etc. Traditionally, such structures were treated formally within
lattice or order theories. This brought forth many contributions to the model theory of basic computational
structures as well as high-level programming language constructs. However, the theory of abstract data types
did not gain much from those achievements, probably because the variety of data schemas and appropriate
axiomatizations to be considered is much greater here than in classical language theory. Only the evolution of
coalgebra theory led to sufficiently general notions for modelling domains with uncountably many elements.

Most of the work on coalgebras and its application to software specification has been done in category-
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theoretical settings (see, e.g., [105, , 56, 10], and the proceedings of already four CMCS workshops??) The
more restricted notion of a ¥-coalgebra as a set of unary functions into a sum sort, now called destructors, already
occurs, e.g., in [69]. First approaches to the specification of coalgebras or other behavioral models can be found
in [100, , 68, 34, 33, 15, 8, 49, , 52, 54]. Most of these approaches concentrate on (co)signatures with only
linear destructors. Only [15] provides a coterm characterization of final coalgebras with non-linear destructors
(see also Section 4). However, the way axiomatic coalgebra presentations are built upon coterms is far from
traditional logics. At least, the examples of [15] can also be specified in terms of much-easier-to-comprehend
(first-order) assertions (cf. Example 19.3).

Apart from pointing out certain model-theoretic dualities, previous approaches lack an integration of alge-
braic and coalgebraic types that is suffiently general to cope with “real-world” system models. This is achieved
by swinging types, mainly because of their stepwise constructability that allows us to both extend an algebraic
basis by coalgebraic components and, conversely, build algebraic structures on top of coalgebraic ones. The
following case analysis should provide rough guidelines for the stepwise design of a swinging type:

> All sorts s of a type T to be specified are freely generated, i.e., all s-data can be represented uniquely
by ground terms over a finite set of constructors. Then there will be a functional basic Horn specification
(cf. Def. 5.1) whose initial and final model coincide with T'. Ezxample: finite lists of natural numbers (cf.
Examples 14.1, 14.2).

> The type is to be extended by a permutative sort s, i.e., all s-data can be represented by ground terms
over a finite set of constructors, but the representation is not unique. Then there will be destructors or
transition predicates such that the induced behavioral s-equivalence captures the desired identification of
data. Ezamples: naturals with co (cf. Ex. 15.1), integers (cf. Ex. 19.1), finite sets, bags or maps (cf. Ex.
16.2).

> The type is to be extended by an infinite sort s, i.e., some s-data may be represented by ground terms
over a finite set of constructors, but most s-data will not because they represent “infinite” structures taken
from an uncountable domain D. Then there will be destructors and assertions such that the final model
of the induced cospecification C'SP coincides with D. Ezamples: streams (cf. Exs. 16.1, 15.2, 19.2, 19.3,
19.4), trees (cf. Ex. 19.5). Besides C'SP, the resulting dialgebraic ST has an algebraic part for taking into
account the term representations of s-data.

> The type is to be extended by a freely generated sort s. Then there will be s-object constructors
such that the induced behavioral s-equivalence coincides with structural s-equivalence (cf. [91], Lemma
3.8).

Destructors determine the behavioral equivalence. In the case of an infinite sort s, s-destructors also deter-
mine the elements of the final model. s-Constructors do so only in the case of a freely generated sort s. In the
case of a permutative or an infinite sort s, the decision whether a function should be declared as a constructor
or a defined function depends on more or less technical requirements like functionality, coinductivity ([89], Def.
6.1; [94], Def. 8.2) and cospec closedness (Def. 18.4).

Dialgebraic types offer a third possibility, namely to declare a function f as a cofunction. This is suggested
at least when f cannot be specified inductively on normal forms. Cofunctions always map into hidden sorts (cf.
Ex. 19.4). Non-inductively-specifiable functions on infinite sorts that map into visible sorts must be declared as
(additional) destructors and specified in terms of assertions (cf. Exs. 19.4, 19.5). All functions used in assertions
must be destructors or auxiliary functions (particular defined functions; cf. Def. 17.4).

If compared with an algebraic ST, the main additional features of a dialgebraic ST are assertions and
cofunctions. Assertions are the invariants of a dialgebraic type. They allow us to specify subdomains of an

uncountable domain. The algebraic counterpart of assertions are generating functions that define a subdomain

22Coalgebraic Methods in Computer Science 1998-2001, published electronically in Elsevier’s ENTCS series.
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as the set of all ground terms built up from them. Such a specification of a subdomain also works for dialgebraic
types, however, the domain is term-generated and thus cannot be uncountable, like, for instance, the set of all
alternating streams (cf. Ex. 19.4).

On the other hand, dialgebraic types do not admit transition predicates as destructors. This lack is remedied
easily by turning the dialgebraic ST into its (algebraic) domain completion and using this type as the visible
subtype of an algebraic type with transition predicates on “copies” of the infinite sorts specified by the dialgebraic
ST (see the end of Section 3.4). In this way, we can present uncountable domains equipped with bisimilarities,

i.e., behavioral equivalences induced by transition predicates.

21 Appendix: Category-theoretical foundations

Algebra may be understandable and applicable without knowing the basics of category theory. Coalgebra and
its dual nature in comparison with algebra is rooted in category theory. Hence the knowledge of fundamental
constructions and ways of reasoning in category theory are crucial for “getting the point” of dialgebraic modeling

(Cf" e'g'7 [ ) ) ) i ? ) ) Y ) ])'

products and sums, equalizers and coequalizers, pullbacks and pushouts, limits and colimits

Definition 21.1 Let K be a category and F' be an endofunctor on K. An F-algebra or F-dynamics
is a K-morphism « : F(A) — A. Algp denotes the category of F-algebras. An Alg(F)-morphism h from
a:F(A) = Ato f: F(B) — BisaK-morphism h: A — B with hoa = S0 F(h). If « is the initial F-algebra,
then h is called a catamorphism [79] and (because of its existence and uniqueness) said to be defined by

induction.

An F-coalgebra or F-codynamics is a K-morphism « : A — F(A). coAlgr denotes the category of
F-coalgebras. A coAlg(F)-morphism h from o : A — F(A) to 8 : B — F(B) is a K-morphism h : A — B
with F'(h) o = o h. If § is the final F-coalgebra, then h is called an anamorphism [79] and (because of its
existence and uniqueness) said to be defined by coinduction.

Do initial/final objects exist if SP satisfies 5.1(1) resp. (2)? This depends on conditions on K and F. The
main conditions and fixpoint constructions are category-theoretic generalizations of notions and results from
set theory, in particular of, Kleene’s fixpoint theorem for monotone functions. Given a set (“universe”) U,
the powerset P(U) extends to a category whose objects are the subsets of U and whose morphisms are set
inclusions. The identity morphism is set equality. () is the initial, U the final object. The union of sets is their
colimit, the intersection is their limit. A function F': P(U) — P(U) is monotone iff F' is a functor. Hence, if
F' is monotone, then least fixpoints of F' are initial F-algebras, while greatest fixpoints are final F-coalgebras.
Ascending chains Ag C A1 C A2 C ... and descending chains By 2 By 2 By 2 ... in P(U) become diagrams
in an arbitrary category K:

A()‘)AlﬁAQ*)... Bo(*Bl(*BQ(*...

These correspondences between P(U) and a category K suggest the following definitions: given an endo-
functor F on K, a fixpoint of F is a K-object A with F(A) 2 A. If a: F(A) — A is initial in Alg(F), then
A is a fixpoint of F, called the least fixpoint of F. Analogously, if a : A — F(A) is final in coAlg(F'), then
A is a fixpoint of F', called the greatest fixpoint of F'. F is continuous if F preserves colimits of ascending
chains in IC. F is cocontinuous if F' preserves limits of descending chains.

Let K = P(U). If F is continuous, then Kleene’s fixpoint theorem provides us with the least fixpoint
UienF(0). If F is cocontinuous, we obtain the greatest fixpoint M;en F*(U). In fact, both fixpoint constructions
can be “lifted” to other categories:
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Theorem 21.2 (Kleene’s fixpoint theorem for functors; cf., e.g., [65]) Suppose that K has an initial object
I and colimits of ascending chains. Let F : KK — K be an continuous functor and A be the colimit of the chain
I — F(I)— F*(I)|... Then F(A) is the colimit of F(I) — F*(I) — F3(I) — ... and the unique K-morphism
F(A) — A is initial in Alg(F).

Suppose that K has a final object T and limits of descending chains. Let F' : I — K be a cocontinuous functor
and B be the limit of the chain T < F(T) + F*(T) «+ .... Then F(B) is the limit of F(T) + F*(T) «
F3(T) + ... and the unique K-morphism B < F(B) is final in coAlg(F). Q

Given a set S sorts, let Set” be the category of S-sorted sets. Morphisms are S-sorted functions. The
initial object of Set® is the empty S-sorted set 0: for all s € S, 0, is the empty set. The final object is the
one-element S-sorted set 1: for all s € S, 15 is a singleton.

Theorem 21.3 (cf., e.g., [1]) All endofunctors on Set® that are built up from the identity functor, constant
functors, coproducts and finite products are continuous. All endofunctors on Set® that are built up from the
identity functor, constant functors, coproducts and products are cocontinuous. a

Functors built up from the identity functor, constant functors, coproducts and products are called polyno-
mial. Theorems 21.2 and 21.3 ensure that polynomial functors have greatest fixpoints.

The powerset functor sending a set A to its powerset P(A) cannot have a fixpoint: Assume that f : A — P(A)
has an inverse f~! : P(A) — A and define B = {a € A| a ¢ f(a)}. Then we obtain the contradiction
7Y (B) e B< f~1(B) ¢ f(f~'(B)) = B. However, the finite-powerset functor P; that maps a set to the set
of its finite subsets has final coalgebras because it is bounded:

Definition 21.4 An endofunctor F on Set® is bounded by some cardinal « if for all F-coalgebras a: A —
F(A) and all a € A there is a subcoalgebra 8 : B — F(B) of « such that a € B and |B| < &. Q

Theorem 21.5 ([13], Theorem 3.5) Let F be a functor bounded by x and {a;};cr be the family of all
F-coalgebras with cardinality at most . The colimes of all homomorphisms with domain [, ; a; is final in
coAlg(F). O

Example 21.6 Given a set L with cardinality k, define a functor F on Set by F(A) = P;(A)L. F-
coalgebras are usually called image finite labelled transition systems. F is bounded: Given an F-coalgebra
a:A— F(A)and a € A, let (a) be the smallest subcoalgebra of A that contains a. {a) consists of all elements
b € A that are a-reachable from a, i.e., there are a = ay,...,a, = b € A such that a; = a, a,, = b and for all
1 <i < n there is ¢ € L such that a;11 € a(a;)(c). Since a(a;)(c) is finite, b can be represented uniquely by a
word w, over L x N. Hence (a) is bounded by the cardinality of (L x N)*, which is given by >, (k *w)". O

Initiality generalizes to freeness, finality generalizes to cofreeness:
Definition 21.7 Let F be an endofunctor on Set® and X be an S-sorted set.

An F-algebra « : F(A) — A together with a map n4 : X — A is free over X if for all F-algebras
B : F(B) — B and all maps f : X — B there is a unique Alg(F)-morphism f*: A — B with f*ons = f.

An F-coalgebra o : A — F(A) together with a map €4 : A — X is cofree over X if for all F-coalgebras
B : B — F(B) and all maps f: B — X there is a unique coAlg(F)-morphism f*: B — A withego f*=f. O

Theorem 21.8 Let F be an endofunctor on Set®. An F-algebra o : F(A) — A together with a map
na: X — Ais free over X iff the unique coproduct extension [na,a] : X + F(A) — A of na and « is the initial
X + F(—)-algebra. In particular, if the initial F-algebra exists, it is the free F-algebra over the empty S-sorted
set.

An F-coalgebra « : A — F(A) together with a map €4 : A — X is cofree over X iff the unique product
extension (ea,a) : A = X X F(A) of ea and « is the final X x F(—)-coalgebra. In particular, if the final
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F-coalgebra exists, it is the cofree F-coalgebra over the one-element S-sorted set. a
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