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[ The big picture

Buy one, get one free! }

constructors destructors
& co/Horn clauses (5.A%) & co/Horn clauses
L:Set>S>K B ‘ B L:K>SetS
Rik>setS extends RiSetS>K
algebra l coalgebra
F(R(B)) > R(B) op | recursive corecursive | op L(B) > G(L(B))
A (Z',AX")
algebra coalgebra
F(A)_QHA OP# F'(lni') Gl(Finl) OP* A G(A)
fold — Y unfold
L(Ini) - R(Fin)
1 1 \
F(Ini) —= > Ini <ol Ini Finl«—unfold = 5 G(Fin)
initial A Ini X'-consistent Fin Z'-observabel final
algebra < fold' mono < unfold' mono coalgebra
Ini X'-reachable Fin Z'-complete
nat & fold' epi & unfold' epi inc
inc = id nat = id
Ini/~ Y inv
~ Z-congruence inv = Ini Fin/~ = Fin 2-invariant
object is the only 2-invariant ~ is the only 2-congruence behavior
abstraction Uinducﬂon coinduc’rionU restriction
VBCIni: Y a,b € Fin :
B=Ini iff 3 Z-invariant inv : inv CB a=b iff 3 Z-congruence ~ : a~b
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[ Partial orders, fixpoint theorems and co/induction }

Let A be a set and R be a binary relation on A.

R is a partial order and A is a partially ordered set or poset if R is reflexive,
transitive and antisymmetric.

Let A be a poset with partial order < and >=<"1.
B={a; | i <w} C Aisan w-chain of A if for alli € N, a; < a;1.
B ={a; | i <w} C Ais aw-cochain of A if for alli € N, a; > a;.1.

A is w-complete or an w-CPO if A has a least element | w.r.t. < and for each w-chain
B of A, A contains the supremum LB of B.

A is w-cocomplete or a w-coCPO if A has a greatest element T w.r.t. < and for each
w-cochain B of A, A contains the infimum MZB of B.
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[Pa'rtz'al orders, fizpoint theorems and co/’mductwn]

Let A, B be posets.
f: A — B is monotone if for all a,b € A, a < b implies f(a) < f(b).
Let A, B be A»-CPOs.

f: A — B is w-continuous if for all w-chains B of A,

fUB) = U{f(b) | b e B}.

f A — B is w-cocontinuous if for all w-cochains B of A,

f(MB) =n{f(b) | b € B}.

If f is w-co/continuous, then f is monotone.

If f is monotone and all w-co/chains of A are finite, then f is w-co/continuous.
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[Pa'r'tml orders, fizpoint theorems and co/’mduction}

Kleene’s Fixpoint Theorem [1| (also known as Kleene’s first recursion theorem)
(1) Let A be an w-CPO and f: A — A be w-continuous.

ifp(f) = Upenf"(L) is the least fixpoint of f.

(2) Let A be an w-coCPO and f: A — A be w-cocontinuous.

gfp(f) = Mhenf™(T) is the greatest fixpoint of f.

A poset A is a complete lattice if each subset B of A has a supremum LIB and an
infimum MB in A.

1 = 10 is the least element and T = M is the greatest element of A.

Let A, B be complete lattices.
f: A — Bis continuous if for all C' C A, f(UC) = Ueec f(c).
f A — B is cocontinuous if for all C C A, f(MC) = Meecf(c).

[f f is continuous or cocontinuous, then f is monotone.
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[Pa'r'tml orders, fizpoint theorems and co/’mduct’wn}

Let A be a poset and f: A — A.
a € Ais f-closed if f(a) <a. ais f-dense if a < F(a).
a is a fixpoint of f if f(a) = a.

Fixpoint Theorem of Knaster and Tarski [4]

Let A be a complete lattice and f : A — A be monotone.

(1) Ifp(f) =T{a € A ] ais f-closed} is the least fixpoint of f.
(2) gfp(f) =U{a € A | ais f-dense} is the greatest fixpoint of f.
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[Pa'r'tml orders, fizpoint theorems and co/’mductz’on}

Fixpoint induction
Let

a) A be a complete lattice and f : A — A be monotone or
b) A be an w-CPO and f be w-continuous.

(a)

(b)

(1) For all f-closed a € A, Ifp(f) < a.

(2) For all a,b € A, if b <a and bis f-closed, then Ifp(f) < a.
(3) For all n > 0 and f"-closed a € A, Ifp(f) < a.

Fixpoint coinduction

Let

a) A be a complete lattice and f : A — A be monotone or
b) A be an w-coCPO and f be w-cocontinuous.

(a)

(b)

(1) For all f-dense a € A, a < gfp(f).

(2) For all a,b € A, if a <band bis f-dense, then a < gfp(f).
(3) For all n > 0 and f"-dense a € A, a < gfp(f).
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[ Co-/Horn clauses, co/resolution and predicate co/induction }

A signature > = (S, BS, I, P) consists of

e a finite set S (of sorts),

e a finite set BS (of base sets),

e a (finite) set F' of function symbols f:e — ¢/,
e a (finite) set P of predicates p : e,

where e, €’ are types over S and BS (products, sums, base sets, function spaces, etc.).

A Y-algebra A consists of

e for each s € S, a set A, the carrier of A,
o foreach f: e — € € F, a function [ : A, — Ay,
e for each p: e € P, a subset p” of A,.

An S-sorted function h : A — B between Y-algebras is a Y-homomorphism if

eforal fe F, hyof'= fPoh,
o for all p € P, h.(p) C pP”.
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[Co—/H()m clauses, co/resolution and predicate co/’mduction}

Set® denotes the category of S-sorted sets and S-sorted functions.
Algy, denotes the category of Y-algebras and Y-homomorphisms.

For any type e over S, A, is the image of the functor F, : Set® — Set that builds from
A an interpretation of e.

F. 5 denotes the restriction of F, to Algs,. For all f : e — ¢ € F, the interpretations
fAof f, A € Algs, form a natural transformation from F.x to Fux. Each natural
transformations from F, . to F,/y is called a Y-term of type e — €.

Y -formulas built up on P and X-terms are usual predicate-logic formulas. As function
symbols are terms, so predicates are formulas. Every formula ¢ has a type that denotes
the domain of its solutions: Given a Y-algebra A, the interpretation ¢ of v e in A is
a subset of A..

If ¢ : e has variables from a set V, e is supposed to be of the form [, e, i.e., variables
are indices of a product. Accordingly, variable occurrences in ¢ stand for the respective
projections.
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[(70—/7707v1 clauses, co/resolution and predicate co/%7u1uction}

Let X be a subsignature of a signature X' and A be a Y'-algebra.
The Y-reduct Aly; of A is the Y-algebra defined as follows:

e forall s e S, (Aly)s = A..
eforal fe FUP, [y = f4

Let ¥ = (S,BS, F, P) and X' = (S, BS, F, P W P’) be signatures and C' be a Y-algebra.
Algsy o denotes the category of all X'-algebras A with Ay, = C.

Algsy ¢ is a complete lattice:

For all A, B € Algyy ¢,
A< B <= VYpe P:p*C)p~

For all A C Algsycand p:e € P,

pt=0, pT=A, p=]p" and p™ ="
AeA AeA
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[Co—/H()'r'n clauses, co/resolution and predicate co/ Z’nduction}

Given a set AX of ¥'-formulas, Algyy 4y denotes the category of all X-algebras A that
satisfy AX.

Algsy o ax = Algsy ax N Algsy c.

A Horn clause for p € P’ is a Y-formula of the form pt < ¢ such that Vv, A and V
are the only logical operators of ¢.

A co-Horn clause for p € P’ is a ¥/-formulas of the form pt = ¢ such that vV, A and
7 are the only logical operators of .

Let A, B € Algsy ¢ and pt <= ¢ resp. pt = ¢ be a Horn resp. co-Horn clause. Since ¢ is

negation-free,
A< B implies o C P, (3)

A Y'-formula ¢ is finitely branching if for all A € Algsy ¢ and subformulas Jx(1) : e)
or Vz(1) : e) of p and a € A,, the set {b | a[b/x] € ¥*} is finite.
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[CO—/HOWL clauses, co/resolution and predicate co/’mduct’wn}

If o is negation-free and finitely branching, then for all w-chains {A; € Algsv ¢ | i < w}
and w-cochains {A4; € Algyy ¢ | i < w} of Algy ¢,

1€N 1€N

For all p € P', let AX, be a set of Horn clauses for p. Then AX = U,eprAX,, is a Horn

specification for P’ and the elements of P’ are called least predicates.

The step function & = &y oy @ Algsy o — Algsy o is defined as follows: For all
AcAlgycandp:e€ P,

@ = (190 | pt = p € AX, a € ).

By (3), ® is monotone and thus by the Fixpoint Theorem of Knaster and Tarski, ® has

the least fixpoint
fp(®) = N{A € Algyc | B(A) < A},

Moreover,

Algsrcax ={A € Algw o | P(A) < A} (4)
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[Co—/Hm'n clauses, co/resolution and predicate co/’mduction}

Proof. Let A € Algsy c.ax and b € p®™@. Then b = t4(a) for some pt < p € AX and
a € . Since A satisfies pt < ¢, a € (pt)* and thus b = t“(a) € p?. Hence A is
d-closed.

Conversely, let A be ®-closed, pt < ¢ € AX and a € 4. Then t“(a) € p*™). Since A
is d-closed, t(a) € p* and thus a € (pt)”. Hence A satisfies pt <= . l:l

Hence for all A € Algsy ¢ ax,
Ifp(d) < A. (5)

If the premises of all Horn clauses of AX are finitely branching, then & is w-continuous.

For all p € P', let AX), be a set of co-Horn clauses for p. Then AX = Uy,eprAX), is a
co-Horn specification for P’ and the elements of P’ are called greatest predicates.

The step function & = &y ux @ Algsy o — Algsy o is defined as follows: For all
Aec Algsycandp:e€ P,

p*?W = C'e\{tc(a) Ipt = p:e € AX, a € Cef\gpA}.
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[CO—/HO’I”IL clauses, co/resolution and predicate co/’mductz’on]

By (3), ® is monotone and thus by the Fixpoint Theorem of Knaster and Tarski, ® has
the greatest fixpoint

afp(®) = U{A€ Algyc | A< O(A)}.
Moreover,

Algsr cax = {A € Algy o | A< P(A)} (6)

Proof. Let A € Algsy c.ax and b € p*@. Then b = t%(a) for some pt = ¢ € AX and
a & 4. Since A satisfies pt = ¢, a € (pt)* and thus b = t“(a) € p*. Hence A is
d-dense.

Conversely, let A be ®-dense, pt = ¢ € AX and a & ¢*. Then t(a) € p®“W. Since A
is d-dense, t(a) € p* and thus a & (pt)*. Hence A satisfies pt = . l:l

Hence for all A € Algsy ¢ ax,
A < gfp(P). (7)

[f the conclusions of all co-Horn clauses of AX are finitely branching, then & is w-
cocontinuous.
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[CO—/HOWL clauses, co/resolution and predicate co/’mduct’wn}

Computation and proof in [fp(®) resp. gfp(P)

e Resolution Let p be a least predicate. AX), is applied to an atom pt:

pt 1

\/f];:1 3Z; : (pio; N & = Zoy)

where AX), = {pt1 < ¢1,...,pt, <= @,},

(%) &' is a list of the variables of ¢,
for all 1 <i <k, to; = t;o; and Z; = var(t;, p;),
for all &k < ¢ <mn, t is not unifiable with ¢;.

e Coresolution Let p be a greatest predicate. AX,, is applied to an atom pt:

pt 1

N YZ; (o V T # Toy)

where AX, = {pt1 = ¢1,...,ptn = @, } and (x) holds true.
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[CO—/HOWL clauses, co/resolution and predicate co/’znduct’éon}

Let p : e be a least predicate of P’ and 1, : e be a X-formula that shall be proved to
follow from p.

e Predicate induction A goal p = 1), is applied to AX),:

p=
Apt@goeAX(Sp[wp/p ‘ pE Pl] = ¢Pt)

by (5)

Let p : e be a greatest predicate of P" and v, : e be a X-formula that shall be proved to
imply p.

e Predicate coinduction A goal 1, = p is applied to AX);:

Vp =P
/\pt:>goeAX(¢pt = lty/p | p € P)

by (7)
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[Co—/H()m clauses, co/resolution and predicate co/’mduction}

Incremental versions

Let p : e be a least predicate of P’ and 1, : e be a X-formula that shall be proved to
follow from p.

e Predicate induction
(1> p :> wp
/\pt<:goeAX(90[Qp/p | p € P'| = yt)

qp = ¥y 15 added to AX

Gp = 0p
Nptepeax(@lap/p | p € Pl = 6,t)
The proof starts by adding to P a predicate g, first for ¢, and — when the second rule

(2) qp = 0p 15 added to AX

is applied — for a generalization 1, A 9, of 1,

Between the applications of (1) resp. (2), coresolution steps upon the added axiom

gy = ¥, must be confined to redex positions with negative polarity, i.e., the number
of preceding negation symbols in the entire formula must be odd. Otherwise the axiom
added when (2) is applied might violate the soundness of the coresolution steps.
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[Co—/H()'r'n clauses, co/resolution and predicate co/mduction}

Coresolution upon ¢, at any redex position becomes sound as soon as the set of axioms
for g, is not extended any more.

By inferring True from the conclusions of (1) and (2) one shows, roughly speaking, that
the predicate ¥, A 9, solves the axioms for p. Since p itself represents the least solution,
we conclude p = 1, A 0,, in particular the original goal p = 1,,.

Let p : e be a greatest predicate of P" and v, : e be a X-formula that shall be proved to
imply p.
e Predicate coinduction

qp <= ¥, and — only if p denotes a
Uy =D

/\pt:>¢€AX(wpt = gp[qp/p ‘ pe Pl])

(1)

congruence relation — equivalence

axioms for g, are added to AX

0p = Qp
/\pt:>g0€AX(6pt = QO[Qp/p ‘ p < Pl])

(2) qp <= 0, 15 added to AX
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[Co—/Hm'n clauses, co/resolution and predicate co/ Z’nduction}

The proof starts by adding to P a predicate g, first for 1), and — when the second rule
is applied — for a generalization 1, \V 9, of 1,

Between the applications of (1) resp. (2), resolution steps upon the added axiom g, < 1,
must be confined to redex positions with positive polarity, i.e., the number of preceding
negation symbols in the entire formula must be even. Otherwise the axiom added when
(2) is applied might violate the soundness of the resolution steps.

Resolution upon ¢, at any redex position becomes sound as soon as the set of axioms for
qp 1s not extended any more.

By inferring True from the conclusions of (1) and (2) one shows, roughly speaking, that
the predicate 1, V d, (or its equivalence closure if p denotes a congruence relation) solves
the axioms for p. Since p itself represents the greatest solution, we conclude v, V 0, = p,
in particular the original goal ¢, = p.
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[Co—/H()m clauses, co/resolution and predicate co/i’n/duction}

What is ¢"P(®)?
What is NOTr(®)?
What is ¢gP(®)?

{NOTq(0) = False, NOTq(1) = False} What is NOTq%"®)?

Examples
AXC] {Q(O)a Q(l)}
AXyorr = {NOTr(suc(suc(z)))}
AX, {q(suc(suc(x))) = False}
AXnory
q$0 --> True
gq$suc$suc$x ==> False --> True
NQOTq(0) --> False
NOTq(suc(suc(x))) --> True
r$0 --> True
r$sucPsuc$x ==> False --> True
NOTr(0) ==> False --> True
NOTr (suc(suc(x))) --> True

-- resolution
-- 1nduction
-- coresolution
-- coilnduction

-- colnduction
-- coresolution
-- 1nduction
-- resolution
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[Co—/H()m clauses, co/resolution and predicate co/i’n/duction}

qbx ->x=01]x=1 -- resolution
q$!x ==> False --> Ix =/=0 & 'x =/= -- induction
NOTq(x) ==> False ->x=01|x=1 -- coresolution
NOTq(!x) --> Ix =/=0 & 'x =/= -- coinduction
r$!x --> A1l y: 'x =/= suc(suc(y)) -- coinduction
r$x ==> False --> Any y: x = suc(suc(y)) -- coresolution
NOTr(!x) ==> False --> A1l y: 'x =/= suc(suc(y)) -- induction
NOTr (%) --> Any y: x = suc(suc(y)) -- resolution
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[Co—/Hm'n clauses, co/resolution and predicate co/ifn/duction}

F(P)$s <=== P$s | F(P)$tail$s
G(P)$s ===> P$s & G(P)$tail$s

NatStream(x:s) ===> Nat(x) & NatStream(s)

s 7 8’ ===> head(s) = head(s’) & tail(s)
simplifications

head$blink ==

tail$blink == 1:blink

head$x:s == x

tail$x:s == s

head(zip(s,s’)) == head(s)
tail(zip(s,s?’)) == zip(s’,tail(s))
head(evens(s)) == head(s)
tail(evens(s)) == evens(tail(tail(s)))
odds == evens.tail

blink = 1:blink <==> False

not (F(P)) <==> G(not(P))

not (G(P)) <==> F(not(P))

-- finally
-- generally

~ tail(s?)

-- stream equality
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[Co—/Hm'n clauses, co/resolution and predicate co/ifn/duction}

conjectures:
G(F$(=0) .head) (blink) --> True
Not (G(F$(=0) .head) (blink)) --> True
G(F$(=2) .head) (blink) --> False
Not (G(F$(=2) .head) (blink)) --> True
G(F$(=!x) .head) (blink) -> Ix=0 | Ix=1

G(F$(=0) .head) (mu s.(0:1:8)) --> True

NatStream(mu s.(1:2:3:8)) --> True
NatStream(1:2:3:1s) -—> g = (3:!s) | s = (2:(3:18)) |
ls = (1:(2:(3:1!8)))

blink ~ zip(zero,one) --> True
evens$x:s 7 x:odds$s --> True
evens$zip(s,s’) 7 s --> True
odds$zip(s,s’) = s’ --> True
zip(evens$s,odds$s) ~ s --> True
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{ Co/induction in standard models J

Let X = (S, BS, F, P) be a signature.
Y} is constructive if all f : e — €’ are constructors, i.e.. ¢ € S.

Y is destructive if all f : e — €’ are destructors, i.e., e € S.

Three examples Let X and Y be sets, Z be a finite set and C'S be a finite set of
sets.

o DAut(X,Y) = deterministic Moore automata
S = {state}, BS={X,Y}, F ={0:state — state*, B : state — Y'}.

Stream(Y) = DAut(1,Y). Acceptors of L C X* are DAut(X, 2)-algebras.
o Reg(Z,CS) = regular operators

S = reg}l,
BS ={ Z}ucCs§s,
F ={0,e:1—reg, _:7Z—reg, star:reg— reg,

|, :reg X reg — reg } U
{ C: 1—>reg\C€C’S}
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[C’()/’én(luction in standard models}

e ) )((G) = abstract syntax of a context-free grammar G' = (5, BS, Z, R) with nonter-
minals S, base sets BS, terminals Z and rules R C S x (SUBSU Z)*

F = e X2 Xe, —S
{fr 1 n ‘w(),.'.’wnez*, el,,..,enGSUBS}

Under certain (weak) conditions on the types used in X,

e Algy has an initial object if X is constructive,

e Algy, has a final object if X is destructive.

A Y-algebra A is initial in a full subcategory IC of Algy if for all B € K there is exactly
one Y-homomorphism fold” : A — B.

A Y-algebra A is final in a full subcategory IC of Algy if for all B € IC there is exactly
one Y-homomorphism unfold” : B — A.

Initial and final Y-algebras are unique up to isomorphism.
The initial resp. final Y-algebra is denoted by 1> resp. v>..
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[C’o/z’nductwn in standard models]

Let ¥ = (S, BS, F, P) be constructive and s € S. All s-constructors can be combined
into a single one with domain e = ]_[f:ef_meF er.

pd is a fixpoint of F: udl = F,(u).

Given a signature ¥’ = (S, BS, F, P& P’) and a Horn specification AX,
Ufp(Pyy 3 ax) is initial in Algsy o ax.

Let X = (S, BS, F, P) be destructive and s € S. All s-destructors can be combined into
a single one with range e = Hf:s—)efeF ef.

vl is a fixpoint of F: v¥ = F,(vY).

Given a signature ¥’ = (S, BS, F, P& P’) and a co-Horn specification AX,
9fp(Psy v ax) is final in Algsy o ax.
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[C’O/mductz'on in standard models]

Examples

o The set Tr.y(zc5) of regular expressions over X together with the free interpretation
of the regular operators is initial in Algr.qz.cs).

o Let Jog = ZUUCS.
The set Lang(Z,CS) = P(Z}g) of languages over Z and C'S together with the
following interpretation of 0 and £ is final in Algpauz..¢2):
For all L C Zfg and = € Z¢g,

§H(L)(x) ={w e 2™ |xw € L}, B*(L)=1<cc L.

27 of 35



[C’O/@'nductwn in standard m0del5}

o I'=Theyzcs) is also a DAut(Z',2)-algebra: For all z,y € X und ¢,¢' € T,

0" (e)(w) = 0,
01 (0)(x) = 0,

T € if x=y,
ey {@ if ©#y,
or(tt) (@) = ' (t)(x) | 6T(t)(w),

(s 4 01 (t)(@) - 0" () () if BY(t) =1,
A {6T<t><x>-t' i 67(1) =0
6 (star(t))(z) = 61 (t)(x) - star(t),

B (e) = 1,
57 (0) =0,
B (x) = 0,
) = 6T+ (),
GTt-t) = BT« AT
B (star(t)) = 1.

61 (t)(z) is called the z-derivative of t.
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[C’()/’én(luction in standard models}

o Lang(Z,CS) is also a Reg(Z,CS)-algebra (the usual semantics of regular expres-
sions). Hence there is a unique Reg(Z, C'S)-homomorphism

fOldLang : TReg(Z,CS) — Lang(Z, CS)

fold™™ is also DAut(Z',2)-homomorphic.

This makes T’ into a parser for regular expressions: For all w = z1...x, €
Reg(Z,CS) p g p
k
ZC’S?

parse(t,w) =g BT (6 (... 6T () (z1) ... ) (@) =1 <= w € fold"™(t).

o Let G = (5,BS,Z,R) be a context-free grammar. The set 75 ) of ground ¥(G)-

terms together with the free interpretation of all f., r € R, is initial in Algr.z Bs).
The X(G)-algebra Word((G) is defined as follows:

For all s € N,r = (s,wps1w; ...s,w,) € Rand vy,...,v, € Z5q,
Word(G): = Zjq,
Word(G
£ ( >(vl, Co V) = WU . . U Wy,

The language of G, L(G), is the image algebra fold ") (Txc))-
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[C’()/’Mduction in standard models}

Let A be a X-algebra.

An S-sorted binary relation ~ on A is a Y-congruence if for all f : e — ¢ € F and
a,b e A,

a~eb implies fA(a) ~o fAD).
Ay ={(a,a) | a € vX} is the only (and thus the greatest) ¥-congruence on v¥. (1)

Hence v has no proper X-quotients.

Coinduction for proving equality
Let PP={~gsxs|seSH Y =(SF,PYP),
AX = {lz~y= for~yfyl|lf:e—e eF},

R be an S-sorted binary relation on X and ¥ be an S-sorted set of >-formulas such that
for all s € S, ¥"* = R,. By (1),

R C Ay <= the greatest X-congruence ~ contains R
<= the succedent of predicate coinduction is valid

for P', AX and 9 defined as above.
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[C’()/’Mduction in standard models}

An S-sorted subset inv of A is a X-invariant or Y-subalgebra of A if for all
f:e—éeFandaeA,

a € inv. implies f*(a) € inv,.

p is the only (and thus the least) Y-invariant of pd. (2)

Hence p> has no proper X-subalgebras.

Induction for proving membership
Let P'={invs:s|se S}, ¥ =(S,F,PyP),
AX = {invg(fz) < inv(x) | f:e— € € F},

R be an S-sorted subset of p2 and @ be an S-sorted set of >-formulas such that for all
s €S, Y = R, By (2),

R = puY <= R contains the least Y-invariant of u>.
<= the succedent of predicate induction is valid

for P', AX and v defined as above.
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[CO/induction in standard models}

Examples

Induction: A partial function f : Tgegzc5) — A is total iff the domain of f contains a
Reg(X)-invariant of Tr.yzcs) iff [ is defined inductively.

Coinduction: L = L' € Z} ¢ iff some DAut(Zcs,2)-congruence on Lang(Z, C'S) contains
(L, L").
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[ Further impacts of initiality and finality }

e A function f in an initial model is defined in terms of equations, which express that
its extension f* — with respect to an appropriate adjunction — is a fold (unique ho-
momorphism from the initial model).

e A function f in a final model is defined in terms of equations, which express that
its extension f# — with respect to an appropriate adjunction — is an unfold (unique
homomorphism to the final model).

e Fach constructive signature X induces a destructive signature coX such that recursive
(also called guarded or iterative) ¥-equations have unique solutions in the final co3:-
algebra (whose carriers consist of all finite or infinite ¥-terms).
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[CO/induction in standard models}

e Each context-free grammar G = (S, BS, Z, R) induces a set of recursive Reg(Z, B.S)-
equations with variables from S, given as a function F(G) : S — Treyzps)(S): For
all s € 5,

E(G)(s) =) {w](s,w) € R}.

Given a Reg(Z, BS)-algebra A, a solution of F(G) in A is a function [ : 5 — A
such that f = f*o F.
L(G) is the least solution of E(G) in Lang(Z,CS).
Suppose that the interpretations of 67 and 8 in TReg(z.Bs) can be extended to in-
terpretations in Tpegz ps)(S) — and thus parse to a parser for G — such that for all
s €S,

0 (s) = 6" (B(G)(s)) and B'(s) = B (E(G)(s)).
(We conjecture that this is possible if and only if G is not left-recursive.)
Then all solutions of E(G) in Lang(Z, BS) coincide.
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